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Introduction

Optimisation (more precisely mathematical optimisation) attempts to solve the minimisation
(or maximisation) of functions of many variables in the presence of possible constraint con-
ditions. This formulation covers many practical problems in engineering and in the natural
sciences; often we want to do something ‘in the best possible way’ in the ‘given circumstances’.
It is very useful for an engineer to be able to recognise optimisation problems in various situ-
ations. Optimisation, also called mathematical programming, is a branch of applied mathem-
atics, combining aspects of mathematical analysis, linear algebra and computer science. It is a
modern, fast developing subject.
Examples of some tasks leading to optimisation problems:

e Approximate some observed functional dependence by a function of a given class (of func-
tions, e.g. a polynomial).

e Choose some shares to invest in, so that the expected return is large and the expected risk
is small.

e Build a given number of shops around a town so that every inhabitant lives near one.

e Determine the sequence of control signals to a robot, so that its hand moves from place
A to place B along the shortest path (or in the shortest time, using the minimum energy,
etc.) and without a collision.

e Regulate the intake of gas to a boiler so that the temperature in the house remains nearly
optimal.

e Design a printed circuit board in such a way that the length of the connections is minimal.
e Find the shortest path through a computer network.

e Find the best connection from place A to place B using bus/train timetables.

e Design the best school timetable.

e Build a bridge of a given carrying capacity using the least amount of building materials.
e Train a neural network.

Apart form the engineering practice, optimisation is also important in natural sciences. Most
physical laws can be formulated in terms of some variable attaining an extreme value. Liv-
ing organisms are, at any given moment, consciously or unconsciously, solving a number of
optimisation problems — e.g. they are choosing the best possible behaviours.

You will not learn on this course how to solve all these problems but you will learn how to
recognise the type of a problem and its difficulty. You will gain the foundations for solving the
easiest problems and for an approximate solution of the more difficult ones. The spectrum of
problems that you will be able to solve will be further significantly enhanced after the completion
of the follow-up course Combinatorial Optimisation.



Goal: To achieve a thorough understanding of vector calculus, including both problem
solving and theoretical aspects. The orientation of the course is toward the problem aspects,
though we go into great depth concerning the theory behind the computational skills that are
developed.

This goal shows itself in that we present no ‘hard’ proofs, though we do present ‘hard’ the-
orems. This means that you are expected to understand these theorems as to their hypotheses
and conclusions but not to understand or even see their proofs. However, ‘easy’ theorems are
discussed throughout the course, and you are expected to understand their proofs completely.
For example, it is a hard theorem that a continuous real-valued function defined on a closed
interval of the real numbers attains its maximum value. But it is an easy theorem that if that
maximum value is taken at an interior point of the interval and if the function is differentiable
there, then its derivative equals to zero at that point.

You will also learn to grasp quite a large number of important definitions.

1514 131211.211.1109876 543277

[7].

We also recommend to study exercises §3.2 in the notes [?]. [?] [?] [?] [?]



Chapter 1

Formalising Optimisation Tasks

1.1 Mathematical notation

Bold font in these notes indicates a newly defined concept, which you should strive to compre-
hend and memorise. Words in italics mean either emphasis or a newly introduced concept that
is generally known. Paragraphs, sentences, proofs, examples and exercises marked by a star ()
are elaborations (and thus more difficult) and not essential for the examination.

We now review mathematical notation used in these notes. The reader ought to become
thoroughly familiar with it.

1.1.1 Sets

We will be using the standard sets notation:

{ai,...,a,} a set with elements aq,...,a,

acA element a belongs to set A (or a is an element of A)

ACB A is a subset of set B, i.e., every element of A belongs to B
A=1HB set A equals to set B, then A C B and also B C A

{a€ A|p(a)} setof elements of A with property ¢. Sometimes we abbreviate this as {a | ¢(a) }
AUB union of sets, set {a |a € Aora € B}

ANB intersection of sets, set { a | a € A and also zaroven a € B }
(a1,...,a,) ordered n-tuple of elements aq,...,a,

Ax B cartesian product of sets, set of all pairs { (a,b) |a € A, b€ B}
A" cartesian product of n identical sets, A" = A x --- x A (n-krét)
0 empty set

iff if and only if ( <)

Names of sets will be denoted by inclined capital letters, e.g. A or X. Numerical sets will be
written as follows:



set of natural numbers

set of integers

set rational numbers

set of real numbers
i set of non-negative real numbers
it set of positive real numbers
x1,%9] closed real interval (set {z € R |zy <z <x9})
x1,22) open real interval (set {z € R |21 <x < x9})
set of complex numbers

AAEAEONZ

—

@/—\

1.1.2 Mappings

A mapping from set A to set B is written as
fi A— B. (1.1)

Mapping can be imagined as a ‘black box’ which associates each element a € A (in domain A)
with exactly one element b = f(a) € B (in codomain B). The formal definition is as follows:
subset f of the cartesian product A x B (i.e. relation) is called mapping, if (a,b) € f and
(a,b') € f implies b = /. Even though mapping (map) means exactly the same as function,
the word ‘function’ is normally used only for mapping into numerical sets (e.g. B =R, Z, C
etc.).

The set of all images (codomain elements b) of all arguments (domain elements a) with
property ¢, is abbreviated as:

{fla)ac A pla)} ={beB[b=fla), ac A pla)}

or just { f(a) | ¢(a) }, when A is clear from the context. Here ¢(a) is a logical expression which
can be true or false. For example, set {2? | =1 < x < 1} is half-closed interval [0,1). The
domain set A in the mapping f is written f(A) ={ f(a) |a € A}.

1.1.3 Functions and mappings of several real variables

An ordered n-tuple x = (z1,...,x,) € R" of real numbers is called (n-dimensional) vector.
f: R" - R™ (1.2)
denotes a mapping, which associates with vector x € R" vector
f(x)="f(z1,...,2,) = (fi(x),..., (X)) = (fi(z1, ..., 2n), ..., fr(@1, ... 20)) € R™

where fi,..., fiu: R® — R are the components of the mapping. We can write also f =
(fi,---, fm). The following figure illustrates the mapping f: R3 — R?:

L1 ——»

— fi(z1, 22, 23)
Ty ——> f
T3 > 4’.]“2(:1:1737271‘3)




When m = 1 then the codomain values are scalars, written in italics, as follows: f. When
m > 1 then the codomain values are vectors, written in bold font, f. Even though strictly
speaking the words ‘function” and ‘mapping’ mean one and the same thing, it is common to
talk about a function when m = 1 and a mapping when m > 1.

Definitions and statements in this text will be formulated so as to apply to functions and
mappings whose definition domain is the entire R"™. However, this need not always be the
case, e.g. the definition domain of the function f(x) = v/1 — 2?2 is the interval [—1,1] C R.
Nonetheless, the above default domain simplifies the notation and the reader should find it easy
to generalise any given statement to a different definition domain.

We use the following terms for functions f: R" — R:

e Graph of the function is the set { (x,y) € R"™ | x € R", y = f(x) }.
e Contour of the value y of the function is the set {x € R" | f(x) =y }.

The following figure shows examples of the graph and the contours of functions of two variables
on the rectangle [—1,1]? (created by the matlab command meshc):
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f(z,y) — —2x 4 3y

1.2 Minimum of a function over a set

Given set Y C R, we call y € Y its smallest element (or minimum), iff y <y for all y/ € Y.
Not all subsets of R have the smallest element (e.g. interval (0, 1] does not).

Take function f: X — R, where X is an arbitrary set. Denote codomain Y of X by
function f

V=fX)={f(z)|re X} CR
When set Y has the smallest element, we define

min f(z) =minY

called minimum of the function f over the set X. In this case there exists at least one element
xr € X, so that f(x) = minY. We say that the function attains minimum at the point z. The
subset of set X, at which the minimum is reached, is denoted by the symbol ‘argument of the
minimum’

argmin f(z) ={z € X | f(z) =minY }.
zeX

We define the maximum of function over a set similarly. Minima and maxima of a function are
generically called its extrema or optima.

Example 1.1.

10



. miﬂg|x—1] =min{ |z — 1| |z € R} =minR; =0, argmin|z — 1] = {1}
€ z€R

e Let f(z) = max{|z|,1}. Then argmin f(z) = [—1,1].
z€R

o Let (aj,ag,...,a5) = (1,2,3,2,3). Then! m%lxai =3, argfr)naxai = {3,5}. O
i= i=1

1.3 The general problem of continuous optimisation

Optimisation problems are formulated as searching for the minimum of a given real func-
tion f: X — R over a given set X. This formalisation is very general, as the set X is quite
arbitrary. There are three broad categories of problems:

e Combinatorial optimisation, when set X is finite (even though possibly very large). Its
elements can be, for example, paths in a graph, configuration of the Rubik’s cube or text
strings of finite lengths. Examples are finding the shortest path through the graph or the
problem of the travelling salesman.

e Continuous optimisation when set X contains real numbers or real vectors. An example
is linear programming.

e Variational calculus when set X contains real functions. An example is to find the planar
curve of given length which encloses the maximum area.

This course addresses continuous optimisation. The general problem of continuous optim-
isation is usually formulated as follows: we seek the minimum of function f: R™ — R on set

X C R", which contains all solutions (z1,...,z,) of a set of m inequalities and ¢ equations.
gi(xy,...,x,) <0, i=1,...,m (1.3a)
hz(xl,,xn)zo, Zzl,,g (13b)

for given functions g1, ..., gm, h1,...,he: R" — R. In vector notation we write:

X ={xeR"|g(x) <0, h(x) =0},

where g: R” — R™, h: R® — R’ and 0 denote null vectors of an appropriate dimension. We
seek the minimum of given function f: R” — R on set X. That is written also as

min  f(xq1,...,2,)
condition to  g;(x1,...,x,) <0, i=1,...,m (1.4)
hi<l‘1,...,l’n):0, ’L:L,g

Example 1.2. A shepherd has 100 metres of fencing. He wants to make a sheep paddock that
is as large (in area) as possible. It is to be a rectangle whose three sides will be formed by the
fence and the remaining side by a river, as sheep cannot swim.

5 . . . .
! max a; is more often written as max _a;. We use the first method, following an analogy with the standard

i=1 i=1,...,5

. ;
notation E a;.
i=1

11



Let’s call the sides of the rectangle z,y. We are solving the problem

max 2z +vy
condition to zy = 100

or
max{zy |z € R, y € R, 2z 4+ y = 100 }.

Here we have n =2, m =0, { = 1.
We know how to solve this problem easily. From the constraint 2x + y = 100 we have
y = 100 — 2z, therefore instead of the original problem, we can solve the equivalent problem

without constraints:
min (100 — 2z).
T€ER

The minimum of the quadratic function z(100 — 2x) is easily found by means of analysis of
functions of a single variable. O

Example 1.3. Find the pair of nearest points in the plane. One point lies on the circle of unit
radius with the centre at the origin and the second point lies in the square with the centre at
point (2,2) and the side of one unit. This problem can, of course, be solved easily by some
thought. However, let’s write it in the form (1.4).

Point (x1,79) on the circle satisfies 2% + 3 = 1. Point (x3,74) in the square satisfies
—%§x3—2§%, —%§x4—2§%. We have n =4, m =4, { =1 and

X ={(z1, 2, m3,m4) |2} 425 —1=0, 3 —23<0, 23— 2 <0, 3 —24<0, 24— 2 <0}

We are solving the problem

min /(21 — 23)2 + (29 — 24)2

subject to z? 423 —1=0

%—l’géo
T —%SO
%—LE4§0
1,—2<0 O

In mathematical analysis, the solution of problem (1.4) is called extrema of function f,
subject to constraints (1.3). When the constraints are missing, we talk about free extrema of
function f. Mathematical optimisation is commonly using somewhat different terminology:

e Function f is called the objective (also penalty, cost, criteria) function.

e clements of the set X are called admissible solutions, which is somewhat contradictory, as
they need not be the solutions of the problem (1.4). elements of the set argmin, y f(x)
are then called optimal solutions.

e Equations and inequalities (1.3) are called constraining conditions, in short constraints.

e Constraints (1.3a), respectively (1.3b), are called constraints of inequality type, respect-
ively equality type. When the constraints are missing (m = ¢ = 0), then we talk about
unconstrained optimisation.

e When the set X of admissible solutions is empty (constraints are in a conflict with each
other), then the problem is called inadmissible.

e When the objective function can grow above any bounds while fulfilling the constraints,
then the problem is called unbounded.

12



1.4 Exercises

1.1. Solve the following problems. Express the textual problem descriptions in the form of (1.4).
All that is necessary is some common sense and the derivatives of functions of a single
variable.

2)
b)

c)

min{z> +y? |z >0,y >0, zy > 1}

min{ (z —2)*+(y—1)* 2 <1, y* < 1}

You are to make a cardboard box with the volume of 72 litres, whose length is twice
its width. What will be its dimensions using the minimum amount of cardboard?
The thickness of the sides is negligible.

What are the dimensions of a cylinder with the unit volume and the minimum surface
area’

Find the dimensions of a half-litre beer glass that requires the minimum amount of
glass. The thickness of the glass is uniform.

Find the area of the largest rectangle inscribed inside a semi-circle of radius 1.

A rectangle in a plane has one corner at the origin and another corner lies on the
curve y = x2 + x~2. For what value of = will its area be minimal? Can its area be
arbitrarily large?

Find the point in the plane, nearest to the point (3,0) and lying on the parabola
given by the equation y = z2.

One hectare plot (10K square metres) of rectangular shape is to be surrounded on
three sides by a hedge that costs 1000 crowns per metre and on the remaining side
by an ordinary fence that costs 500 crowns per metre. What will be the cheapest
dimensions for the plot?

x,y are numbers in the interval [1,5], such that their sum is 6. Find such numbers
so that xy? is (a) minimal and (b) maximal.

We seek the n-tuple of numbers z1,...,x, € {—1,+1}, such that their product is
positive and their sum is minimal. As your result, write down a formula (as simple
as possible), giving the value of this sum for any n.

Rat biathlon. A rat stands on the bank of a circular pond with unit radius. The rat
wants to reach the opposite point on the bank of the pond. It swims with velocity v,
and runs with velocity vs. It wants to get there as quickly as possible by swimming,
running or a combination of both. What path will it choose? The rat’s strategy can
change depending on different relative values of v; and vy. Solve this problem for all
combinations of these two values.

13



Chapter 2

Matrix Algebra

Real matrix of dimensions m X n is the table

aiy - Qip
A=lagl=1]: -~ |,

Am1 - Qmn

where a;; are the elements of the matrix. Matrix can also be understood as the mapping

(1.

om} x{l,...;n} — R. The set of all real matrices of dimensions m x n (i.e., s m rows

and n columns) is written as R™*".
We will use the following terminology:

When m = n the matrix is called square and for m # n rectangular, while for m < n
it is wide and for m > n it is narrow.

Diagonal elements of the matrix are elements aiq,...,a,,, where p = min{m,n}.
A matrix is diagonal, when all non-diagonal elements are zero (this applies to both
square and rectangular matrices). When A is square diagonal (m = n), we write A =
diag(ai1, ags, - - ., anp)-

Zero matrix has all elements zero, written 0,,x, (when the dimensions are clear from
the context, then simply 0).

identity matrix is square diagonal and its diagonal elements are all 1s, written I,, (when
the dimensions are clear from the context, then simply I).

A matrix can be composed of several sub-matrices (sometimes also called blocks), e.g.:
A B sub — matricesA] {A B] {A I}

B C D 0 D (2.1)

The dimensions of the individual blocks must be compatible. The dimensions of the
identity matrix I and the zero matrix 0 in the fourth example are determined by the
dimensions of the matrices A and D.

2.1 Matrix operations

The following operations are defined on the matrices:
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e The product of scalar' @ € R and matrix A € R™*" is the matrix aA = [aa;;] € R™*™.
e Addition of matrices A, B € R™*" is the matrix A + B = [a;; + b;;] € R™*™.

e Matrix product of A € R™*? and B € RP*" is the matrix C = AB € R™*" with
elements

p
Cij = Z az‘kbkj- (2-2)
k=1

Properties of the matrix product:
e (AB)C =A(BC)
e (A+B)C=AC+BCaAB+C)=AB+ AC
e AL =A=1,A
e (¢/A)B = A(aB) = a(AB) (We might be tempted to think that the expression oA is
also a matrix product, where the scalar a € R is considered to be a matrix of dimension

1 x 1. However, this is not the case because the the inner dimensions of matrices would
be generally different.)

Generally it is not true that AB = BA (square matrices are generally non-commutitative).
It is useful to remember the following rule for the multipication of matrices composed of
blocks

< ol ] = ex oy

2.2 Transposition and symmetry

The transpose of matrix A = [a;;] € R™*" is written as AT = [a;;] € R™™. The properties
of transposition are:

o (aA)T = AT
o (AT =A
e (A+B)T =AT + BT
e (AB)T = BTAT
A square matrix is called
e symmetric, when AT = A ie., a;; = aj;,

e skew-symmetric, when A" = —A| ie., a;; = —a; (from which it necessarily follows
that Qi = 0)

2.3 Rank and inversion

Rank of a matrix is the size of the largest subset of its linearly independent columns. In other
words, it is the dimension of the linear envelope of the matrix columns. Rank is written as
rank A. The following holds (but it is not easy to prove)

rank A = rank A7, (2.3)

I The term scalar in the real matrix algebra denotes a real number. More precisely, considering the set of
all matrices of dimensions m X n as a linear space, then it is the scalar of this linear space.
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thus instead of using the columns, it is equivalently possible to define the rank using the rows.

It follows that for any matrix
rank A < min{m,n}. (2.4)

When rank A = min{m,n}, we say that the matrix is of full rank. A square matrix of full
rank is called regular, otherwise it is said to be singular.
When matrices A € R"*™ and B € R™*" satisty

AB =1, (2.5)

then matrix B is the right inverse of matrix A and matrix A is the left inverse of matrix
B. The right or the left inverse need not exist or they need not be unique. For example, when
m < n, then the equality (2.5) never holds (why?). The right inverse of matrix A exists iff the
rows of A are linearly independent. The left inverse of matrix B exists iff the columns of B are
linearly independent.

For m = n (square matrix A), its right inverse exists iff A is regular (this is why a regular
matrix is also called invertible). In this case it is unique and equal to the left inverse of the
matrix A. Then we talk only about an inverse of matrix A and denote it as A~!. Properties
of an inverse:

2.4 Determinants

Determinant is the function R™™ — R (i.e. it associates a scalar with a square matrix)
defined as

det A = ngnaﬁaig(i), (2.6)
o =1

where we are adding over all permutations n of elements o: {1,...,n} — {1,...,n}, where
sgn o denotes the sign of each permutation. Some properties of determinants:

e Determinant is a multilinear function of the matrix columns, i.e., it is a linear function of
an arbitrary column when all the other columns are constant.

e Determinant is an alternating function of the matrix columns, i.e., swapping two neigh-
bouring columns swaps the sign of the determinant.

o detlI =1

e det A = 0 iff A is singular

o det AT = det A

e det(AB) = (det A)(det B)

o det A= = (det A)™! (it follows from the above for B = A1)
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2.5 Matrix of a single column or a single row

A matrix with just one column (i.e. a element of R"*!) is also called a column vector?. A
matrix with just one row (i.e. an element of R'*™) is also called a row vector.

The linear space R™*! of all matrices with one column is ‘almost the same’ as the linear
space R™ of all ordered n-tuples (zi,...,x,). Therefore it is customary not to distinguish
between the two spaces and to move between their two meanings without a warning. We will
call the elements

L1
. n
x= (21,...,2,) = : eR
e —
uspofddand n-tice Tn
———

matrix n x 1
of this space simply vectors. In other words, by the unqualified term vector will be meant a
column vector or equally, an ordered n-tuple of numbers®.
The cases where vectors occur in the matrix products are important:

e Given matrix A € R™*" and vector x € R", the expression y = Ax is the matrix product
of matrix m x n with matrix n x 1, therefore according to (2.2), it is

n
Yi = E jjTy.
j=1

The vector y € R™ is the linear combination (with the coefficients z1,...,x,) of the
columns of the matrix A.
o For x,y € R", x'y = 219, + -+ + 2y, is the matrix product of the row vector x? and
the column vector y, the result of which is a scalar.
e For x,y € R", xy’ is m x n matrix of rank 1, sometimes called the outer product of the
vectors x a y.
Symbol 1,, = (1,...,1) € R” will denote the column vector with all its elements equal to
one. When n is clear from the context, we will write just 1. For example, for x € R",
1"x =21+ +z,.

2.6 Matrix sins

When manipulating matrix expressions and equations, you should aim to gain the same proffi-
ciency as with manipulating scalar expressions and equations. Students sometimes make gross
errors when manipulating matrix expressions; errors which it is possible to avoid by paying
some minimal attention. Next, we give some typical examples of these ‘sins’.

2.6.1 An expression is nonsensical because of the matrices dimen-
sions

As the first example we note blunders where an expression lacks meaning due to the dimensions
of the matrices and vectors. The first type of these errors involves breaking the syntax rules,

2 The term wector has a more general meaning in the general linear algebra than in the matrix algebra; there
it means an element of a general linear space.
3 Of course, we could do the same with rows (and some do, e.g. in computer graphics).
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e.g.:
e When A € R?*? and B € R3*3, then the following expressions are wrong:

A+B, A=B, [AB], ATB, A! detA, AZ

e A frightful example is the use of a ‘fraction’ for a matrix, e.g. B

In the second type of errors, the culprit produces an expression or a conclusion which does not
contradict the syntax rules but does not make sense semantically, e.g.:

e Inversion of an evidently singular square matrix. For example (ww?)™! where w € R?.

e Assuming the existence of the left inverse of a fat matrix or the right inverse of a slim
matrix. For example writing QQ? = I, where Q € R>*3.

e The assertion that rank A = 5, where A € R3*5, is wrong because every quintuple of
vectors from R? is linearly dependent.

Example 2.1. When we see the expression (A7B)™!, we must immediately realise the follow-
ing about the dimensions of the matrices A € R™*" and B € RF*?:

e In order to avoid a syntactical error in the multiplication, it must be the case that m = k.

e As the product AT”B has the dimensions n X p, we must have n = p in order to avoid a
syntax error in the inversion. So, now we know that both matrices must have the same
dimensions.

e Since rank(AB) < min{rank A,rank B}, then should AT be narrow or B wide, it would
follow that A”B would certainly be singular and we would have a semantic error. In order

to avoid the error, both matrices must be either square or narrow, m > n.
Conclusion: in order for expression (A7B)~! to make sense, both matrices must have the same
dimensions and must be square or narrow. You may well object that, even so, the matrix A”B
still need not have an inverse — however, our goal was to find only the necessary conditions for
the dimensions of the matrices to make sense. 0

2.6.2 The use of non-existent matrix identities

Matrix manipulation skills can be improved by memorising a stock of matrix identities. Though,
of course, they must not be wrong. Typical examples:
e (AB)T = ATB” (when the inner dimensions in the matrix product ATB” differ, then it
is also a syntax error)
e (AB)"! = A™'B™! (for non-square matrices it is also a syntax error, for square but
singular matrices it is also a semantic error)

e (A+B)? =A%+ 2AB + B?. This identity is based on a very ‘useful’ but non-existent
identity AB = BA. Correctly it should be (A + B)? = A2 + AB + BA + B2

2.6.3 Non equivalent manipulations of equations and inequalities

Here the culprit takes a wrong step with nonequivalent manipulation of an equation or an
inequality. We are all familiar with equivalent and nonequivalent manipulations of scalar equa-
tions from school. For example, the operation ‘take a square root of an equation’ is nonequi-
valent, since, though a = b implies a? = b%, a®> = b*> does not imply a = b. Examples:
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e The assumption that a’x = a’y implies x = y (not true even when the vector a is non
Z€er0).

e The assumption that when A € R**® and AX = AY, then X =Y (not true because A
does not have a left inverse, i.e. linearly independent columns).

e The assumption that AT A = BTB implies A = B (not true even for scalars).

2.6.4 Further ideas for working with matrices

e Draw rectangles (with dimensions) under matrix expressions to clarify their dimensions.

e When encountering a matrix equation or a system of equations, count the scalar equations
and the unknowns.

e Work with Matlab as well as with the paper. Matrix expression manipulations can often
be verified on random matrices. For example, if we want to verify the equality of (AB)? =
BTAT, we can try e.g. A=randn(5,3); B=randn(3,6); (A*B)’-B’*A’. Of course, it is
not a proof.

2.7 Exercises

2.1. Solve these equations for the unknown matrix X (assume that, if needed, its inverse exists):

a) AX +B = A?X
b) X-A=XB
c) 2X—-—AX =2A=0
2.2. Solve the system of equations {b; = Xa;, i = 1,...,k} for the unknown matrix X €

R™*™  What must be the value of k, so that the system will have the same number of
equations as unknowns? On what condition does the system have a single solution?

2.3. Solve the system of equations { Ax = b, x = ATy }, where x,y are unknown vectors and
the matrix A is wide with full rank. Find only the solution for x, we are not interested
in y. Verify in Matlab on a random example obtained by commands A=randn(m,n) ;
b=randn(n,1).

2.4. Consider the system of equations in unknowns x and y:

Ax+By=a
Cx+Dy=b

a) Express this system in the form Pu = q.

b) Suppose that a,x € R™, b,y € R". Show that x = (A — BD'C)~!(a— BD'b).
What is its computational advantage over computing u directly from the system
Pu=q?

2.5. Which of these equation systems are linear? Lower case denotes vectors, upper case
matrices. Assume the most general dimensions of the matrices and vectors. What is the
number of equations and unknowns in each system?

a) Ax = b, unknown x
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2.6.

2.7.

2.8.

2.9.

2.10.
2.11.

2.12.

b) TAX = 1, unknown x
c) a’Xb = 0, unknown X
d) AX + XAT C, unknown X
e) {XTY =A, Y'X =B}, unknown X, Y

Mapping vec: R™*"™ — R™ (‘vectorisation’ matrix, in Matlab written as A(:)), is defined
so that vec A is the matrix A rearranged by columns into a single vector. The Kronecker
matriz product (in Matlab kron(A,B)) is defined as
CLHB cee alnB
A®B= . :

amB - an,B
For arbitrary matrices (with compatible dimensions), we have:
vec(ABC) = (CT ® A) vec B. (2.7)

Use this formula to transform the following systems of equations in the unknown matrix
X into the form Pu = q in the unknown vector u. Assume that the number of equations
is equal to the number of unknowns. Assume that the matrices and vectors have the most
general dimensions that make sense.

a) {b!Xa;=0,i=1,...,k}

b) AX + XAT =C

The sum of the diagonal elements of a square matrix is called its trace.

a) Prove that the matrices AB and BA have the same trace.
b) Prove that the equation AB — BA =1 has no solution for any A, B.

The commutator of two matrices is the matrix [A,B] = AB — BA. Prove the Jacobi’s
identity [A, [B,C]] + [B,[C, A]] + [C,[A,B]] = 0.

Prove the Sherman-Morrison formula (A is square regular and vIA=tu # 1):

uvl A1 )

T\—1 —1
(A—UV) :A (I—Fm

Prove that (AB)™' = B 'A~L
Prove that for every square matrix A
a) A+ AT is symmetric
b) A — AT is skew-symmetric
c) there exists symmetric B and skew-symmetric C, such that A = B + C, where B, C
are uniquely determined.

Prove that for each A € R™*" and B € R™*"™, the matrix

I-BA B

L=1)A ABA AB_I

has the property L? = I (where L? is the abbreviation for LL). A matrix with this property
is called the nvolution.
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2.13
2.14
2.15

2.16

. When is a diagonal matrix regular? What is the inverse of a diagonal matrix?
. (%) Prove that when I — A is regular, then A(I - A)~! = (I - A)7'A.
. (%) Prove that when A, B and A + B are regular, then

AA+B)'B=BA+B)'A=(A"'"+B )"

. (%) Let square matrices A, B, C, D be such that AB? a CD7 are symmetric and it holds
that ADT — BCT =1. Prove that A’TD — C'B =1.
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Chapter 3

Linearity

Set R™*™ of matrices of fixed dimensions m x n, together with the operations + (adding
matrices) and - (multiplying matrices by a scalar), form a linear space over the field of real
numbers. A special case is the linear space R™ ! of one column matrices or, applying the
identity §2.5, the linear space R™ of all n-tuples of real numbers.

Let’s review the notion of the linear space from linear algebra:

3.1 Linear subspaces

Linear combination of vectors x1,...,x;, € R" is the vector
Xy + - Xy

for some scalars aq, ..., € R.
Vectors are linearly independent, when the following implication holds

061X1+"'+Oéka:0 E alz...zgk:(], (31)
Otherwise they are linearly dependent.
Linear span of a set of vectors {xy, ..., Xy} is the set
span{xy, ..., xg} ={oax; + -+ apxp | a1,..., a5 ER}

of all their linear combinations (here we are assuming that the number of the vectors is finite).
The set X C R" is called the linear subspace (briefly subspace) of the linear space R”",
when an arbitrary linear combination of arbitrary vectors from X is contained in X (we say
that the set X is closed with respect to the linear combinations).
A basis of the linear subspace X C R" is a linearly independent set of vectors, whose linear
envelope is X. A nontrivial subspace of R™ has an infinite number of bases, where each basis
has the same number of vectors. This number is the dimension of the linear subspace, written
dim X.

3.2 Linear mapping

The mapping f: R™ — R™ is called linear, when for each x;,...,x; € R” and a4, ..., € R,

f(Oé1X1 + e+ Oéka) = Oélf(l’l) + -+ Oékf(l’k), (32)
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in other words, when ‘the mapping of a linear combination is equal to the linear combination
of the mappings’.
Let A € R™* ™, then the mapping
f(x) = Ax (3.3)

is clearly linear, since
floanxy+- -+ apxp) = Alagxy +- -+ apXy) = o Axy 4+ -+ apAxy = arf (1) + - -+ apf ().

Conversely, it is possible to prove (we omit the detailed proof), that for each linear mapping
f: R — R™, there exists precisely one matrix A € R™*" such that f(x) = Ax. We say that
the matrix A represents the linear mapping.
A composition of linear mappings is another linear mapping. When f(x) = Ax and g(y) =
By, then
g(£(x)) = (g 0 )(x) = B(Ax) = (BA)x,

i.e. BA is the matrix of the composed mappings g o f. Therefore the matrix of composed
mappings is the product of the matrices of the individual mappings. This is the main reason
why it makes sense to define the matrix multiplication as in (2.2): the matrix multiplication
corresponds to the composition of the linear mappings.

3.2.1 The range and the null space

There are two linear subspaces closely associated with linear mappings: the range and the null
space (or kernel). When the mapping is represented by a matrix, as in f(x) = Ax, we talk
about the range and the null space of the matrix A € R™*",

The range of matrix A is the set

mg A =f(R") = {Ax | x € R"} =span{a,,...,a,} CR™, (3.4)

where ay,...,a, € R™ are the columns of the matrix A. Therefore the range is the linear
envelope of the columns of the matrix, as Ax = r1a; + - - - + x,a, is the linear combination of
the vectors ay,...,a, with the coefficients x1,...,x,. It is the set of all possible values of the
mapping f, i.e. the set of all y, for which the system y = Ax has a solution. The range is a
linear subspace of R™. From the definition of the rank of a matrix it is clear that

dimrng A = rank A. (3.5)
The null space of matrix A is the set
nullA ={xeR"|Ax=0} CR" (3.6)

of all vectors which map into the null vector. Sometimes it is also called the kernel of the
mapping. It is a linear subspace of R™. The null space is trivial (contains only the vector 0)
iff matrix A has linearly independent columns. That is, every fat matrix has a nontrivial null
space.
The dimensions of the range and of the null space are related by:
dimrng A 4+ dimnull A = n. (3.7)
——

rank A

You will find the proof of this important relationship in every textbook of linear algebra.
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3.3 Affine subspace and mapping

Affine combination of vectors xq,...,x; € R" is such linear combination
onxXy + -+ ApXf,

for which ay + -+ ap = 1.

Affine envelope of vectors x1,...,x; is the set of all their affine combinations. Affine sub-
space! of linear space R" is such set A C R™ which is closed with respect to affine combinations
(i.e. every affine combination of vectors from A is in A).

Example 3.1. Consider two linearly independent vectors x,y € R2 Their linear envelope is
the set

span{x,y} = {ax+ fy | o, B € R},

i.e. the plane passing through these two points and through the origin 0, that is the entire R2.
Their affine envelope is the set

aff{x,y} ={ax+0y|a,feR, a+f=1}={ax+ (1 —a)y|aeR},

which is the line passing through the points x,y. The following figure shows the vectors
ax + (1 — a)y for various values of a:

Similarly, the linear envelope of two linearly independent vectors in R? is the plane passing
through these two points and the origin 0 and their affine envelope is the line passing through
these two points. The affine envelope of three linearly independent points in R? is the plane
passing through these three points. O

Theorem 3.1.

e Let A be an affine subspace of R" and x¢g € A. Then the set A —xo={x—%o|x€ A}
is a linear subspace of R".

e Let X be a linear subspace of R" and xo € R™. Then the set X +xo={x+X |x€ X }
is an affine subspace of R".

Proof. We prove only the first part, as the proof of the second part is similar. We want to prove
that an arbitrary linear combination of vectors from the set A — xg is in A — xq. That means

X1,...,Xp € Aand ay, ..., ap € R must satisfy aq(x; — Xg) + -+ + ap(xr — Xo) € A — X or
a(x; —Xg) + - Fap(Xp —X0) +Xo =Xy + -+ apXp + (1 —ag — -+ — ag)xo € A.
This holds because a; + -+ + ax + (1 — a3 — -+ — ) = 1 and therefore the last term is an
affine combination of vectors from A, which by the assumption was in A. O]

I Here we define the affine subspace of a linear space rather than the affine space itself. The definition of
affine space not referring to some linear space exists but it is not needed here, so it is omitted.
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This theorem shows that an affine subspace is just a ‘shifted’ linear subspace (i.e. it need
not pass through the origin like the linear subspace). The dimension of an affine subspace
is the dimension of that linear subspace. Affine subspaces of R™ with dimensions 0, 1, 2 and
n — 1 are called respectively the point, line, plane and superplane.

Mapping f: R" — R™ is called an affine mapping, when (3.2) holds for all ay +---+ay = 1,
i.e. the mapping of an affine combination is the same as the affine combination of the mappings.
It is possible to show (do it!), that the mapping f: R™ — R™ is affine iff there exists matrix
A € R™" and vector b € R™, such that

f(x) = Ax+b.

A note on terminology. The word ‘linear’ means something different in linear algebra and
in mathematical analysis. For example, you called the function of a single variable f(z) = ax+b
linear at school. However, in linear algebra, it is not linear — it is affine. Although the equation
system Ax = b is called ‘linear’ even in linear algebra.

3.4 Exercises

3.1. Decide whether the following sets form linear or affine subspaces of R” and determine their
dimensions:

a) {xeR"|a’x =0} for given a € R"
b) {xeR"|a’x=a} for given a € R", a € R
¢) {xeR" |x'x=1}
d) {xeR"|ax” =1} for given a € R"
3.2. Given the mapping f(x) = x Xy, where y € R? is a fixed (constant) vector and x denotes

vector product (therefore this is a mapping from R? to R?), is this mapping linear? If so,
find the matrix A, so that f(x) = Ax. What is A7 equal to? What is the rank of A?

3.3. Given mapping f: R? — R? determined by the rule f(z,y) = (z +vy, 20 —1, z—y), is this
mapping linear? Is this mapping affine? Prove both of your answers.

3.4. Prove that (a) the set of solutions of a homogeneous linear system Ax = 0 is a linear
subspace and (b) the set of solutions of a non-homogeneous linear system Ax = b (for
b # 0) is an affine subspace.

3.5. Find the space of the range and the null space for each of the following linearch mappings:
&) f(l'l,ZEQ,l’g) = ((L’l — X9, g — X3 + 21‘1 )
b) f(z1,22) = (221 + xa, T1 — T2, T1 + 222 )

3.6. Write the shortest possible matlab code to determine whether the spaces of the ranges for

two given matrices are the same. What are the most general dimensions of the matrices
required for the task to make sense?

3.7. Which of the following assertions are true? Prove each one or find a counter-example.
Some of the assertions may be valid only for certain matrices dimensions — in those cases,
find the most general conditions for the matrices dimensions for the assertion to be true.

a) When AB is of full rank, then A and B are of full ranks.
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b) When A and B are of full ranks, then AB is of full rank.
¢) When A and B have trivial null spaces, then AB has the trivial null space.
d) (x) When A and B are both slim with full rank and A”B = 0, then matrix [A B] is

slim with full rank.

e) (x) When matrix h‘; ]g} is of full rank, then A and B are both of full ranks.
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Chapter 4

Orthogonality

4.1 Scalar product
The space R™ is naturally equipped with the standard scalar product
X"y =@y + -+ Tuyn.

Scalar product obeys the Cauchy-Schwarz inequality (x”y)? < (x'x)(y’y).
Standard scalar product induces the euclidian norm!

x|z = VxTx = (22 + - 4 22)"/2,

The norm fulfills the triangle inequality ||x + y||» < [|x||2 + ||y||2, which follows easily from
the Cauchy-Schwarz inequality (square it and multiply out). The norm measures the length
(more commonly called the magnitude) of the vector x. The angle ¢ between a pair of vectors
is given as

xly
2 [[y[l2
The euclidian norm induces the euclidian metric

cos p =

d(x,y) = lx =¥l

which measures the distance between points x and y.

4.2 Orthogonal vectors

A pair of vectors is called orthogonal (perpendicular), when x’y = 0. It is written as x L y.

A vector is called normalised, when it has a unit magnitude (||x||2 = 1 = x’x). The set
of vectors {xy,...,Xy} is called orthonormal, when each vector in this set is normalised and
each pair of vectors from this set is orthogonal, that is:

0 wheni#j
X X; = . ? _ (4.1)
1 when i =j.
1 'We use the symbol || - ||2 for the euclidian norm instead of just || - || because later we will introduce other

norms.
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An othonormal set of vectors is linearly independent. To prove this take the scalar product
of the left hand side of the implication (3.1) with vector x;, which gives

T T T T
0=x;0=qx; X1 + -+ uX; X = X; X; = Q.

therefore a; = 0. Repeating this for each 7, we get a1 = --- = a4 = 0.
Orthonormal sets of vectors are in some sense ‘the most linearly independent’ sets of vectors.

4.3 Orthogonal subspaces

Subspaces X and Y of space R™ are called orthogonal, when x | y foreachx € X andy €Y.

Written as X L Y. The testing for orthogonality of subspaces nonetheless does not require the

testing of an infinite number of pairs of vectors. It is sufficient (prove it!) to check that for two

arbitrary bases of X and Y, each base vector of X is orthogonal to each base vector of Y.
Orthogonal complement of subspace X in space R” is the set

Xt={yeR"|x'y=0forallx € X}. (4.2)

Thus it is the set of all vectors in R", such that each is orthogonal to each vector in X. In
other words, X+ is the ‘largest’ subspace of R", orthogonal to X. Properties of the orthogonal
complement:

o (XH)t=X.

o dim X +dim(X+) =n

e For cach vector z € R”, there exists exactly one x € X and exactly one y € X+, such
that z=x+y.

Example 4.1. Two perpendicular lines in R3 passing through the origin are orthogonal sub-
spaces. However, they are not orthogonal complements of each other. Orthogonal complement
of a line in R3 passing through the origin is the plane through the origin which is perpendicular
to the line. 0J

4.4 The four fundamental subspaces of a matrix

Every matrix A € R"™*" generates four fundamental subspaces:
e mg A = {Ax |x € R"} is the set of all linear combinations of the columns of A,
e nullA = {x € R" | Ax = 0} is the set of all vectors orthogonal to the rows of A,
e mg(AT) = {ATx | x € R™} is the set of all linear combinations of the rows of A,

e null(A7) = {x € R™ | ATx = 0} is the set of all vectors orthogonal to the columns of A.

It follows from the definition of the orthogonal complement (think about it!), that these sub-
spaces are related as follows:

(null A)* = rng(A”), (4.3a)
(mg A)* = null(AT). (4.3b)
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4.5 Matrix with orthonormal columns

Let columns of matrix U € R™*™ form an orthonormal set of vectors. Since orthonormal vectors
are linearly independent, then necessarily m > n. The condition of orthonormality (4.1) of the
columns then can be expressed concisely as:

U'u =1,. (4.4)
linear mapping f(x) = Ux (i.e. mapping from R™ to R™) preserves the scalar product, as
f(x)"f(y) = (Ux)"(Uy) = x"U"Uy = x"y.

When x =y then it preserves also the euclidian norm, [|f(x)[|s = ||Ux||2 = [|x]|2. That is the
mapping preserves distances and angles. Such mappings are called isometric.
When the matrix U is square (m = n), the following relationships are mutually equivalent:

U'U=1 < U'=U"'" — UU'=L (4.5)

The proof is not difficult. Since the columns of U are orthonormal, they are linearly independent
and U is regular. Multiplying the leftmost equation on the right by U~! we get the middle
equation. Multiplying the middle equation on the left by U we get the rightmost equation.
The remaining implications are proven analogously.

Equivalence (4.5) tells us that when a square matrix has orthonormal columns, then its
columns are orthonormal, too. Moreover, the inversion of such a matrix is easily computed
by a trivial transposition. A square matrix obeying the conditions (4.5) is called orthogonal
matrix.

It is worth emphasising that when U is rectangular with orthonormal columns, then it is
not true that UUT = I. Further, when U has orthogonal (but not orthonormal) columns, it
need not have orthogonal rows?.

Let U be an orthogonal matrix. Computing the determinant of both sides of the equation
UTU =1, we get det(UTU) = det(UT)det U = (det U)? = 1. That is det U can take on two

values:

e When det U = 1, the matrix is called special orthogonal or also rotational, as the
mapping f(x) = Ux (mapping from R™ to itself) means a rotation of vector x around the
origin. Every rotation in the R"™ space can be uniquely represented by a rotation matrix.

e When det U = —1, then the mapping f is the composition of a rotation and a reflection
around a superplane passing through the origin.

Example 4.2. All 2 x 2 rotational matrices can be written as

U— |:C'OS @ —sin @}
sinp  cosg

for some value of ¢. Multiplying a vector by this matrix corresponds to the rotation of the
vector in the plane by the angle . Check that UTU =1 = UU? and det U = 1. O

2 this is perhaps the reason why a square matrix with orthonormal columns (therefore also rows) is not
called ‘orthonormal’” but ‘orthogonal’. Rectangular matrix with orthonormal columns and square matrix with
orthogonal (but not orthonormal) columns do not have special names.
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Example 4.3. Permutation matrix is a square matrix, the columns of which are permuted
vectors of the standard basis, e.g.

[63 € 62] =

— O O
o O =
O = O

Permutation matrices are orthogonal (prove it!) and their determinants are equal to the sign
of the permutation.

Remember: multiplying an arbitrary matrix A by a permutation matrix on the left permutes
the rows of matrix A. Multiplying matrix A by a permutation matrix on the right permutes
the columns of matrix A. 0

4.6 QR decomposition

Matrix A is upper triangular when a;; = 0 for each ¢ > j (there are only zeroes under the
main diagonal). It is lower triangular when a;; = 0 for each ¢ < j (there are only zeroes
above the main diagonal).

Every matrix A € R™*"™ with m > n can be decomposed into the product

A =QR, (4.6)

where Q € R™ " has orthonormal columns (QTQ = I) and R € R™ " is upper triangular.
When A is of full rank (i.e. n) and the condition that the diagonal elements R be positive
(r;; > 0) is satisfied, then matrices Q and R are unique. The QR decomposition is implemented
in Matlab by the command® [Q,R]=qr(A,0).

Since columns of Q are linearly independent, Ax = QRx = 0 precisely when Rx = 0.
That means null A = null R. Then, using identity (3.7), we have: rank A = rank R.

When A if of full rank, matrix R is regular and therefore (think carefully!) rng A = rng Q.
This demonstrates that when A is of full rank, then the QR decomposition can be understood as
finding the orthonormal basis of the subspace rng A, where the basis is formed by the columns
of the matrix Q.

QR decomposition has many applications. It is typically used for solving linear systems. For
example, let us solve the system Ax = b with regular square matrix A. Decompose A = QR
and left-multiply the system by Q7, which gives

Rx = Q'b. (4.7)
This is 7ekvivalentni iprava?, since Q is regular. However, as R is triangular, this system can

be solved easily by back-substitution.

4.6.1 (x) Gramm-Schmidt orthonormalisation

Gramm-Schmidtova orthonormalisation is an algorithm, which for given linearly inde-
pendent vectors ay,...,a, € R™ finds vectors qy,...,q, € R™, such that

3 Note that the command [Q,R]=qr(A) computes so called full QR decomposition, in which R is upper
triangular and of the same size as A, and Q is orthogonal of the size m x m. Find out about this command
using help qr!

30



® qi,...,q, are orthonormal,
e Foreach k=1,...,nspan{qi,...,qr} = spanf{ai,...,ax}.

The idea of the algorithm is simple. Suppose that we already have vectors q, ..., qs_1 with the
described properties. We add to the vector a; such linear combination of vectors qq, ..., qx_1,
so that it becomes orthogonal to them all. Then we normalise this vector, i.e.

k—1
dk
qr = ay — ) Tidj, gk = : (4.8)
2Tk el
The algorithm iterates step by step for k =1,... n.
How to find the coefficients r;;? From (4.8) it follows that
k
ap = Z Tjkqj. (49)
j=1

here we have an extra coefficient ry;, which represents the change of the vector q; by norm-
alisation. Relation (4.9) enables us to compute the coefficients r;; from the requirement of
ortonormality of the vectors qy, ..., qx. Multiplying it by vector q;, we get rj;, = q?ak.

An improved version of Gramm-Schmidt orthonormalisation can be used for computing
the QR decomposition. Equation (4.9) can be written in the matrix form as A = QR, where
vectors ay, . .., a, are columns of matrix A, vectors qu, . .., q, are columns of Q, and R is upper
triangular with elements 7, = g a;. QR decomposition is then achieved by improvements to
this algorithm, which reduce the rounding errors and also allow for the linear dependence of
the columns of A.

4.7 Exercises

4.1. Find the orthogonal complement of the space span{(0,1,1),(1,2,3)}.
4.2. Find two orthonormal vectors x,y, such that span{x,y} = span{(0,1,1),(1,2,3)}.

4.3. Find the orthonormal basis of the subspace span{ (1,1,1,-1), (2,—1,-1,1), (-1,2,2,1) }
using QR decomposition.

4.4. Prove that the product of orthogonal matrices is an orthogonal matrix.

4.5. For which n is the matrix diag(—1,) (i.e. diagonal matrix with minus ones along the
diagonal) rotational?

a+b b—a
a—b b+a

4.7. The number of independent parameters (degrees of freedom) of an orthogonal matrix n xn
is determined by the difference of the number of matrix elements (n?) and the number of
independent equations in the condition UTU = I. Informally speaking, it is the number
of ‘dials’ you can independently ‘twiddle’ during a rotation in the n-dimensional space.
What is this number for n = 2,3,47 Find the general formula for any n.

4.8. (x) Consider the mapping F: R"*" — R"*" given by the formula F(A) = (I-A)(I+A)"".
Prove that:

4.6. What are the conditions on numbers a, b so that the matrix { } is orthogonal?
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a) For each A, such that I+ A is regular, (I — A)(I+A)' =TI+ A)"(I-A).
b) The matrix F(A) is orthogonal for a skew-symmetric matrix A.

¢) The matrix F(A) is skew-symmetric for an orthogonal matrix A such that I+ A is
regular.

d) The mapping F is a self-inversion, i.e. F(F(A)) = A for each A. This applies for
any matrix A, not just for an orthogonal or a skew-symmetric A.

Before working out your proofs, check in Matlab that the above statements are valid for
a random matrix.
4.9. Let X,Y be subspaces of R". We define X +Y ={x+y|x € X, y € Y}. Prove that:
a) XCV = X+tDOVv+
b) () (X +Y)r =X+ny+
c) (XNY)+ = X+ +YL Hint: prove this from the previous point by using (X+)+ = X.
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Chapter 5

Spectral Decomposition and Quadratic
Functions

5.1 Eigenvalues and eigenvectors

When
Av = \v. (5.1)

for square matrix A € R™" vector v € C", v # 0 and scalar A € C,

then X is called an eigenvalue of the matrix and v is the eigenvector associated with the
eigenvalue \. Eigenvalues and eigenvectors can be in general complex-valued.

Equation (5.1) can be re-written as

(A — \I)v = 0. (5.2)

This is a system of homogeneous linear equations in v, which has a non-trivial solution iff the
matrix A — Al is singular. That is eigenvalues are the roots of the polynomial

pa(A) = det(A — AI), (5.3)

which is called the characteristic polynomial. Eigenvectors associated with eigenvalues A
can then be found from the equations system (5.2).

1 2

3 4} . The characteristic equation is

Example 5.1. Find the eigenvalues of the matrix A = {

1-X 2

det(A—)\I):det[ 54—

}:(1_)\)(4—/\)—3-2:)\2—5)\—2:0.

This quadratic equation has two roots A = (5 £ v/33)/2. These are then the eigenvalues of
matrix A. Eigenvectors belonging to each A will be found by solving the homogeneous linear

system:
1—A 2
{ 3 4—)\]V_0'
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It follows from the definition of the determinant (2.6) (think about it!), that the character-
istic polynomial is of degree n, therefore it has n (in general complex) roots. Labeling the roots
A1, ..., A\, it follows that:

n
pa(N) =JJr =)

i=1
There may be some multiple roots. From this perspective, the matrix has exactly n eigenvalues,
of which some may be the same. This list of eigenvalues is sometimes called the spectrum
matrix.

Let A1, ..., A\, be the eigenvalues of matrix A and vy, ..., v, be their associated eigenvectors.

Equation (5.1) for them can be written as the single matrix equation (think!)

AV =VD, (5.4)
where the diagonal matrix D = diag(\,...,\,) has the eigenvalues on the diagonal and the
columns of the square matrix V. = [v; --- v,,| are the eigenvectors.

The eigenvectors are not uniquely determined by their eigenvalues. All eigenvectors associ-
ated with one particular eigenvalue form the subspace R", since when Au = Au and Av = \v,
then A(au) = AMau) and A(u+ v) = A(u + v). Eigenvectors can be in general linearly de-
pendent. This is not a simple question and we will not discuss it here in detail. Let us just
say that there is a good reason to choose such eigenvectors, so that the rank of matrix V is as
large as possible.

How are the eigenvalues and eigenvectors calculated? The characteristic polynomial is
mostly a theoretical tool and a direct solution for its roots is not suited to numerical computa-
tion. Numerical iteration algorithms are used for larger matrices. Different types of algorithms
are best suited to different types of matrices. The matlab function [V,D]=eig(A) computes
matrices V and D fulfilling (5.4).

5.1.1 Spectral decomposition

When V is regular (i.e., there exist n linearly independent eigenvectors), then it is invertible
and (5.4) can be written as
A=VDV!h (5.5)

This identity (5.5) is then called eigenvalues decomposition of a matrix or spectral
decomposition. In this case matrix A is similar to a diagonal matrix (it is diagonalisable),
since (5.5) implies V'IAV = D.

Many properties of matrices are known to guarantee diagonalisability. The most important
one is symmetry.

Theorem 5.1. Let matrix A of dimensions n X n be symmetric. Then all its eigenvectors are
real and there exists an orthonormal set n of its eigenvectors.

This is sometimes called the spectral theorem. It says that for any symmetric A in the
identity (5.4), matrix D is real and V can be chosen as orthogonal, V=! = VT, Therefore

A =VDV7, (5.6)

Eigenvalues and eigenvectors are an extensive subject which we have by no means exhausted
here. From now on we will need only the spectral decomposition of a symmetric matrix.
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5.2 Quadratic form
Quadratic form over R" is the function f: R™ — R given by the formula
f(x) = x" Ax, (5.7)

where A € R™™".
Every square matrix can be written as the sum of a symmetric and a skew-symmetric matrix:

J/

A :é(A+ATZ+§(A — A7)

symetrickd antisymetricka
(see Exercise 2.11). However,

x"Ax = IxT(A+ AT)x + 1x"(A — A")x,
~— ——
0

since xT (A — AT)x = xTAx — x"ATx = xT Ax — (xTAx)T = 0, where we used the fact that
a transposition of a scalar is the same scalar.

Therefore when A is not symmetric, we can substitute for it its symmetric part 1(A + A7),
leaving the quadratic form unchanged. Thus in what follows we will safely assume that A is
symmetric.

Definition 5.1. Symmetric matrix A is
e positive [negative] semidefinite, when for each x, xT Ax > 0 [xTAx < (]
e positive [negative| definite, when for each x # 0, xT Ax > 0 [x' Ax < 0]
e indefinite, when there exist x and y, such that x’ Ax > 0 and yT Ay < 0.

A matrix may have several of these properties. For example, a positive definite matrix is
also positive semidefinite. A null matrix is both positive and negative semidefinite.

Even though the definition makes sense for an arbitrary square matrix, it is customary to
talk about these properties only for symmetric matrices. Sometimes these properties are defined
not for a matrix but more generally for the quadratic form.

It is clear from definition 5.1 whether a quadratic form has an extremum and of what kind:

e When A is positive [negative] semidefinite, then the quadratic form has a minimum |[max-
imum]| at the origin.

e When A is positive [negative] definite, then the quadratic form has a sharp minimum
[maximum]| at the origin.

e When A is indefinite, then the quadratic form does not have an extremum.

This statement is easy to prove. When A is positive semidefinite, then the quadratic form
can not be negative and at x = 0 must be zero, therefore it has a minimum at x = 0 (and
possibly elsewhere, too). When A is indefinite and e.g. x” Ax > 0, then a point x can not be
a maximum because (2x)TA(2x) > x” Ax. It can not be a minimum either because for some
y, yL Ay < 0.

Theorem 5.2. A symmetric matrix is

e positive [negative] semidefinite, iff all its eigenvalues are non-negative [non-positive]
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e positive [negative| definite, iff all its eigenvalues are positive [negative|

e indefinite, iff it has at least one positive and one negative eigenvalues.
Proof. By the eigenvalues decomposition (5.6):
x'Ax =x'VDV'x = y'Dy = \jy? + -+ + \y2, (5.8)

where y = VTx. The substitution x = Vy thus diagonalised the matrix of the quadratic form.
As V is regular, the definity of matrix A is the same as the definity of D. However, as D is
diagonal, its definity is immediately clear from the signs of \;. For example, expression (5.8) is
non-negative for each y iff all \; are non-negative. U

When each )\; is positive (A is positive definite), then the shape of the function g(y) = y’ Dy
‘looks like a pit’. When each J; is negative (A is negative definite), then the function ‘looks
like a peak’. When some \; are positive and some negative (A is indefinite), then the shape of
the function is a ‘saddle’:
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91, y2) = yi + 3 9y, y2) = vi — 3 9y, y2) = —yi — 3

However, as V is orthogonal, the transformation x = Vy is just an isometry, thus the form of
f will differ from the diagonal form ¢ only by rotation/reflection in the domain space.

5.3 Quadratic function

General quadratic function (or second degree polynomial) of n variables has the form:
f(x) =x"Ax +b'x +¢, (5.9)

where AT = A # 0. Compared to the quadratic form it has additional linear and constant
terms. Conversely, the quadratic form is the same as qadratic function without linear and
constant terms. Note that for n = 1 (5.9) is the well known quadratic function of a single
variable f(z) = az® + bx + c.

How to find extrema of quadratic functions? Find the natural extrema using derivatives,
see later. Another method is to transform the quadratic function into a quadratic form by
translation of the coordinates.

Sometimes we can find vector x, € R™ and scalar 1o, such that

xTAx +b'x +c= (x — x0)TA(x — %0) + yo. (5.10)

The expression on the right hand side is a quadratic form with the origin moved to the point xg,
plus a constant. This transformation is called completing the square. You know it for the
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case of n = 1, as the school method for deriving the formula for the roots of the quadratic
equation of a single variable. We determine xg, yo from the given A, b, c as follows. Multiplying
out the right hand side, we get
(x —x0)TA(x — %) + 5o = X' Ax — xT Axg — X} Ax + x4 Axo + o
= xT Ax — 2x} Ax + x3 Axo + vo.

Comparing the terms of the same degree we obtain

b = —2Ax, (5.11a)

c = xp Axo + o, (5.11b)

from which we find %y and yo. When the sytem (5.11a) has no solution, then the completion
of the square is not possible.

When the completion of the square is possible, then the solution of the extrema of a quadratic

function is no different to the solution of the extrema of a quadratic form because the only

difference is the translation by xo. When the completion of the square is not possible, then the
quadratic function does not have any extrema.

Example 5.2. Given the quadratic function

Flz,y) =222 — 20y + 92 — 2y + 3 = mT {_i _ﬂ m + {_gr m +3.

Its completion of the square is
c—11"] 2 =1][z—1
_ 2 _ _ 92 _ o _ [T - -4
flz,y) =2(z 1) 2(z 1)(y 2) + (y 2) 3 |:y _ 2} {_1 1} |:y _ 2} 3,

thus we have xg = (1,2), yo = —3. Since matrix A is positive definite (verify!), the quadratic
function has an etremum at the point xg. 0

Example 5.3. For the quadratic function

rew = =v=[} o]+ [ [

the square can not be completed. (]

Contour of a quadratic function is called quadric, (or quadric surface). E.g. quadric is the
set
{xcR"|x"Ax+b'x+c=0}. (5.12)

For n = 2 the quadric is called conic. An important special case of a quadric is ellipsoid
surface', which is the set {x € R" | xT Ax = 1} for a positive definite A.

I Sometimes it is also called ellipsoid but the terminology is ambiguous and some authors mean by an
ellipsoid the set {x € R" | x’ Ax < 1}. The difference is between the surface of a solid and the whole solid.
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5.4 Exercises

5.1

5.2.

5.3.

5.4.
9.9.

5.6.

5.7.

5.8.

5.9.

5.10.
5.11.
5.12.
5.13.

5.14.

5.15.

5.16.

Compute the eigenvectors and eigenvalues of the matrices [ 1 2} , [1 2] )

—4 =2 2 =3
2 0 3
Write down the equation whose roots are the eigenvectors of the matrix [0 —2 —1|.
3 —1 2

Find the eigenvalues and eigenvectors of (a) null, (b)unit, (¢) diagonal, matrices. Find the
eigenvalues of a triangular matrix.

Show that \; +---+ A\, = trace A and \; X --- X \,, = det A.

Suppose you know the eigenvalues and eigenvectors of matrix A. What are the eigenvalues
and eigenvectors of the matrix A + al?

(x) We said that finding the roots of the characteristic polynomial (5.3) is not a suitable
method for finding the eigenvalues. On the contrary, finding the roots of an arbitrary poly-
nomial can be changed into finding the eigenvalues of a matrix, called the accompanying
matriz of the polynomial. Derive the shape of this matrix. Verify in Matlab for various
polynomials.

It is well known that an arbitrary rotation in the 3D space can be performed as a rotation
around some line (passing through the origin) by some angle. Using geometrical reasoning
only (i.e., without any calculations), deduce as much as you can about the eigenvalues and
eigenvectors of a rotational matrix of dimensions 3 x 3.

In §6.1.3 we defined projection as matrix P satisfying P? = P. Using geometrical reason-
ing, find at least one eigenvalue and an associated eigenvector of projection.

(x) Using geometrical reasoning, find at least two eigenvectors and associated eigenvalues
of the Householder’s matrix from Exercise 6.16.

What is A" equal to, when A is a symmetric matrix?
Show that the eigenvalues of a skew-symmetric matrix are either zero or purely imaginary.
(x) Show that two square matrices commute iff they have identical eigenvectors.

(x) Let A € R™™ and B € R"*™. Show that all non-zero eigenvalues of the matrices AB
and BA are identical.

For each following matrix determine whether it is positive/negative (semi)definite or in-

definite:

1 2 2 1 01 10

2 1| 1 20’ 1 0] (0 O]
Determine whether the following quadratic functions have a minimum, maximum, and at
which point. Use the completion of the square.

a) f(r,y) =2*+ 4oy —2y* + 3z — 6y +5

b) f(x) = xT E ﬂxﬂz 1]x

1 -3

Counsider the matrix A = [2 4

] . Which of the following statements are true?
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5.17.

5.18.
5.19.
5.20.
2.21.

2.22.

5.23.

a) xI Ax is non-negative for each x € R?,
b) x” Ax is non-positive for each x € R%.
c¢) The function f(x) = xT Ax has an extremum at the point x = 0.

Hint: is the matrix symmetric?

(x) Implement a Matlab function ellipse(Q) that draws an ellipse given by the equation
xT'Ax = 1, for positive definite A. Think how to proceed when designing a function
conic(Q), that draws the conic section xT Ax = 1 for A of an arbitrary definity (recall
that a general conic section can be unbounded,therefore it is necessary to cut it off at the
boundary of a given rectangle).

Prove that the matrix AT A is positive semidefinite for any matrix A.
Prove that the matrix AT A + ul is positive definite for any matrix A and for any p > 0.
Prove that a (square symmetric) matrix is positive definite iff its inverse is positive definite.

Must a positive semidefinite matrix have non-negative elements along its diagonal? Prove
your answer, weather it was positive or negative.

(x) Positive semidefinite matrix can be understood as a generalisation of non-negative
numbers. This is why positive semidefinity is sometimes denoted as A > 0 and positive
definity as A > 0. The notation A > B is an abbreviation of A — B > 0. Based on this
analogy, we might expect that:

a) If A>Band C > D, then A+ C > B+ D.
b) If A > 0 and o > 0, then aA > 0.

c) If A =0, then A% > 0.

d) If A > 0 and B > 0, then AB > 0.

e) If A > 0, then A~! > 0.

f) If A = 0 and B = 0, then ABA > 0.

Which of these statements are really true? Prove or find counter-examples.

(%) Consider a random square matrix whose elements are independent random numbers
drawn from the normal distribution with zero mean and unit variance. Such matrix is
obtained in Matlab by the command A=randn(n). Suppose we generate in this way a
large number of matrices. What proportions of them will be positive definite, positive
semidefinite, and indefinite? Justify your answer. Try it in Matlab for finite samples of
matrices.
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Chapter 6

Nonhomogeneous Linear Systems

consider the system of m linear equations in n unknowns
Ax = Db, (6.1)

where A € R™*" x € R", b € R™. This system has (at least one) solution iff b € rng A (i.e. b
is a linear combination of the columns of A), which can also be written as rank[A b] = rank A
(the Frobenius theorem). The set of solutions of the system is an affine subspace of R" (see
Exercise 3.4).

The system is homogeneous when b = 0 and nonhomogeneous when b # 0. In this
chapter we will concentrate solely on nonhomogeneous systems. We distinguish three cases:

e The system has no solution (this arises typically for m > n, though this condition is neither
necessary nor sufficient). In this case we may wish to solve the system approximately, which
is the subject of section §6.1.

e The system has exactly one solution.

e The system has infinitely many solutions (this arises typically for m < n, this condition
again being neither necessary nor sufficient). In this case we may wish to choose a single
solution from the infinite set of solutions, which is the subject of section §6.2.

6.1 An approximate solution of the system in the least
squares sense

When the system (6.1) does not have a solution, solve it approximately. Consider the vector
r = b — Ax of the residuals) and seek such x, so that its euclidian norm ||r||y is as small as
possible. The problem does not change (why?), when instead of the euclidian norm we minimise

its square
m

m
w3 =r"r=2 =) (alx )",
i=1

i=1

where al denotes the rows of matrix A. Therefore we are solving the following problem

min ||Ax — b||3. (6.2)

xeR”

As we are minimising the sum of squares of the residuals, it is called an approximate solution
of the system in the least squares sense or the least squares solution.
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Example 6.1. The system of three equations in two unknowns

r+2y==6
—r+ y=3
r+ y=4

is over-determined. Its least squares solution means finding such numbers x, y, which minimise
(x+2y—6)*+(—x+y—372+(x+y—4)*. O

It is possible to express many useful problems in the form of (6.2). Sometimes this is not
easy to see at the first glance and this can cause some difficulties to students.

Example 6.2. We seek the shortest connecting line between two nonintersecting lines (skewlines)
in the R™ space. Let i-th line be defined by two points, denoted p;,q; € R”, for i = 1,2. We
wish to formulate this problem in the form of (6.2). We are solving the required system

p1 +ti(qr — p1) = P2 + ta(q2 — P2).

This system has n equations in 2 unknowns tq,t5. It can be written as Ax ~ b where

131
A= - - ) = , b= — P1-
[Q1 P1 P2 CI2] X |:t2:| P2 — P1 0

We solve Example (6.2) using the following analysis. In order that ||[Ax — bz (i.e. the
distance between the points Ax and b) is minimal, then the vector b — Ax must be orthogonal
to the space rng A, i.e. to every column of matrix A. The following figure shows the situation:

This condition can be written as AT(Ax —b) =0, or
ATAx = A"b. (6.3)

System (6.3) is therefore called the normal equation. It is a system of n equations in n un-
knowns.

Equation (6.3) can be derived in other ways, too. Example (6.2) seeks the minimum of the
quadratic function

IAx = blf; = (Ax —b)" (Ax — b)
= (x"AT —b") (Ax — b)
=x'ATAx —x"A"b - bTAx +b'b
=x"ATAx — 2bTAx + b'Db, (6.4)
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where we used the fast that a scalar is equal to its transpose and thus b7 Ax = (b7 Ax)T =
xTATb. Let us attempt to find an extremum of this quadratic function by completing the
square (see §5.3). System (5.11a) will have the form ATAx, = ATb (warning: A,b means
something different in (6.4) and in (5.11a)), i.e. we obtained the normal equations. At the
same time it is clear that the matrix AT A is positive semidefinite, as for every x € R" we have

x'ATAx = (Ax)TAx = | Ax|%? > 0. (6.5)

Therefore the point x¢ will be minimum.
When matrix A is of full rank (i.e. n), then by (6.8) the matrix ATA is regular and the
system can be solved by inversion:

x=A'b, kde At =(ATA)'AT. (6.6)

Matrix A7 is called the pseudoinverse of the (slim) matrix A. Tt is one of the left inverses of
matrix A, since ATA = (ATA)"TATA =1.

When A is not of full rank, then the matrix AT A is singular and the solution (6.6) can not
be used. In that case the system (6.3) and thus also Example (6.2) have an infinite number (an
affine subspace) of solutions (warning: this does not mean that the system (6.1) has an infinite
number of solutions!).

6.1.1 (%) Solvability of the normal equations

Let us prove that the system (6.3) always has a solution, which is not immediately obvious.

Theorem 6.1.
mg(ATA) = mg(AT) (6.7)

where A is an arbitrary matrix.
Proof. First we prove these two statements:
e null A C null(ATA), since Ax =0 = ATAx =0.

e null(ATA) C null A, since ATAx =0 = x"ATAx=||Ax[|3=0 = Ax=0.

Putting these two statements together, we obtain null A = null(ATA). Now applying iden-
tity (3.7) to matrices AT and AT A it follows that

dimrng(ATA) = rank(ATA) = rank A" = dimng(A”). (6.8)

It follows from definition (3.4) (think about it!), that rng(A” A) C rng(AT). However, when
a subspace is a subset of another subspace and both subspaces have the same dimension, then
they must be the same. This much is clear: an arbitrary basis rng(ATA) is also in rng(AT)
and as both subspaces have the same dimension, it is also the basis of rng(AT). U

Corollary 6.2. System (6.3) has a solution for any A and b.

Proof. According to (6.7): ATb € mmg(AT) = mg(ATA). O
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6.1.2 Solution using QR decomposition

Formula (6.6) is not always best suited to numerical computation (where we necessarily use
limited precision arithmetic with finite length representation of numbers), even when matrix A
is of full rank.

Example 6.3. Solve the system Ax = b with

3 6 9
A= L 2.01} , b= [3.01] '

Matrix A is regular. Suppose we use floating point arithmetic with precision of three digits.
Gaussian elimination will find the exact solution of the system x = (1,1). Whereas if we express
the normal equations AT Ax = ATb in this arithmetic, we get:

o [10 20 [ 30
ara= [l A= [2]

The matrix of this system is now singular, since rounding occured in the product ATA. U

Numerically more suitable method is to solve the normal equations without an explicit eval-
uation of the AT A product. That can be done using QR decomposition A = QR. Substituting
this into the normal equations we get RTQ7QRx = RTQ”b. Simplifying using Q7 Q = I and
left-multipying by the matrix R~ (which is an equivalence operation), we have

Rx = QTb. (6.9)

This is the same formula as (4.7), the only difference being that Q in (4.7) is a square matrix,
whereas here it is rectangular.

Matlab implements the solution of the nonhomogeneous linear system by the operator \
(backslash). When a system is over-determined, then the result is an approximate solution in
the least squares sense and the algorithm uses QR decomposition. Learn to understand how the
operators slash and backslash work by studying the output of the commands help mrdivide
and help mldivide.

6.1.3 More about orthogonal projection

It is instructive to develop further the geometrical reasoning we used to derive the normal
equations. Suppose x is the solution of the normal equations, then vector Ax is an orthogonal
projection of vectoru b into the subspace X = rng A (see figure above). When A is of full rank,
then (6.6) gives

Ax =Pb, where P =A(ATA) AT, (6.10)

This is an important result: an orthogonal projection of a vector into the subspace X is a linear
mapping represented by the matrix P. Therefore this matrix if often called the projektor.

Subspace X, which we are projecting into, is represented by the basis (columns of matrix A).
Projektor P should not change when we use a different basis of the subspace. Various basis
of the subspace X are represented by the columns of the matrix A = AC, for various regular
matrices C € R™" (i.e. C is the transfer matrix to a different basis). It is easy to verify that,
indeed

~ ~T ~

AA"A)'AT = AC(CTATAC) 'CTAT = ACCY(ATA)'CTCTAT = A(ATA) AT,
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When X is represented by an orthonormal basis, then AT A =T and the expression (6.10)
simplifies to! P = AA”. A special case of orthogonal projection is dimX = 1, i.e. the
projection onto a line. Let X = span{a}, where we assume |lalj; = 1. Then P = aa’. The
formula (a’b)a = aa”b = Pb for the projection of vector b onto a normalised vector a ought
to be familiar to you from the secondary school.

By purely geometrical reasoning we can see what is the range and the null space of the
projector. An arbitrary vector from R™ is projected into subspace X. An arbitrary vector

orthogonal to X is projected to the null vector 0. Therefore

mgP =X, (6.11a)
nullP = X+, (6.11b)

The figure shows that the vector b — Ax = b — Pb = (I — P)b is an orthogonal projection
of vectoru b into X*. Therefore the projector into X+ is the matrix I — P. Note that the

projector into X+ has a natural role in an approximate solution of a system: the value of the
minimum in problem (6.2) is ||b — Ax||3 = ||b — Pb||2 = ||(I — P)b||3.

Note about general projection. Projection in linear algebra means such linear mapping
f(y) = Py, which satisfies f(f(y)) = f(y), i.e. PP = P? = P. This expresses an understand-
able requirement that, once a vector is projected, further projection should leave it unchanged.
Projection does not have to be orthogonal in general; it can also be skewed — then the projection
is along subspace null P into subspace rng P. Projection is orthogonal, when nullP L rng P.
This? occurs exactly when, in addition to P? = P, also PT = P (we leave out the proof of this
assertion). Verify that the projector defined by formula (6.10) satisfies P? = P = P7.

6.1.4 Using the least squares for regression

Regression is the modelling of the dependency of variable y € R on variable ¢ € T by the
regression function

y=[f(t,x).
The function is known, except for the parameters x € R". Given a list of pairs (¢;,y;), i =
1,...,m, where measurements of y; € R are subject to errors, the goal is to find parameters x,

so that y; =~ f(t;,x) for all i. We are minimising the sum of squares of the residuals, i.e. solving
the problem

m

min b [y — f(t;, x)]. (6.12)
=1

Let us choose the regression function as a linear combination

F(t, %) = 2101(t) + - + Zapa(t) = (1) x

! Remember (see §4.5), that matrix A with orthonormal columns need not have orthonormal rows, in other
words, ATA =1 does not imply AAT = 1. Then the question arises: what is matrix AAT? Here you got the
answer.

2 Of course, it is not true that the null space and the range space of a general square matrix are mutually
orthogonal. They are even less likely to be orthogonal complements. Do not confuse with relations (4.3)!
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of the given functions ¢;: T'— R. Then

m

S Iy — F(t X1 = |y — Ax|.

=1

where y = (y1,...,¥ym) and the elements of matrix A are a;; = ¢,(t;) (think about it!). Thus
we expressed problem (6.12) in the form of (6.2).

Example 6.4. Polynomial regression. Let T = R a o;(t) = t*~!. Then the regression function
is the polynomial of degree n — 1,

f(t,x) = 21 + 2ot + a5t> + -+ 2t" L

Specifically, for n =1 problem (6.12) becomes min, > ,(y; — x)*. The solution is the arith-
metic mean (average): = = > " y; (verify!). O

6.2 Least norm solution of a system

Suppose now that the system (6.1) is underdetermined, in other words it has infinitely many
solutions. Let x’ be an arbitrary vector satisfying Ax’ = b (so called particular solution of
the system). Since for each x € null A, A(x' + x) = Ax' = b, it is possible to express the set
of the solutions of the system parametrically, as

{xeR"|Ax=b}=x"+nullA. (6.13)

It is often useful to pick just one solution from this set of solutions, according to some
criteria. A natural criterion is to minimise the euclidian norm of the solution, which results in
the problem

min{ ||x||3 | x € R", Ax=b}. (6.14)

Instead of minimising the norm ||x||, we are again minimising its square. This problem is known
as solving the nonhomogeneous linear system with the least norm (least norm solution). Note
that sometimes it is appropriate to use other criteria than the least euclidian norm, see e.g.
Exercise 9.24.

Example 6.5. The system of two equations in three unknowns

r+2y+ z=1
—r+ y+2z2=2

is underdetermined, i.e., it has infinitely many solutions. The solutions set is
(0, Yo, 20) + null A = (1,—1,2) +span{(1, -1, )} ={(1+a, -1 —a,24+ ) |a € R}.
Its least norm solution is the solution which minimises the number 22 + y? + 22 O

Problem (6.14) is easy to solve by the method of Lagrange multipliers. This will be covered
in a later chapter. For now we sove it by inspection.
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{x|Ax=b}

nullA ={x|Ax=0}

vectors x and x’ are two different solutions of the system but only x has the least norm. It
is clear that an arbitrary solution x has the least norm (i.e., is the nearest to the origin 0)
iff vector x is orthogonal to the null space of matrix A. According to (4.3a), this means that
x € rng(AT), i.e., x must be a linear combination of rows of A. In other words, there must
exist some vector A € R™, such that x = ATX. Thus in order to solve problem (6.14), we must
solve the system of equations

AT =x, (6.15a)
Ax = b. (6.15b)

This is a system of m + n equations in m + n unknowns (x, ).

Let us solve this system. Substituting x into the second equation, AATX = b. Assume that
matrix A is of full rank (i.e. m). Then A = (AAT)'b. Substituting into the first equation,
we get

x =A"b, where AT =AT(AAT)"L. (6.16)

Matrix AT is called the pseudoinverse of the (fat) matrix A. It is a right-inverse of matrix A
(verify!).

6.2.1 Pseudoinverse of a general matrix of full rank

Pseudoinverse of a slim matrix was defined earlier by formula (6.6). Summary: when matrix
A is of full rank (i.e. max{m,n}), its pseudoinverse is defined as

(6.17)

. J(ATA)"'AT  when m > n,
| AT(AAT)' when m < n.

Vector x = A™b is in the first case the least squares solution of the system Ax = b, in the
second case it is the least norm solution. When m = n, then in both cases AT = A~ (verify!).

In case A is not of full rank, then it is not possible to use formula (6.17) and the pseudoin-
verse has to be defined differently. We will return to this question later, in §7.6.

6.3 Exercises

6.1. Given the system Ax = b, where A € R™*" and b # 0, are the following statements
true? Prove your answers, whether positive or negative.

a) When m < n, then the system always has a solution.
b) When m > n, then the system never has a solution.
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6.2.

6.3.

6.4.

6.5.

6.6.

6.7.

6.8.

6.9.

6.10.

6.11.

¢) When m < n and A is of full rank, then the system always has an infinite number of
solutions.

Solve approximately in the least squares sense the following system, using (a) pseudoin-
verse, (b) QR decomposition:

10 -1 1
12 1] | |
11 =3 [~ |1
01 1]L" 1

We seek the point x € R™, which minimises the sum of squares of the distances to the
given points ay,...,a, € R™, ie., it minimises the expression Y ., [|a; — x[|3. Express
the problem in the form of (6.2) (analogously to Example 6.2). Prove that the minimum
is attained at the ‘center of gravity’ x = %Z?:l a,.

Given vectors a, s,y € R”, find the point y which is the nearest to the line { a+ts |t € R }.
Express this problem in the form of (6.2).

Given vectors a,y € R™ and scalar b € R, find the point y which is the nearest to the
superplane { x € R" | al’x = b}. Express this problem in the form of (6.2).

Given set m of lines (affine subspaces of dimension 1) in space R™, where i-th line is the
set {a; +t;8; | t; € R}; find the point y whose sum of squares of distances to the lines is
minimal. Express this problem in the form of (6.2). Hint: Minimise over the variables y
and t = (t1,...,tm).

Expand on Exercise 6.6 for the case where instead of m lines we have m affine subspaces
of dimensions di, ..., d,,.

Given m lines in a plane, where i-th line’s equation is al x = b; for given a; € R? and
b; € R; find the point minimising the sum of squares of distances to each of the lines.
Express this problem in the form of (6.2).

A plank of wood has n holes in it with coordinates z1,...,z, € R, all in one line. We
measure distances d;; = x; — x; between selected pairs of points (i,j) € E, where set
E C{l,...,n} x{1,...,n} is given. The pairs are chosen so that z; > z;. Use the
distances d;; to estimate the coordinates xi,...,z,. Express this problem in the form
of (6.2), i.e., find the matrix A and the vector b. Is it possible to achieve that A is of full
rank? If not, how would you change the problem so that it is of full rank?

In the problem of weighted least squares, we want to find x = (x1, ..., x,) € R" minimising
the function . . )
f(X) = Z w; ( Z aijxj — bz>
i=1 j=1

whre w; are non-negative weights. Express the function in matrix form (hint: collect the
scalars w; into the diagonal matrix W = diag(w)). Write down the matrix expression for
the optimal x. Under what conditions does this problem have a solution?

Given vectors u = (2,1,—3) and v = (1,—1,1); find the orthogonal projections of vec-
tor (2,0, 1) into subspaces (a) span{u}, (b) (span{u})*, (c) span{u, v}, (d) (span{u, v})*.
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6.12.

6.13.

6.14.

6.15.

6.16.

6.17.

6.18.

6.19.

Let X = span{(—: 3.0, g,O) (0,0,0,1)7 ( ,0, g,O) }. Find the projectors into the sub-

space X and the subspace X+, Hint: are the vectors orthonormal, per chance?

120
Given A = |2 4 1], find the orthogonal projections of vector (1,1, 1) into the subspaes
1 20
rmg A, null A, rng(AT), null(AT).
The null space of a projector is typically non-trivial, i.e. projector P is a singular matrix.
When is P regular? In that case what are the matrix A in formula (6.10) and the subspace
X =rng A? What is the geometrical meaning of this situation?

(x) We have shown in §6.1.3 that the matrix A(ATA)"'A” can be interpreted as a pro-
jection into the subspace rng A. Based on the analysis of §6.2, it is natural to construct a
similar matrix AT(AAT)"'A. What is the geometrical interpretation of this matrix?

(x) For |lalls = 1, H = I — 2aa’ is known as the Householder’s Matriz. Transformation
Hx is the reflection of vector x in the superplane with the normal vector a. This is why
H is sometimes also called an elementary reflector.

a) Derive the matrix H using similar reasoning as we used to derive the projector.
b) Show that H = H” and H'H =1 (i.e., matrix H is symmetric and orthogonal).

c¢) It follows from the above two properties that HH = I. What does that say about
the transformation Hx?

d) Show that det H = —1.

e) What is Ha? What is Hx, when a’x = 0?7 Demonstrate your answers algebraically
and justify (explain) them geometrically.

(x) RQ decomposition decomposes matrix A = RQ, where R is upper triangular and Q is
orthogonal. How would you calculate the R(QQ decomposition from the QR decomposition?

(x) Matrix A is normal, when ATA = AAT. An example is a symmetric matrix (but
not all normal matrices are symmetric). Prove that rng A L null A for normal matrix A.
Hint: start with (6.7).

Given an arbitrary matrix A of full rank, prove the following properties of its pseudoinverse

from (6.17):

a) AT = A~! when A is square

b) (A)F = A

) (AT)F = (A%)T

d) AA+A A ATAAT = AT (AANT = AAT (ATA)T = ATA
) A
)

@)

e) AT = ATAA* = A*AAT
f (ATA)+ = AT(AT)*, (AAT)* = (AT)TA+
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Chapter 7

Singular Values Decomposition (SVD)

Every matrix A € R™*" can be decomposed as
A =USV” (7.1)
where

e S € R™*" is diagonal. Its diagonal elements oy,...,0,, where p = min{m,n}, are the
singular numbers of matrix A. put them in descending order oy > --- > g, > 0.
When this condition is satisfied, then the singular numbers are uniquely determined by
the matrix.

e Uc R™™ UTU = 1. The columns of matrix U are left singular vectors of matrix A.
e V c R VIV =1. The columns of matrix V are right singular vectors of matrix A.

Decomposition (7.1) is called SVD (Singular Value Decomposition).
The number of non-zero singular numbers is equal to the rank of the matrix A. Let r =
rank A < p be the number of non-zero singular numbers. Then (7.1) can be written as

S, 0] [VT §
A=[U; U, =U;S,V; (7.2)
“~— 0 0 Vg
U
S VT
where S; = diag(oy,...,0,) € R™" is square diagonal matrix whose diagonal consists of all

non-zero singular numbers. The sizes of the blocks Uy, Uy, V1,V and of the zero blocks
are determined by the size of the matrix S; (when some block has one zero dimension, it is
considered to be empty). The decomposition A = U;S; VT is called Reduced SVD.

Reduced SVD is obtained from full SVD (7.1) by cutting matrix S to make it square r x r,
leaving out the last m —r columns from matrix U and leaving out the last n —r columns from
matrix V. Full SVD is obtained from reduced SVD by adding columns to slim matrices U,
and V; to make them square orthogonal, and adding zeros to the square matrix S to make it
rectangular of the same dimensions as A.

Example 7.1. Here is an example of the full and reduced SVDs of a 2 x 3 matrix:

3202 1/v2 1/v2][5 0 0 V2 1/V2 0 )
A= [2 3 —2] B [1/\/5 —1/\/51 [0 3 0] 1/2\//31_8 —i/Z\//;_g 4/1\//31_8 =USV
1/\/§ 1/\/§ 5 0 1/\/§ 1/\/5 0 - .
HO 3} [1/\/1_8 _1VI8 4jyas] - UiV U

-l A
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SVD is a powerful tool for analysing linear mapping represented by matrix A. Formula (7.1)
reveals that every linear mapping is a composition of three simpler linear mappings, specifically
of isometry V7, diagonal mapping S and isometry U. Linear mapping represented by a diagonal
matrix is simply stretching or shrinking along the coordinate axes. Possibly, when the matrix
is fat, it means leaving out some coordinate axes or, when the matrix is slim, adding zero
coordinates.

T T T, _
X V7 Vix S SVix U USv X—Ax>

isometrie protazeni/zkriceni podél os isometrie
vynechani/pfiddni soufadnic

In the language of the basis it means that for any linear mapping it is possible to find orthonor-
mal bases of the domain space and of the co-domain space, such that with respect to these
bases, the mapping is diagonal.

Matlab command [U,S,V]=svd(A) calculates the full SVD. The reduced SVD is not directly
implemented but can be easily obtained by using the command [U,S,V]=svd (A, ’econ’), which
returns U € R™*P, S € RP*P and V € R"*P,

Note on numerical linear algebra. We introduced already three different matrix decom-
positions: QR, spectral decomposition, and SVD. There are many more. The design of numer-
ical algorithms for matrix operations, solutions of systems of linear equations and decompos-
itions of matrices by vectors is the subject of the numerical linear algebra. Freely accessible
software packages for numerical linear algebra do exist, for example LAPACK and BLAS. Mat-
lab is built on top of the LAPACK package.

7.1 SVD from spectral decomposition
Let (7.1) be satisfied. Then

ATA = vSTUTusv? = vsTsv?, where S”S = diag(c?,...,0%,0,...,0), (7.3a)
——

(n—r)

AAT =USVTVSTU? =USS"U”,  where SS” = diag(c?,...,0%0,...,0). (7.3b)

T

Note that (7.3a) is the spectral decomposition of the symmetric matrix ATA (see §5.1.1).
The diagonal elements of the matrix S”S are the eigenvalues of the matrix ATA. They are
non-negative, which is in accord with AT A being positive semidefinite (see (6.5)). The columns
of the orthogonal matrix V are eigenvectors of the matrix ATA.

Similarly, (7.3b) is the spectral decomposition of the symmetric positive definite matrix
AAT,

So we see that the right singular vectors of matrix A are eigenvectors of the matrix AT A,
the left singular vectors of matrix A are eigenvectors of the matrix AA”, and that non-zero
singular numbers of matrix A are square roots of the non-zero eigenvalues of the ATA (and
also of AAT).

Thus we demonstrated that decomposition (7.1) exists and can be found using the spectral
decomposition. This computation is not numerically satisfactory, since an explicit computation
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of the matrices ATA and AAT can lead to rounding errors (see §6.1.2). Therefore SVD is
typically computed by algorithms which manage to avoid the computation of these matrices.
On the other hand, when we do not mind the loss of precision, then the computation of the
SVD by spectral decomposition can be faster. For instance, when m < n and we need to
compute only the matrices U and S (and do not need V), then the spectral decomposition of
the matrix AAT will be typically faster, as the size of this matrix is small (m x m).

7.2 Orthonormal basis of the fundamental subspaces of
a matrix

SVD reveals orthonormal basis of all four fundamental subspaces generated by matrix A
(see §4.4), as

rmg U; =rmgA, (7.4a)
mg V; = mg(A”T), (7.4b)
g U, = null(A”), (7.4¢)
rmg V, = null A. (7.4d)

Identity (7.4a) can be proven as follows:

mgA ={U;S;Vix|x€R" @{Ulsly]yERT}@{Ulz\zeRT}:rngUl.

Here the identity marked (a) is valid because V; is of full rank and thus (by the Frobenius
Theorem) for each y € R” there exists x € R" satisfying y = VI x. In other words, rng(VT) =
R". The identity marked (b) is valid for the similar reason: S; is square regular, thus rng S; =
R".

Identity (7.4b) follows from (7.4a), as AT = (U,;S, V)T = V,STUT = V,S,UTL.

Matrices U and V are orthogonal. Thus from the definition of orthogonal complement it is
clear that (rng U;)* = rmg U, and (rng V;)* = rng V. Identities (7.4c) and (7.4d) now follow
from (4.3).

7.3 The nearest matrix of a lower rank

Frobenius norm of matrix A € R™*" is the number
m n 1/2 n 1/2
Iale= (X2 0) = (X lal) (75)
i=1 j=1 j=1

where ay,...,a, are the columns of matrix A. Since clearly ||A|lr = [|[AT||r, we could also
write rows instead of columns in (7.5). Similarly to the euclidian norm, the Frobenius norm
does not change under an isometric transformation of rows or columns of a matrix, or

U'u=1 VIV=1 = |A|r=|UAlr=||AVT|r = |[UAVT|p. (7.6)

This follows easily (think about it!) from (7.5).
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Consider the problem where given matrix A € R™*" of rank r, we wish to find the nearest
(in the Frobenius norm sense) matrix A’ of a given lower rank " < r. So, we are solving the

problem:
min{ [[A — A'||p | A’ € R™" rank A’ ="} (7.7)

Theorem 7.1 (Eckart-Young). Let SVD matrix A = USV?, where S = diag(oy,...,0,).
Let S" = diag(o?,...,0.), where

T

i

, o; when i <7’,
g. =
0 wheni> 1.

Then the solution of problem (7.7) is matrix A’ = US'V? and
1A = Alllp = (07 + -+ 07) 2. (7.8)

We present the main part of this theorem without a proof. We will prove only the asser-
tion (7.8). Using (7.6), we have:

IA = A'llp = [[USVT — US'VT[|p = [U(S = S)V[p = [|S = S'[lp = (0741 + -+ 07) 2

In this sense the singular numbers give the distance of matriz A to the matriz of a given lower
rank.

The theorem says that we can find the nearest matrix of the given lower rank »’ by setting
to zero r — 1’ smallest singular numbers in the SVD of the original matrix (so that the number
of the remaining singular numbers is 7’). Putting it another way, SVD decomposition (7.1) can
be written as the sum

'
A=USV"=> ouv/, (7.9)
i=1
where uy,...,u,, are the columns of matrix U and vy,...,v, are the columns of matrix V.

Note that u;v] € R™" is matrix of rank 1 (see §2.5). The matrix of a lower rank is obtained
by taking only the first »’ terms of this sum:

r r/
A =US'V! = E ouv! = E ouv!
i=1 i=1

We see that the singular numbers give not just the rank of a matrix but by (7.8) also tell us
how ‘far’ the matrix is from the matrix of a given lower rank. Singular vectors not only define
the orthonormal bases of all the fundamental subspaces of a matrix by (7.4) but in addition
they show how these subspaces would change, should the matrix be substituted by one of a
given lower rank.

7.4 Fitting a subspace to given points

We seek the (linear) subspace X C R™ of a given dimension that minimises the sum of squares

of the distances to the given points' a;,...,a, € R™. This task can not be turned into the
least squares problem of §6.1. However, it can be solved by using Theorem 7.1:
r =rank A = dimspan{ay,...,a,}, (7.10)
r’ =rank A’ = dimspan{a},...,al }, (7.11)

! This problem is called the principal component analysis (PCA) or Karhunen-Loewe transform in statistics.
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where a; are the columns of matrix A € R™*" and a) are the columns of matrix A’. Further,
n
e __ /112
A - Al = E la; — aj||2'
=1

le. X =span{al,...,a,} = mgA’ is such subspace of dimension 7/, that the sum of squares
of the perpendicular distances of points ay, ..., a, from this subspace is minimal:

X =span{al,...,a}}

Usually we need not find the points a) but only the subspace X. We can easily find its
orthonormal basis from the relationships (7.4). Since only the first 7’ singular numbers of
matrix A’ are non-zero, the basis of the subspace X = rng A’ is the set of the first 7/ columns
of matrix U in the decomposition A = USVT. Sometimes it can be more advantageous to
seek the orthogonal complement X T = null(A’)T of the desired subspace. Its basis is the last
m — r’ columns of matrix U.

Example 7.2. Given n points ay,...,a, in the space R?. Let the full SVD of the matrix, whose
columns are the given points, be [a1 e an] = USVT. Denote the columns of matrix U € R3*3
as up, Usg, Us.

Find the line passing through the origin, such that the sum of squares of the perpendicular
distances of these points from the line is minimal. Such line is the set

span{u;} = {ow; [a € R} = {x € R* | ulx = ulx = 0} = span{uy, uz}*.

Find the plane passing through the origin, such that the sum of squares of the perpendicular
distances of these points from the plane is minimal. Such plane is the set

span{u;, uy} = {aju; +avuy | a0 ER} = {x € R?* |ulx =0} = span{us}*. 0

7.4.1 Generalisation to affine subspace

Genealising the previous problem, now instead of the linear subspace we seek the affine subspace
of dimension ' that minimises the sum of squares of perpendicular distances from the points
aj,...,a,. This affine subspace can be written as X = b+span{al, ..., a/,} for some translation
b € R™ (see §3.3):

X =b +span{a),...,a}}

93



The sum of squares of perpendicular distances from X is (consult the figure)

J

> llaj —aj = bll3 = A — A"~ b1"|. (7.12)
j=1

We seek b € R™ and A’ € R™*", which minimise (7.12) given the condition that rank A’ = 1.
When A’ is fixed, the minimisation of (7.12) with respect to variable b can be easily solved
explicitly (see Exercise 6.3): the minimum is achieved at the point

where a = (a; + -+ a,) and &' = L(a] +--- + a)). As a € span{a),...,al}, then
a=b+a € X (see the figure). Thus we proved that the optimal affine subspace X passes
through the ‘center of gravity’ a of points ay, ..., a,.

Now the solution is clear. We seek the affine subspace passing through the point b, which
minimises the sum of squares of the distances to points ay, ..., a,. Therefore it is sufficient to
first translate all the points so as to place their center at the origin and then to find the linear

subspace that minimises the sum of squares of the distances to the translated points.

7.5 Approximate solution of homogeneous systems
Let us solve the homogeneous linear system
Ax=0 (7.13)

for A € R™*™. The set of solutions is the set null A, which is a linear subspace of R™ of
dimension d = n — rank A (see §3.2.1). One of the solutions is always x = 0 (so called trivial
solution).

Can a homogeneous system be over-determined? Over-determined can be defined as dimen-
sion d of the solutions space being less than some given dimension d’ > d. A special case is
when the system has only the trivial solution (d = 0) but we would like a non-trivial solution.
Let us solve the system approximately, so that matrix A is changed as little as possible, while
the solution space gains the desired dimension d’. In other words we first find the matrix A’
of rank n — d’ which is the nearest to matrix A (by Theorem 7.1) and then solve the system

A'x =0.

Relationship to the nonhomogeneous case. In §6.1 we formulated an approximate solu-
tion of nonhomogeneous (b # 0) system Ax = b as the problem minyegn ||[Ax — bl|s. It may
appear that this formulation is totally different from the formulation of an approximate solu-
tion of a homogeneous system given here. However, this is not the case. Let us formulate an
approximate solution of a nonhomogeneous system as follows: when the system Ax = b has
no solution, change vector b as little as possible, such that the system has a solution. More
precisely, we seek the vector b’ such that for some x, Ax = b’ and the number ||b — b’||5 is as
small as possible. This problem can be written as

min{ |[b — b | Ax=Db’, x e R", b’ € R" }.
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Here we minimise with respect to the variables x and b’ (it does not matter that x does not
occur in the criterion). It is possible to simplify this problem (think about it!): substituting
b’ = Ax into the criterion ||b — b’||2, gives mingegn [[Ax — bl|s. To sum up:

e In an approximate solution of nonhomogeneous system Ax = b, change vector b as little
as possible, so that the system has a solution.

e In an approximate solution of homogeneous system Ax = 0, change matrix A as little as
possible, so that the system has the solutions space of a given dimension.

7.6 (%) Pseudoinverse of a general matrix

Let us now return to the solution of nonhomogeneous linear system Ax = b for A € R”™*".
In §6 we separately discussed the cases where the system had none, one, or infinitely many
solutions. Now we merge all these cases into just one general formulation

min{ Ix|I3 ‘XE argmin”AX'—bH%}. (7.14)
x/ €R™

That means we seek vector x for which the number ||[Ax — b||% is minimal; should there be
several such vectors, we select the one with the smallest norm ||x||o.
Let SVD of matrix A be given by formula (7.2). Then:

|Ax — bl = [[USV'x — b3

= |lUT(USV'x — b) || as ||U"z||y = ||z||2 for each z
= |ISVTx — U'b||3 as UTU =1
=[Sy — |3

I el B

o Siy1 — ¢ ?
= e

2

2

= [IS1y1 — c1]l3 + ez, (7.15)
where - UTh
T 11X |V _ Tr 1 el
v U P e S8 e

What have we achieved here? We have shown that the exression ||Ax — bl|3 is equal to the
expression (7.15), which is much easier to minimise, since matrix S; is diagonal and regular.
The minimum of (7.15) is thus achieved for y; = Sflcl, as then S;y; = ¢;. Since S; is diagonal,
its inverse is simply S7' = diag(oy?,...,0,7Y).

Expression (7.15) does not depend on vector ys, which can thus be chosen arbitrarily. Let
us choose it such that vector y has the smallest norm. This will evidently occur when y; = 0.
Additionally, x will also have the smallest norm because ||y|ls = |[Vx||s = ||x]|2 (follows from
orthogonality of V).

The solution of problem (7.14) is obtained by back-substitution from (7.16):

-1
X =Vy= [V1 VQ] [i;] = [V1 Vz] {81001} = Vlsl_lcl ZVISflUlTb.
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The matrix
At =V,S7'UT (7.17)

is the pseudoinverse (of the general) matrix A. It is also called the Moore-Penrose pseu-
doinverse. When A is of full rank, then this definition agrees with formulae (6.6) and (6.16)
(verify!).

Note that while we needed the full SVD for the derivation of formula (7.17), only reduced
SVD occurs in the formula itself. Matrices Uy and V5 were needed only for the derivation of
the formula.

7.7 Exercises

7.1. Given the matrices

0.64 0.6 —-0.48

0.528  0.896 —0.72} { 0.6 —0.8}
A= , U= , V=1048 —-0.8 —0.36
~1.204 —0.528  0.96 —0.8 06 e 0 —os
Calculate the matrix B of rank one, such that |A — B||r is minimal (where | - || denotes

the Frobenius norm). Find the value of |A — B||r for the matrix B.
Answer: ||A — B||r = 0.5.
7.2. Find the orthonormal basis of the subspace span{ (1,1,1,—-1), (2,—1,-1,1), (-=1,2,2,1) }

using SVD.
7.3. (%) Solve the system of Exercise 6.2 approximately, in the least squares sense, using SVD.
1 20
7.4. Given A = |2 4 1|, find the orthonormal bases of subspaces rng A, null A, rng(AT),
1 20

null(AT). You may use a computer.

7.5. (%) Prove the properties of the pseudoinverse in Exercise 6.19, using (7.17) for arbitrary
(square or rectangular) matrices of any rank.
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Chapter 8

Nonlinear Functions and Mappings

In previous chapters we encountered the linear and affine mappings and quadratic functions.
In this chapter we will consider in more detail the nonlinear functions f: R® — R and the
mappings f: R™ — R™. Let us revise the functions and mappings notation from §1.1.3:

Example 8.1. Examples of functions and mappings of several variables:

1.
2.

NS oUW

o0

[ R =R, f(z,y) =2 -y
f: R - R, f(x) = x; (even when x,,..., 2, is missing, f is still understood to be a
function of n variables)

f: R" - R, f(x)=a’x (linear function)

[ R" = R, f(x) =a’x+ b (affine function)

fR" 5 R, f(x) =e X3

R =R, f(x) = _a

f: R — R?, f(t) = (cost sint) (parametrisation of a circle, set £([0,27)) represents a
circle)

f: R — R3, f(t) = (cost, sint, at) (parametrisation of a helix)

9. f: R” — R", f(x) = x (identity mapping)

10.
11.
12.

13.

14.

f: R" — R™, f(x) = Ax (linear mapping)
f: R" — R™, f(x) = Ax + b (affine mapping)

f: R? —» R3, f(u,v) = ((R+rcosv)cosu, (R+rcosv)sinu, rsinv)
(parametrisation of a torus or annuloid, set £([0,27) x [0, 27)) represents a torus)

The image morphing technique deforms an image (e.g. of a face) to another image (face).
Morphing is represented by the mapping R? — R2.

An electric field associates with every point in R? a vector in R3. O

8.1 Continuity

Definition 8.1. Mapping f: R” — R™ is continuous at point x € R", iff

Ve>0 I6>0VyeR": |x—-y||l<dé = |f(x)—-f(y)]<e.

A mapping is continuous over set X C R" iff it is continuous at every point x € X.
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Informally speaking, a mapping is continuous if it associates a pair of near points with a
pair of near points. However, definition 8.1 is not convenient for checking continuity. We give a
sufficient (but not necessary) condition that is more practical. We assume that the reader can
verify the continuity of functions of one variable. We leave out the proof.

Theorem 8.1.

(a) Let function f: R — R be continuous at point x. Let k € {1,...,n} and let function
g: R" — R be given by g(x1,...,x,) = f(x1) (i.e. g depends solely on variable xy). Then
function g is continuous at every point (z1,...,x,) where x; = x.

(b) Let functions f,g: R" — R be continuous at point x. Then the functions f + g, f — ¢ and
fg are continuous at point x. When g(x) # 0, then the function f/g is also continuous at
point x.

(¢) Let g: R" — R be continuous at point x and f: R — R be continuous at point y = g(X).
Then the composite function f o g: R™ — R is continuous at point X.

(d) Let functions fi, ..., fm: R" — R be continuous at point x. Then the mapping f: R" — R™
defined by f(x) = (f1(x), ..., fm(X)) is continuous at point x.

Example 8.2. Using the above theorem we can easily show that, for example, the (frightfully
looking) function

flz,y) = /sin(x3y — yb) + |22 + yde?]

is continuous. E.g. by (a), 2° is a continuous function of two variables (z,y). Similarly, y is

a continuous function of variables (x,y). Then, by (b), the function zy is continuous. The
continuity of the whole function can be proved in this ‘recursive’ manner. O]

8.2 Partial differentiation
The partial derivative of funkce f: R® — R with respect to z; is denoted in the following ways:

0f(x)
aZL‘Z‘

_ Oy
N 837/

= fu, (%)

where the last notation assumes that y = f(x). The partial derivative is evaluated by treating
all the variables x;, j # 7 as constants and differentiating the function with respect to the single
variable z;.

Example 8.3. Consider the function f(z,y) = 2%y + sin(z — y?). Its partial derivatives are

% = fo(z,y) = 22y + cos(z — °),
%ﬁ;y) = fy(z,y) = 2* = 3y° cos(x — ¢°). -
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8.3 The total derivative

Let us review the definition of the derivative of function f: R — R of a single variable at point

x. When the limit 4

dx y—r Y —T

exists, then function f is differentiable at point x and the value of the limit is its derivat-
we at point x. Differentiability means that the function can be ‘well approximated’ in the
nighbourhood of point = by the affine function

fy) = f(x) + [ (@)(y — x). (8.2)

As shown in this figure:

z Y

How to generalise the concepts of differentiability and derivative to the mapping f: R" —
R™? It appears that it is not easy to do so by a generalisation of the limit concept (8.1). It is
better to use formula (8.2). Let us approximate the mapping in the neighbourhood of point x
by:

E(y) ~ £(x) + £/ (x)(y — %). (8.3)

When x is fixed, then the right hand side of (8.3) is an affine mapping in the variable y.
Since x,y € R™ and f(x) € R™, then f'(x) must be a matrix of size m x n. A mapping is
differentiable at point x if it is ‘similar’ to an affine mapping in the neighbourhood of x. E.g.
there exists matrix f'(x) such that the approximation error f(y) — f(x) — f'(x)(y — x) is ‘small’
for a ‘small’ y — x. In order to express this condition precisely we would need to use the limit
of a function of several variables, the knowledge of which we do not expect of the reader. We
therefore leave the concept of ‘differentiable mapping’ undefined and instead define a somewhat
stronger property which is in practice sufficient:

Definition 8.2. mapping f: R" — R™ at point x is continuously differentiable, iff at
point x all the partial derivatives 0f;(x)/0x; exist and are continuous.

It is possible to prove that when a mapping is at some point continuously differentiable,
then it is at that point also differentiable.

Example 8.4. Consider the function of Exercise 8.3; both its partial derivatives are continuous
functions over the entire R?, therefore the function is differentiable at each point (x,y) € R?.[J

Note that the mere existence of all the partial derivatives is not sufficient for differentiability.
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Example 8.5. Let the function f: R> — R be defined by

1 kdyz zy =0,
flz,y) = ;
0 kdyzz#0ay#0.

At point (0,0) both partial derivatives exist (both are equal to zero) but the function dz/0f(z,y)
is not continuous function of (z,y) at (0,0). It is possible to show that f is not differentiable
at point (0,0). This is not surprising as the function is not at all like an affine function in the
neighbourhood of this point. 0J

When mapping f is differentiable at point x, then in this case the matrix f'(x) has a natural
shape: its elements are the partial derivatives of all the mapping elements with respect to all
the variables:

3)(;1 (=) .. 3? (%)
df “ n
x fm(x) . Ofmx)
8:61 afn

matrix (8.4) is called the total derivative' (or shortly just the derivative) of the mapping f
at point x. For historical reasons it is also called the Jacobi’s matrix. Special cases:

e For f: R — R, f'(z) is a scalar and is the same as ordinary derivative (8.1).
e For f: R — R™, f'(z) is a column vector.

e For f: R" —» R, f'(x) is a row vector.

8.3.1 Derivative of mapping composition

The ‘chain rule’ for differentiation of function compositions can be naturally extended to map-
pings. The proof of the following theorem is long and so we will not give it here.

Theorem 8.2. Let g: R” — R™ and f: R™ — R’ be differentiable mappings. The derivative
of the mappings composition f o g: R® — R’ is

(fog)(x) = TEXD) _ pg) g(x) (85)

The dimensions of the relevant spaces can be succinctly expressed by the following diagram:
R" £ R™ 1y R (8.6)
If we put u = g(x) and y = f(u), the rule can also be written in the Leibnitz notation as:

dy _dy du

dx ~ du dx’ (8.7)

which is easy to remember, as du can be ‘as if eliminated” (however, this is not a proof!). Let
us emphasise that this equality is matriz multiplication. The left hand side expression is matrix
¢ x n, the first expression on the right hand side is matrix ¢ x m and the second one is matrix

1 The term ‘differential’ is sometimes used instead of ‘the total derivative’. These terms are similar but not
identical: the total derivative is a matriz, whereas the total differential is a linear mapping represented by the
matrix. This difference is exactly the same as saying, in linear algebra, just ‘matrix’ instead of ‘linear mapping’.
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m X n. When ¢ =m =n =1 we get the well known chain rule for differentiating compositions
of functions of a single variable. The rule can be evidently extended to the compositions of
more than two mappings: The Jacobi’s matriz of the composed mapping is the product of the
Jacobi’s matrices of the individual mappings.

Example 8.6. Let f(u,v) be a differentiable function of two variables. Determine the (total)
derivative of the function z = f(x + y, xy) with respect to (w.r.t.) the vector (z,y), i.e. its
partial derivatives w.r.t. = and y.

Given the diagram R? &5 R? AN R, where mapping g is given by

g(z,y) = (u,v) = (z + y,2y).

The derivative of mapping f w.r.t. the vector (u,v) is the 1 x 2 matrix (row vector):

F(u,v) = [% %} = [fulw,v) fou,v)].

The derivative of mapping g w.r.t. the vector (x,y) is the 2 X 2 matrix:

oz oz
dgla,y) |2 %—Z”] :[1 1]

/
g(r,y) = dry) | 2 o) y x|’

oz dy

The derivative of the mapping f o g: R*> — R w.r.t. the vector (z,y) is the 1 x 2 matrix (row
vector)

dz _ df(g(z,y))
d(z,y) d(z,y)

= f/(u? U)g,(x7 y)

= [fulu,v)  folu,v)] {1 1}

y
= [fu(u,v) + yfv(“av) fu(U,U) + va(u, U)} . ]

Example 8.7. Show two methods how to determine the partial derivative f, of the function
flaz,y) = elrty)* @),

e Treat y as a constant and differentiate f as a function of single variable x:
fr = (w4 y) + 2ay)yle IO = o 4y 4y el
e Putu=zo+y,v=uoy, f(u,v) = ¢**+v*  From Example 8.6, we have f, = f, + yf,. Since
fu=2uet = 206"
we have f, = fu +yfs = 2ue” T 4 y(20)e”’ T = 2(x 4 y 4 xy?)e@ Ty +w)?, O

Example 8.8. Given differentiable function f: R? — R, determine the derivative of the func-
tion z = f(t + t%,sint) w.r.t. t.

Consider the diagram R —+ R? Ly R, where g(t) = (u,v) = (t + t?,sint). Then

dz _
dt

142t
cost

fu,0)g () = [fulu,v)  folu,v)] [ } = fulu,v)(1 +2t) + f,(u,v) cost.
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8.3.2 Differentiation of expressions with matrices

When a function or a mapping are given by an expression containing vectors and matrices, then
the derivatives can always be computed by ‘brute force’; i.e., by expanding the expression into
its individual elemements and computing the partial derivatives of each element w.r.t. each
variable. Strictly speaking this solves the problem. Nonetheless, it is advantageous to simplify
the result and turn it into a matrix expression.

Example 8.9. Let us find the (total) derivative of the qudratic form f(x) = x’ Ax, where
A is an arbitrary (not necessarily symmetric) matrix of size n x n. Writing out function f in

detail: . )
x'AX = ap1r] 4 @1%2x1 + - F QT +

a19T1Ty + a22:c§ + - 4 apornr +

2
A1 X1 T + Ao2n X2 p, + e+ Apndy, -

With a bit of effort we can see from this expression that

0f(x)
8m1

= 2&111’1 -+ (agl + alg)ZEQ + -+ (Clnl + aln)xn

and similarly for the derivatives w.r.t. the remaining variables. Note that these partial deriv-
atives can be arranged in a row vector

fe) =% - B2 =x"(a+AT) -

The following table lists other often seen derivatives. Derive them all as an exercise! The
chain rule is often useful for this.

f(x) f'(x) notes

x I f:R" - R™

Ax A AceR™ f:R" - R™

xT'x 2xT f:R* - R

xI'Ax xT(A + AT) AeR™™ f:R" >R

xTa=a’x|a’ acR" f:R" > R

]|z x" /]1x|2 f:R* > R

g(Ax) g'(Ax)A A e R g R 5 R™, f: R - R™
g(x)'g(x) |2g(x)"g(x) g R 5 R™ f:R" 5 R

g(x)"h(x) | g(x)"W(x) + h(x)Tg/(x) | g: R" - R™, h: R" - R™, f: R" - R

8.4 Directional derivative

The cut of function f: R" — R at point x € R" in direction v € R" is the function ¢: R — R:

ola) = f(x+av). (8.8)

The following figure illustrates a cut for the case n = 2:
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2

The directional derivative of function f at point x in direction v is the scalar

dyp() _fx+av) - f(x)

/ o _

w(0) =~ T lim ” : (8.9)
The directional derivative in the direction of the i standard basis vector (0,...,0,1,0,...,0)

(1 in the 4" position) is just the partial derivative w.r.t. the variable x;.

The directional derivative of a mapping is obtained by computing the directional derivatives
of each component. I.e. the directional derivative of mapping f = (f1,..., f): R" — R™ at
point x € R™ in direction v € R" is the vector (¢}(0),...,¢..(0)) € R™ where ¢;(a)) =
filx+av).

Theorem 8.3. Let mapping f: R® — R™ be differentiable at point x. Then its directional
derivative at point x in direction v is f'(x)v.

Proof. Mapping y = ¢(«a) = f(x + av) is a composition of two mappings y = f(u) and
u=xtav, pn Y09, pm and du/da = v. By the chain rule

u = x + av. We have diagram R

_dy _dydu df(u)

" da  duda du v

@' (a)

Putting a@ = 0 gives u = x, which proves the theorem. 0

8.5 Gradient

The transpose of the total derivative of function f: R® — R is called the gradient and is

written as
af (%)
oz

FET=1 | =Vfx)

f(x
OTn

o)
NOJ

(V is read as ‘nabla’). Whereas f/(x) is a row vector, the gradient is a column vector?.

Consider the directional derivatives at a fixed point x in various directions given by a
normalised vector v (i.e. ||[v]]a = 1). Such derivative is f'(x)v, that is the scalar product of the
gradient at point x and the vector v. It is clear (but think about it), that:

2 Introducing a new term for the transpose of the derivative seems superfluous — nonetheless the justification
is that the total derivative is a linear function, whereas the gradient is a vector. Unfortunately, the literature
is inconsistent in drawing a distinction between the gradient and the (total) derivative function. Sometimes
they are treated as identical, both denoted as V f(x). However, this leads to an inconsistency with the notation
used in linear algebra, as the derivative of function R — R is then no longer a special case of the derivative of
mapping R™ — R™ (i.e. Jacobi’s matrix), which is a row vector when m = 1.
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e The directional derivative is maximal in the direction v = V f(x)/||V f(x)]2, i.e. when
v is parallel with the gradient and has the same orientation. That means the gradient
direction is the direction of the steepest ascent of a function.

e The gradient magnitude ||V f(x)||2 expresses the steepness of the slope of a function in the
direction of the steepest ascent.

e The directional derivative in the direction perpendicular to the gradient is zero.

Further, it can be shown (see §9.2.1) that the gradient is always perpendicular to the contour.
The following figure shows three contours of funkce f: R? — R and its gradients at several
points:

Vi(x)

8.6 Second order partial derivatives

Differentiating function f: R" — R first w.rt. x; and then w.r.t. z; produces the partial
derivative of the second order, denoted

0 0f(x) _ *f(x)
Jzr; Ox; - Ox; Ox;
When ¢ = j, we write in the condensed form
0 9f(x) _ 9*f(x)
Oz; Ox; - dx?
It can be proved that when the mixed partial derivatives
0% f(x) 0% f(x)
Ox; Ox;’ dxj 0x;
are continuous at point x, then they are equal, i.e. the order of the differentiation w.r.t. the
individual variables can be changed.

Example 8.10. Determine all the second derivatives of the function f(x,y) = z?y+sin(z—y?)
from Example 8.3. The first derivatives are already given in that example. Now follow the
second derivatives:

% = %[Qxy +cos(x —y*)] =2y —sin(z — y?)
82;; g;;y) N a%[f’fz = 3y* cos(w — y*)] = 2z + 3y’ sin(z — ¢°)
822(; Y- a%[l‘z — 3y* cos(z — y*)] = —6y cos(z —y*) — 9y sin(x — y°).
Note that the order of differentiation w.r.t. x and y is indeed immaterial. O
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We write the matrix of all the second partial derivatives of function f: R® — R as follows

Pfx) . 9Pf
Ox10x1 0x10Ty
ffo=1 + -~
Pfx) . 9P
Oxn0x1 Oxn0xn

It is a symmetric matrix of dimensions n x n, often called the Hess matrix.

What might be the second derivative of mapping f: R” — R™? It will no longer be just a
two dimensional table (i.e. matrix) of dimensions n x n but rather a three dimensional table
of dimensions m x n x n.

8.7 Taylor’s polynomial

Let funkce jedné proménné f: R — R ma v bodé z derivace az do tadu k. Jeji Taylorav
polynom stupné k v bodé z is funkce T): R — R dand predpisem

Ti(y) = .l,f(“(x) (y — ), (8.10)

kde f@ oznacuje i-tou derivaci funkce f (kde nulté derivace je funkce sama, f© = f) a kde
klademe 0! = 1. Polynom T}, je definovan vlastnosti, ze v bodé x ma vsechny derivace az do
fadu k stejné jako funkce f (dokazte!). V tomto smyslu is polynom T}, aproximaci funkce f v
okoli bodu z.

Tvary polynomu az do radu 2:

To(y) = f(=)
Ti(y) = f(z) + f'(z) (y — @)
Ta(y) = f(x) + f'(x) (y — ) + 3 f"(2) (y — 2)*.
Tayloruv polynom nultého radu 7Ty is hodné $patnd aproximace, rovnéa jednoduse konstantni

funkci. Polynom prvntho fadu Ti(x) uz zname ze vzorce (8.2). Polynom druhého téadu 75 is
parabola, kterd ma s funkci f v bodé x spoleénou hodnotu a prvni dvé derivace. Viz obréazek:

Tr(y
f(y) \\\ /

X

Jak zobecnit Tayloruv polynom pro funkci vice proménnych f: R” — R? Nebudeme uvadét
vzorec pro polynom libovolného stupné, napiseme jen polynomy do stupné dva:

To(y) = f(x) (8.11a)
Ti(y) = f(x) + f'(x) (y —x) (8.11b)
To(y) = f(x) + f'(x) (y —x) + 5(y —x)" f"(x) (y — x). (8.11c)



Zde x,y € R", f'(x) € R™" is Jacobiho matrix (fadkovy vector) a f”(x) € R™" je Hessova
matrix. Funkce (8.11b) is affine a funkce (8.11c) je kvadraticka.

Tayloruv polynom lze zobecnit na mapping f: R” — R™ tak, ze vezmeme Taylorovy poly-
nomy vsech slozek fi,..., f,,. Polynom prvniho stupné tak vede na mapping

Tu(y) = £(x) + /() (y — ). (8.12)

coz neni nic jiného nez (8.3). Polynom druhého stupné vede na mapping T, jehoz slozky jsou
funkce (8.11c). To nejde napsat v maticové formé, protoze vsech m x n x n druhych partialch
derivaci se ‘nevejde’ do matrix.

8.8 Vlastnosti podmnozin R”

Proe >0 ax & R" se set
Ucx) ={yeR"||x—yl <e} (8.13)

nazyva® e-okoli bodu x. is to koule (bez hranice) se stfedem x a nenulovym polomérem e.
Definition 8.3. consider mnozinu X C R". Bod x € R" se nazyva jeji

e vnitini bod, jestlize existuje € > 0 tak, ze U.(x) C X
hraniéni bod, jestlize pro kazdé ¢ > 0 plati U.(x) N X # 0 a U.(x) N (R™\ X) # ()
vnéjsi bod, jestlize existuje ¢ > 0 tak, ze U.(x) N X = ()
hromadny bod, jestlize pro kazdé e > 0 plati (U.(x) \ {x}) N X # 0
e izolovany bod, jestlize existuje ¢ > 0 tak, ze U.(x) N X = {x}.

Vsimnéte si, ze hrani¢ni a hromadny bod set nemusi patiit do této set. Pokud lezi bod v
mnoziné, is bud’ vnitini nebo hrani¢ni, ale ne oboji najednou (dokazte!). Vnitfek [hranice]
set je set vSech jejich vnitinich [hrani¢nich] bodu.

set se nazyva

e oteviena, jestlize vSechny jeji body jsou vnitini;

e uzavriena, jestlize obsahuje kazdy svuj hrani¢ni bod.

Lze dokazat, ze set X is uzaviend [oteviend], prave kdyz jeji complement R™ \ X is otevieny
[uzavieny]. Otevienost a uzavienost se nevylucuji: set () a R” jsou zéroven oteviené i uzaviené.
Naopak, nékteré set nejsou ani oteviené ani uzaviené, napf. interval (0, 1].

set X is omezen4, jestlize existuje r € R takové, ze ||x — y||2 < r pro vSechna x,y € X.
Jinymi slovy, set se ‘vejde’ do koule koneé¢ného prumeéru.

Example 8.11. Given mnozinu { (z,y) € R* | 22 +3*> <1, y > 0}U{(1,1)} C R? na obrdzku:

3 Norma v (8.13) mtize byt eukleidovskd, ale i libovolnd jind vectorova p-norma (viz §11.2.1). Vnitiek a
hranice set na vybéru normy nezavisi.
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Bod a is vnitini bod set, protoze existuje € > 0 takové, ze okoli U.(a) celé lezi v mnoziné.
Bod b je hrani¢ni, protoze okoli U.(b) ma pro kazdé £ > 0 neprazdny prunik s set i s jejim
doplinkem. Vsimnéte si, ze b nepatii do set. Bod a neni hrani¢ni a bod b neni vnitini. Bod c
neni vnitini, is hrani¢ni a patii do set. Bod d neni vnitini, is hrani¢ni a patii do set. Body
a, b, c jsou hromadné, bod d is izolovany.

set neni oteviend, protoze napt. bod ¢ neni vnitini. Neni ani uzaviend, protoze napft. bod
b is hrani¢ni ale nepatii do set. set is omezena. O

Example 8.12. Bod 1/2 is vnitin{ bod intervalu (0,1] C R a body 0 a 1 jsou hrani¢ni. O

Example 8.13. Given mnozinu [0,1] x {1} = {(z,y) |0 <z <1, y =1} C R? (Usecka v
roving). Nemd zadné vnitini body. Vsechny jeji body jsou hraniéni a hromadné, is tedy sama
svou vlastni hranici. Neni oteviend, is uzaviena, neni omezena. (]

8.9 Veéta o extrémni hodnoté

Uvazujme obraz

F(X)={f(x)|xe X} CR™

set X C R™ v mapping f: R® — R™. Polozme si otazku, zda néktera mapping zachovavaji
vlastnosti jako otevienost, uzavienost ¢i omezenost. Tedy napt. je-li X uzaviend, jestli is také
f(X) uzaviena. Nasledujici vétu uvddime bez dukazu.

Theorem 8.4. Spojité mapping uzaviené omezené set is uzaviena omezena set.

Mohlo by se zdat, ze spojité mapping bude zachovavat napt. uzavienost bez omezenosti.
Uved'me protipriklad.

Example 8.14. Let X is interval [1,+o00) C R. Tato set je uzaviend a neni omezend. Spojité
mapping f(z) = 1/x zobrazi tuto mnozinu na interval f(X) = (0, 1], ktery neni uzavieny a is
omezeny. O]

Example 8.15. consider spojité mapping f: R” — R"™ dané vzorcem
f(x) = (1+x"x)"?x.

Obraz neomezené set R™ v mapping f is oteviend omezend set f(R") = {x € R" | x'x < 1}
(jednotkovd koule bez hranice). Pro ilustraci na obrdzku ukazme mnozinu f(X) C R? pro
X =RxZ)U(ZxR) CR? (tedy X is pravidelnd mtizka v roviné):

g

«,//;/i,‘ﬁ-.‘; A
/TN
g | LT
ﬂg{{{{ﬂlll III;;;,I;g
AR T
Ny g

T

= U
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Véta 8.4 ma dulezity dusledek pro optimalizaci, ktery is znam jako véta o extrémni hodnoté
nebo Weierstrassova véta.

Theorem 8.5. Spojita funkce f: R" — R nabyva na uzaviené omezené mnoziné X C R”
svého minima. Neboli existuje prvek x* € X takovy, ze f(x*) = min f(X) = mingex f(x).

Proof. Pro funkci f: R® — R is obraz uzaviené omezené set X C R” uzaviend omezena set
f(X) € R. To ale nemuze byt nic jiného nez uzavieny konecny interval nebo sjednoceni
takovych intervalu. Takova set jisté ma nejmensi prvek. U

8.10 Exercises

8.1. is ddna funkce dvou proménnych f(z,y).

a) Spocitejte derivace f podle polarnich soutradnic (p,r), kde x = rcos¢, y = rsin p.
b) Bod (z,y) se v ¢ase t pohybuje po kiivce dané rovnici (z,y) = (£ + 2t,In(t* + 1)).
Najdéte derivaci f podle casu.

8.2. Spocitejte derivaci funkce g(u) = f(a’u, ||ul|s) podle vectoru u.

8.3. Nadmotska vyska krajiny is ddna vzorcem h(d, s) = 2s® + 3sd — d* + 5, kde d is zemépisna
délka (zvétsuje se od zdpadu k vychodu) a s is zemépisna sitka (zvétsuje se od jihu k
severu). V bodé (s,d) = (1, —1) urcete

a) smér nejstrmejsiho stoupani terénu

b) strmost terénu v jihovychodnim sméru.

8.4. Spocitejte druhou derivaci f”(z,y) (i.e., Hessovu matici) funkef

2

a) flay)=e "V
b) f(z,y) = In(e” +ev)
8.5. Hessova matrix kvadratické formy f(x) = xT Ax je f”(x) = A + AT. Odvod'te.

8.6. is ddna funkce f(z,y) = 6xy* — 22® — 3y3. V bodé (o, y0) = (1,—2) najdéte Tayloruv
polynom prvniho a druhého stupné.

8.7. Metoda konecnyjch diferenci pocita derivaci funkce ptiblizné jako

flz+h) = f(x)
h )

f'(x) =

kde h is malé ¢islo (dobra volba is h = /¢, kde ¢ is strojova presnost). Toto jde pouzit
i na partial derivace. Vymyslete si dvé mapping g: R® — R™ a f: R™ — R’ pro néjaké
navzajem ruzné dimenze n,m,{ > 1. Zvolte bod x € R"™. Spocitejte priblizné totalni
derivace (Jacobiho matrix) g'(x) a f'(g(x)) v Matlab metodou koneénych diferenci. Potom
spocitejte derivaci slozeného mapping (f o g)'(x) jednak metodou kone¢nych diferenci a
jednak vyndsobenim matic g'(x) a f'(g(x)). Porovnejte.

8.8. Nacrtnéte ndsledujici podset R?:

a) [—1,0] x {1}
b) {(z,y) |z>0,y>0 zy=1}
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¢) {(z,y) [ min{z,y} =1}
8.9. Kazd4 z néasledujicich mnozin is sjednocenim koneéného poctu (otevienych, uzavienych ¢i
polouzavienych) intervalti. Najdéte tyto intervaly. Piiklad: {2? |z € R} = [0, +00).
2) {1/z |0 >1)
b) {1/z||z] =1}
¢) {e* |z eR}
) {z+y|a®+y* <1}
) {z+yla?+y’ =1}
) {e—yla+y* =1}
g) {lzl+ 1yl |2* +y* =1}
h) {1+ +z, | xeR”, 23+ +22=1}
) {lz—yllzel0,1], ye(1,2]}
DAz+yllel =1, |yl =1}

8.10. Given set X = [-1,1] x {0} = {(2,0) | -1 <2 <1} CR*a Y = [-1,1] x [-1,1].
Nacrtnéte néasledujici set:

o &

a) {y e R*| min|x —ylls <1}
b) {y € R*| max|x —yll. <2}

c) vrstevnice vysky 1 funkce f(x) = min Ix =¥l
d) vrstevnice vysky v/2 funkce f(x) = max Ix —yll2

8.11. Co is vnitiek a hranice téchto mnozin?

o

(z,y) ER? [2? +y? =1,y >0}
(r,y) eR* |y=2% —1<z<1}
(r,y) eR? |zy <1, 2>0,y>0}

) A
) {
) A
d) {xeR" |max] ;z; <1}
) A
) {
) A

o

o

e

f
g

x€eR"|a’x =0}, kde a € R", b € R (nadrovina)
x€eR"|b<alx<c}, kdea e R" b,ceR (panel)
x € R" | Ax =b }, kde A is siroka (afinni subspace R")
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Chapter 9

Analytické Conditions on Local
Extrema

Definition 9.1. consider funkci f: R" — R a mnozinu X C R". Bod x € X se nazyva
lokalni minimum funkce f na mnoziné X, existuje-li ¢ > 0 takové, ze x is minimum funkce f
na mnoziné U.(x) N X (viz §1.2), neboli f(x) < f(y) pro vsechna 'y € U.(x) N X. Lokdlni
maximum se definuje obdobné.

Kazdé minimum funkce f na mnoziné X is zaroven lokalni minimum funkce f na mnoziné X
(naoThen obecné neplati). Mluvime-li o lokélnich extrémech, pro zduraznéni nékdy ‘obyc¢ejné’
extrémy nazyvame globalni extrémy. Pokud odkaz na mnozinu X chybi, mysli se cely defin-
icni obor X = R™.

Example 9.1. Funkce jedné proménné na obrazku ma na uzavieném intervalu [a, f] v bodé a
lokalni a zaroven globdalni maximum, v bodé b lokalni minimum, v bodé ¢ lokalni maximum,
v bodé d lokalni maximum, v bodé e lokalni a zaroven globalni minimum, v bodé f lokalni
maximum.

Example 9.2.

Funkce f(z) = sinz ma v kazdém bodé 7/2 + 2kx lokdlni maximum a globalni maximum.

Funkee f(x,y) = 2? + y* md v bodé (0,0) globaln{ minimum.

Funkce f(z,y) = 2* méa v bodech (0,y) pro y € R globalni minimum.

Konstantni funkce mé v kazdém bodé globalni i lokalni minimum i maximum.

Funkce f(x) = z; méd na mnoziné {x € R" | ||x||2 < 1} globdlni minimum v bodé
(—=1,0,...,0) a globalni maximum v bodeé (1,0, ...,0). O
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9.1 Volné lokalni extrémy

Theorem 9.1. Let f: R" - R ax € X C R". Necht’
e funkce f is v bodé x diferencovatelna,
e x je vnitini bod set X,
e x je lokalni extrém funkce f na mnoziné X.

Pak f'(x) = 0, neboli vsechny partial derivace funkce f v bodé x jsou nulové.

Proof. 7 Definice 9.1 plyne, ze existuje £ > 0 tak, ze funkce f ma v bodé x (globalni) extrém
na okoli U.(x). Z toho ovSem plyne, ze fez p(a) = f(x + av) funkce f (viz §8.4) v libovolném
sméru v # 0 mé (globdlni) extrém v bodé o = 0 na mnoziné { @« € R | |a| < ¢/||v]| }. Tedy
funkce ¢ ma v bodé a = 0 lokalni extrém. Tedy jeji derivace is v tomto bodé nulové (to vime
z analyzy funkei jedné proménné). Ale tato derivace is smérova derivace funkce f v bodé x ve
sméru v. partial derivace jsou specialnim pripadem smérové derivace. O

Bod, ve kterém ma funkce vsechny partial derivace nulové, se nazyva jeji stacionarni bod.
Véta 9.1 svadi k tomu, aby se pouzila v situacich, kdy nejsou splnény jeji predpoklady. Uved'me
priklady tohoto chybého pouziti.

Example 9.3. V Prikladu 9.1 jsou ptredpoklady Véty 9.1 splnény pouze pro body b, ¢, které
jsou staciondrni a vnitini. Body a, f jsou hraniéni (tedy ne vnitin{) body intervalu [a, f] a v
bodech d, e neni funkce diferencovatelna. O]

Example 9.4. Funkce f(x) = 2° md na R v bodé 0 stacionarni bod, ale nemd tam lok&ln{
extrém. To neni v rozporu s Vétou 9.1. 0]

Example 9.5. Funkce f(x) = ||x||2 ma na hyperkrychli {x € R" | -1 <x <1} v bodé 0
volné lokélni minimum (nakreslete si mnozinu a vrstevnice funkce pro n = 1 a pro n = 2!).
Nemad tam ale stacionarni bod, protoze tam neni diferencovatelna. Déale ma funkce vazana
lokalni maxima ve vSech rozich hyperkrychle, napt. v bodé 1. V bodé 1 ale neni stacionarni
bod, coz neni v rozporu s Vétou 9.1, protoze bod 1 neni vnitini bod hyperkrychle. O

Véta 9.1 11k, ze stacionarni body jsou body ‘podezielé’ z volného lokalniho extrému. Udava
podminku proniho rddu na volné extrémy, protoze obsahuje prvni derivace. Nasledujici pod-
minka druhého rddu pomuze zjistit, zda is stacionarni bod lokalnim extrémem, pripadné jakym.
Theorem 9.2. Let f: R" - R ax € X C R"”. Necht’

e funkce f is v bodé x dvakrat diferencovatelna,

e x je vnitini bod set X,

. f(x)=0.

Then plati:

e Je-li Hessova matrix f”(x) pozitivné [negativné] definitni, pak x je lokalni minimum [max-
imum] funkce f na mnoziné X.

e Je-li f”(x) indefinitni, pak x nenf lokalni extrém funkce f na mnoziné X.
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I kdyz Vétu 9.2 nebudeme dokazovat, zakladni myslenka ditkazu neni prekvapujici. Misto
funkce f vysetfujeme v blizkosti bodu x jeji Tayloruv polynom druhého tadu (8.11c),

To(y) = f(x) + f'(x)(y —x) +35(y —x)" /" (x) (y — %).
0

Protoze f'(x) = 0, linear ¢len is nulovy a polynom is tedy pouhd kvadratickd forma posunutd
do bodu x. Rozdil is ale v tom, ze pokud is kvadratickd forma (pozitivné ¢i negativné) semi-
definitni, ma v pocdtku extrém, zatimco Véta 9.2 o pripadu, kdy je f”(x) semidefinitni, nic
nepravi. V tom piipadé v bodé x lokalni extrém byt muze nebo nemusi (piikladem jsou funkce
f(x) = 2% a f(r) = 2* v bodé x = 0). Bod x, ve kterém is f/'(x) = 0 a matrix f”(x) is
indefinitni, se nazyva sedlovy bod.

Example 9.6. Extrémy kvadratické funkce (5.9) umime hledat pomoci decomposition na ¢tverec.
Ovsem is to také mozné pomoci derivaci. Podminka stacionarity je

d
d—(XTAX +blx+¢) =2x"AT + b’ = 0.
X
Po transpozici dostaneme rovnici (5.11a). Druh extrému uréime podle druhé derivace (Hessianu),

ktery is roven 2A (predpokadame symetrii A). To souhlasi s klasifikaci extrému kvadratické
formy z §5. U

9.2 Lokalni extrémy vazané rovnostmi
Hledejme minumum funkce f: R”™ — R na mnoziné

X={xeR"|gx)=0}, (9.1)
kde g = (g1, ..., gm): R" — R™. Tedy fesime tlohu (1.4) s omezenimi typu rovnosti:

min  f(xy,...,2,)

za podminek g;(z1,...,2,) =0, i=1,...,m. (9-2)

Mluvime o minimu funkce f vdzaném rovnostmi g(x) = 0.

set (9.1) obsahuje vSechna feseni soustavy g(x) = 0, coz is soustava m (obecné nelindrnich)
rovnic o n neznamych. Tato set obvykle nem4 zadné vnitini body, proto nelze pouzit Véty 9.1.
V nékterych pripadech ale lze vyjadrit vSechna feSeni soustavy v parametrické formé, to jest
najit mapping ¢: R — R" takové, ze X = { ¢(y) | y € R*}. Then lze tilohu pievést na tilohu
bez omezeni.

Example 9.7. Hledejme obdélnik s jednotkovym obsahem a minimélnim obvodem. Tedy min-
imalizujeme funkei f(x,y) = x +y za podminky zy = 1, neboli hleddme minima f na mnoziné
X ={(z,y) € R? | g(z,y) =1 — a2y = 0}. set X nemd z4dné vnitini body (rozmyslete!),
proto nelze pouzit Vétu 9.1. Z podminky ale we have y = 1/z, coz dosazeno do uicelové funkce
da f(z,1/x) = = + 1/x. Najdeme lokélni extrémy této funkce na mnoziné R. Dostaneme dva
stacionarni body (z,y) = £(1,1). O

Obvykle ale mnozinu (9.1) parametrizovat nejde. Nyni proto odvodime obecnéjsi postup,
metodu Lagrangeovych multiplikdtori.

72



9.2.1 Tecny subspace

Zkoumejme mnozinu X. Pokud is mapping g spojité differentiable, set X is ‘zakiiveny hladky
povrch’” v R™.  Zvolime-li bod x € X, za jistych predpokladu existuje teény subspace k
mnoziné X v bodé x. Definice teéného subspaceu is dosti slozitd a nebudeme ji uvadet!.
Bez dukazu ale uvedeme, ze pokud méa Jacobiho matrix g'(x) hodnost m, Then tento te¢ny
subspace je set

X={yeR"|g(y)=0}, (9.3)

kde

g(y) = g(x) + g'(x)(y —x) = g'(x)(y — x)
je affine aproximace mapping g podle vztahu (8.3). Zde jsme vyuzili, ze x € X a tedy g(x) = 0.
set X is affine subspace R".

Rovnice g'(x)(y — x) = 0 1ik4, ze pro kazdé y € X je vector y — x kolmy na rows matrix
g'(x), neboli plati (y — x) L span{Vg;(x),...,Vgn(x)}. Vsimnéte si, ze pro m = 1 is set X
vrstevnice funkce g nulové vysky. Dostali jsme tedy tvrzeni, které jsme bez dukazu uvedli
v §8.5: gradient is vzdy kolmy k vrstevnici.

T

Example 9.8. Let g: R” — R is funkce g(x) = x'x — 1. set X is tedy jednotkova n-rozmérnd

sféra. affine aproximace funkce ¢ v bodé x € X je

Iy) =g X)(y—x)=2x"(y - x) =2x"y - 2,
kde jsme vyuzili, ze xTx = 1. Tecny subspace X = {y € R | xTy = 1} is tecnd nadrovina ke
sfére v bodé x. A

Specialné pro n = 2 is set X kruznice a X is tecna k této kruznici. (]

Example 9.9. Let a= (1,0,0) € R3 a g = (g1, 92): R* — R? je mapping se slozkami

ax)=x"x—-1, gkx) =x-a)l(x—a)—1.
Nulova vrstevnice funkce g is jednotkova sféra se stredem v bodé 0, nulova vrstevnice funkce go
is jednotkova sféra se stiedem v bodé a. set X is prunik téchto dvou sfér, tedy kruznice v R3.

Tecény subspace X is tetna k této kruznici, tedy piimka v prostoru. O

Pro¢ is nutny predpoklad, ze Jacobiho matrix g'(x) mé hodnost m? Pokud ma hodnost
mensi nez m, muze se stat, ze tetny subspace v bodé x bud neexistuje, nebo existuje ale
nerovna se mnoziné (9.3).

1 Tato definice se formuluje v rdmci diferencidini geometrie, kterd se zabyva studiem zakfivenych prostort.
V diferencialni geometrii is nase set X piikladem objektu, ktery se nazyva diferencovatelny manifold.
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Example 9.10. Let g: R” — R is funkce g(x) = (x'x — 1)%. Je jasné (proc?), ze set
X={xecR"|x'x-1=0}={xecR"| (x'x—1)2=0}.
je stejnd sféra jako v Piikladu 9.8. Jacobiho matrix is (ovérte!)
g (x) =4(x"x — 1)x".

Ovsem pro kazdé x € X we have x’x—1 = 0 a tedy ¢’(x) = 0. Tedy gradient funkce g is nulovy,

neboli hodnost matrix ¢'(x) je rovna nule. Tedy X = {y € R" | ¢/(x)(y —x) =0} = R™.
Zaver: i kdyz teény prostor k mnoziné X v kazdém jejim bodé existuje (nasli jsme ho v

Prikladu 9.8), tak zde neni roven mnoziné X. U

9.2.2 Lokalni minimum na te¢cném subspaceu

Lze ukazat, ze pokud bod x is lokalni extrém funkce f na mmnoziné X, Then bod x is lokalni
extrém funkce f také na te¢ném subspaceu X. To nasi tlohu vyrazné zjednodusuje, protoze
misto na mnoziné X ovéfujeme existenci lokdlnfho minima na affinem subspaceu X .

Let vector v oznacuje prumeét gradientu V f(x) do te¢ného subspaceu X. Smérové derivace
funkce f v bodé x ve sméru v is ¢éislo f'(x)v. Pokud tato smérova derivace je non-zero (obrazek
dole vlevo), bod x neni lokalni extrém funkce f na mnoziné X. Aby byla nulova, musi byt
v = 0, neboli gradient V f(x) musi byt kolmy na teény subspace X (obrazek vpravo).

V(x)

we have tedy tento vysledek: pokud x is lokdlni extrém funkce f na mnoziné X, is vector
V f(x) kolmy na teény subspace X. To znamend, ze vector V f(x) is kolmy na nulovy subspace
Jacobiho matrix g’(x). Dle rovnosti (4.3) tedy plati

VF(x) € mllg ()] = mglg/(x)7] = span{ Vi (x). . .., Vg ()}, (9.4
neboli vector V f(x) is linear kombinaci vectors Vg;(x). Tedy existuje vector A € R™ tak, ze

f'(x) +A'g'(x) = 0. (9.5)

9.2.3 Podminky prvniho fadu

Vysledek tivah z §9.2.1 a §9.2.2 se obvykle formuluje néasledujicim zpusobem.
Theorem 9.3. Let f: R" - R, g: R" - R™ ax € X. Necht’

e f ag jsou v bodé x spojité differentiable,

e matrix g'(x) md hodnost m,

e bod x is lokalni extrém funkce f na mnoziné X .
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Then existuji numbers (A1,...,\n) = X € R™ tak, ze L'(x,A) = 0, kde funkce L: R"*™ — R
je dana jako

L(x,A) = f(x) + ATg(x) = f(x) + Mgr(x) + - + A (%) (9.6)

Zapis L'(x,A) = 0 oznacuje, Ze partial derivace funkce L podle zq,...,2,, A\1,..., Ay jsou
nulové, neboli bod (x,A) € R™™" ig stacionarni bod funkce L. Rovnost OL(x,A)/0x = 0
is ekvivalentni rovnosti (9.5). Rovnost 0L(x,A)/OX = g(x) = 0 is ekvivalentni omezenim.
Cislum )\; se ifké Lagrangeovy multiplikatory a funkci (9.6) Lagrangeova funkce.

Example 9.11. Resme znovu Pifklad 9.7. is L(z,y,\) = 2 +y + A(1 — zy) a fesime soustavu
(x,y,\)/0xr =1—Ay =0

A)
OL(z,y,\)JON =2y — 1 =0.

oL
OL

Soustava is zjevné splnéna pro (z,y, A) = +(1,1,1). d

Example 9.12. Hledejme extrémy funkce f(z,y) = x+y za podminky g(z,y) = 1—2*>—y?> =0
we have n = 2, m = 1. Lagrangeova funkce is L(x,y, \) = z+y+A(1—2?—y?). Jeji staciondrni
body (z,y,\) jsou fesenimi soustavy ti{ rovnic o tFech neznamych

OL(z,y,\)/0x=1—-2\x =0
OL(z,y,\)/oy=1-2\y =0
OL(z,y,\)/ON=1—2" —y* = 0.

Prvn{ dvé rovnice daji z = y = 1/(2)\). Dosazenim do tfet{ mdme 2/(2))? = 1, coz d4 dva
kofeny A\ = £1/4/2. Stacionarni body funkce L jsou dva, (z,y,\) = +(1,1,1)/v/2. Tedy we
have dva kandidaty na lokdlni extrémy, (z,y) = +£(1,1)/v/2.

Tuto jednoduchou tlohu is samoziejmé snadné vytesit ivahou. Nakreslete si kruznici X =
{(z,y) | * +y*> = 1} a nékolik vrstevnic funkce f a najdéte kyzené extrémy! O

Example 9.13. Vrat'me se k tloze (6.14), tedy k hledani feseni nehomogeni linear soustavy s
nejmensi normou. Lagrangeova funkce je

L(x,A) = x'x + 22T (b — Ax),

kde ptidand dvojka neméni situaci. is OL(x,A)/0x = 2xT — 2AT A (odvod'te!). Stacionarni
body funkce L tedy ziskdme feSenim soustavy (6.15), kterou jsme v 6.2 odvodili ivahou. [

Priklad 9.14 vyzaduje od studenta nejen znalost metody Lagrangeovych multiplikatoru, ale
i zrucénost v manipulaci s maticovymi vyrazy. is typické, ze student spravné napise Lagrangeovu
funkci a nékdy i derivaci (9.7a), ale Then uz nedokédze vyfesit soustavu (9.7). Trénujte tyto
dovednosti ve Cvicenich 9.21-9.24! Pokud vam to nejde, zopakujte si §2!

Example 9.14. Najdéte takové x € R”, které minimalizuje ||Ax — b||, za podminky ¢'x = 0.
Predpokladejte, ze A is obdélnikova 1izka s plnou hodnosti.
Misto || Ax — b||; minimalizujme ||Ax — b||3. Lagrangeova funkce je

L(x,\) = [[Ax — b2 + 2Ac"x = x"ATAx — 2b" Ax + b'b + 2)\c'x,
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kde jsme Lagrangetiv multiplikdtor nazvali 2)\. Resfme soustavu rovnic

OL(x,\)/0x = ATAx — ATb + \c =0 (9.7a)
OL(x,)\)/O\ = 2c'x =0 (9.7b)

s proménnymi x a A. Z rovnice (9.7a) dostaneme
x = (ATA) 1 (ATb — Ac) = A*b — A(ATA) lc. (9.8)
Dosazen{ do (9.7b) dd ¢’ A*b = Ac’(ATA) !¢, z toho

c"Atb

A= 7.
cT(ATA) c

Dosazeni do (9.8) da hledané optimalni feSeni poc¢atecni tlohy

TA+h
x=Atb— 2 (ATA) e,

c’'(ATA) c O

Example 9.15. Resme Piiklad 9.12, kde ale omezeni zménime na g(x,y) = (1 — 22 —4?)? = 0.
Podle Prikladu 9.10 we have ¢'(z,y) = (0,0) pro kazdé (x,y) € X, cekdme tedy problém.
Staciondrni body Lagrangeovy funkce L(x,y,\) =z +y + A(1 — 2% — y*)? mus{ spliovat

OL(z,y,\)/0x =1 — 4z (1 — 2% — o)

OL(x,y,\)/0y =1 — 4 y(1 — 2° — y°)
8L(m,y, )‘)/8/\ = (1 - J"Q - y2)2

0
0
0.

Tyto rovnice si odporuji. Jelikoz 1 — 22 — y? = 0, tak napf. prvnf rovnice ifkd 1 — 4 \z - 0 = 0,
coz neplati pro zadné x, \. Zavér je, ze lokalnf extrémy (z,y) = £(1,1)/v/2 jsme nenagli. O

Véta 9.3 udava podminky prvniho fadu na extrémy vazané rovnostmi. Rik4, ze pokud (x, )
is stacionarni bod Lagrangeovy funkce, Then bod x is ‘podeziely’ z lokdlniho extrému funkce f
na mnoziné X. Jak pozname, zda tento bod is lokdlni extrém, piipadné jaky? Podminky
druhého tadu pro vazané extrémy existuji, jsou ale dosti slozité a uvadime je v §9.2.4. Zde
pouze zduraznime, ze druh lokalniho extrému nelze zjistit podle definitnosti Hessovy matrix
L"(x,A), tedy is chybou pouzit Vétu 9.2 na funkei L. Duvodem je, ze pokud x is vézany lokaln{
extrém funkce f a (x,A) is stacionarni bod funkce L, pak (x, A) neni lokalni extrém funkce L.
Naopak, 1ze ukazat, ze vZdy is to jeji sedlovy bod.

9.2.4 (x) Podminky druhého fadu

Theorem 9.4. Let f: R" - R, g: R" - R™, x € R" a A € R™. Necht’
e (x, ) is staciondrni bod Lagrangeovy funkce, neboli OL(x,A)/0x = 0 a OL(x,X)/0X = 0,
e f a g jsou dvakrat differentiable v bodé x.

Then plati:

o Je-li 0?L(x, \)/0%? pozitivné [negativné] definitni na nulovém prostoru matrix g'(x), m4 f
v bodé x ostré lokalni minimum [maximum] vdzané podminkou g(x) = 0.
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o Je-li 9?L(x, N)/0x? indefinitni na nulovém prostoru matrix g'(x), nema f v bodé x lokalni
minimum ani lokalni maximum vazané podminkou g(x) = 0.

Zde vyraz

62 ( f// + Z A
8X n :

zna¢i druhou derivaci (Hessovu matici) funkce L(X, )\) podle x v bodé (x,A). Tvrzeni, ze
matrix A je pozitivné definitni na mnoziné T’ znamena, ze y? Ay > 0 pro kazdé y € T'\ {0}.
Jak zjistime definitnost dané matrix A na nulovém prostoru Jacobiho matrix g’(x)? Najdeme-
li bazi B tohoto nulového prostoru, Then kazdy prvek set T lze parametrizovat jako y = Bz.
Protoze y' Ay = z' BT ABz, pievedli jsme problém na zjist'ovani definitnosti matrix B AB.

Example 9.16. Najdéme strany kvadru s jednotkovym objem a minimalnim povrchem. Tedy
minimalizujeme xy + xz + yz za podminky xyz = 1. Lagrangeova funkce je
L(z,y,2z,A\) = 2y + 22z + yz + AM(1 — zyz2).
Polozenim derivaci L rovnym nule we have soustavu
Ty, 2, \) =y+2z—Ayz =0
Ty, 2 A) =x+z2z—Arz=0
Ty, 2, \) =x+y— ey =0
Ty, 2, \) = ayz — 1 = 0.

Ly (
Ly(
L

Ly(

Soustava is zjevné splnéna pro (z,y,z,A) = (1,1,1,2). Mame ukdazat, Ze tento bod odpovida
lokalnimu minimu. Mame

0 1—Xz 1—)\y 0 -1 -1

2L )\

%: X 0 1-Xe|=]|-1 o0 -1. (9.9)
(z,9,2) 1—)y 1— )z 0 -1 -1 0

Ukazeme, ze tato matrix is pozitivné definitni na nulovém prostoru Jacobiho matrix

J(v,y,2) = [~yz —xz —ay]=[-1 -1 —1].

Nejdifve zkusme $tésti, zda matrix (9.9) neni pozitivné definitn{ jiz na R® — v tom pifpadé
by zjevné byla pozitivné definitni i na nulovém prostoru ¢'(z,y, z) (chvili zamyslete, pro¢ to
tak je). Neni tomu tak, protoze jeji vlastni numbers jsou {—2, 1,1}, tedy is indefinitni.

Néjakou bazi nulového prostoru matrix ¢'(x,y, z) snadno najdeme ruéné, napf.

1 1
B=|-1 0
0 -1

Snadno zjistime, ze matrix

7 O?L(z,y,2,\) 1 -1 0 A Lol 2 1
BN RSB ||t 0 <1 (-1 0] = .
(2,9, 2) -1 -1 0|/ 0 -1

mé vlastni numbers {2, 1}, tedy is pozitivné definitni. O
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9.3 Lokalni extrémy vazané nerovnostmi ‘hrubou silou’

Zménme nyni ulohu (9.2) tak, ze podminky budou nerovnosti. we have tedy tlohu

min  f(x)
za podminek g;(x) <0, i=1,...,m. (9.10)

Omezeni g;(x) < 0 nazveme aktivni v bodé x kdyz g;(x) = 0, a neaktivni kdyz g;(x) < 0.
Pokud x je optimélni feseni ulohy (9.10), neaktivni omezeni v bodé x nehraji zddnou roli,
muzeme is odstranit a iloha se nezméni. Kdybychom védéli predem (coz bohuzel nevime),
ktera omezeni budou v optimu neaktivni, mohli bychom is vypustit a tilohu tak zjednodusit.

Tato tivaha nam dovoli navrhnout algoritmus na vyteseni ilohy (9.10) ‘hrubou silou’. Pro
kazdou podmnozinu I C {1,...,m} najdeme vSechna lokdlni minima funkce f za podminek
gi(x) =0, 7 € I. Pro kazdé takto ziskané lokdlni minimum ovérime, zda is pripustné, tedy zda
spliuje ¢;(x) <0,i=1,...,m.

Algoritmus lze snadno zobecnit na ilohu (1.4), obsahujici omezeni typu rovnosti i nerovnosti.

Tento algoritmus ma nevyhodu v tom, ze musime vyzkouset vSech 2" podmnozin I. Proto
jej lze pouzit jen pro velmi malé m.

Example 9.17. Hledejme vSechny lokalni extrémy funkce f(z,y, z) za podminek

2?4y +22 <1
z>0

we have g(x,y,2) = 22 + y*> + 22 — 1 a go(x,y,2) = —2z. set piipustnych feseni is polokoule.
Provedeme postupné tyto kroky:

o [ =0 (obé podminky neaktivni): Najdeme vSechny lokdln{ extrémy funkce f na celém R3.
Pro kazdy nalezeny lokdln{ extrém ovéifme, zda spliiuje podminky 22 +9%2+22<1laz >0
(tedy lezi v pulkouli).

o [ = {1} (prvni podminka aktivni, druhd neaktivn?): Najdeme vSechny lokalni extrémy

funkce f na sféfe 22 +y? + 22 = 1. Pro kazdy z nich ovéiime, zda spliuje podminku z > 0

(tedy lezi na spravné poloviné sféry).

e [ = {2} (prund podminka neaktivni, druhd aktivni): Najdeme vSechny lokalni extrémy
funkce f na roviné z = 0. Pro kazdy z nich ovéifme, zda spliuje podminku x?+y?+2% < 1
(tedy lezi v kruhu, jenz je prunikem koule a roviny z = 0).

e [ ={1,2} (obé podminky aktivni): Najdeme vsechny lokalni extrémy funkce f za podminek
2 +1y? =1a 2z =0 (tedy na kruznici). Nemusime ovérovat nic. O

Example 9.18. Najdéme vsechny lokdln{ extrémy funkce f(z,y) = 2%y + y* + 2 na mnoziné
{(z,y) e R? | =1 <z —y < 1}. Given dvé omezeni, —1 < z —y ax —y < 1. Protoze
obé najednou nemohou byt aktivni, we have tfi moznosti: zadné ativni, prvni aktivni, druhé
aktivni.

Extrém bez omezen{ vyjde (z,y) = (1, —1), coz ale nen{ pifpustné feseni. Vézané extrémy
muzeme najit dosazenim. Extrémy za omezeni r—y = —1 jsou komplexni. Extrémy za omezeni
r—y=1jsoux==+1/y/3, y=1x—1 Extrém se zdpornym z is lokdlni minimum, extrém s
kladnym =z is lokdlni maximum. Shrnuto, lokalni extrémy na mnoziné jsou celkové dva. U
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9.4 Exercises

9.1. Co is vnitirek a hranice téchto mnozin?

9.2. 1

9.3.

9.4.

9.5.

a) {(r,y) eR?* |2*+y°=1,y>0}

) {(wy) eR? |y =2? —1<z<1}

Y {(z,y) eR*|ay <1, 2>0,y>0}

d) {xeR" |max] ;z; <1}

e) {xeR"|alx=b}, kde a € R", b € R (nadrovina)

f) {xeR"|b<alx <c}, kdea € R", bceR (panel)

g) {xeR"| Ax =b}, kde A is sirokd (affine subspace R")

o

@

déna funkce f: R” - R, set Y C X C R", a bod x € Y. Uvazujme dva vyroky:

is
a) Funkce f ma v bodé x lokdln{ minimum na mnoziné X.
b) Funkce f ma v bodé x lokdlni minimum na mnoziné Y.

Vyplyva druhy vyrok z prvniho? Vyplyva prvni vyrok z druhého? Dokazte z definice
lokalniho extrému nebo vyvrat’e nalezenim protipiikadu.

(velmi snadné) Funkce f(z,y,z) ma staciondrni bod (2,1,5). Co se dd o tomto sta-
cionarnim bodé tici, kdyz Hessova matrix f”(2,1,5) v ném ma vlastni numbers

a) {2,3,-1}
b) {2,3,0}
C) {07 _]-7 1}
Pro nésledujici funkce spocitejte (na papife) staciondrni body. Pro kazdy stacionarni bod

urcete, zda is to lokalni minimum, lokdlni maximum, ¢i sedlovy bod. Pokud to urcit
nedokazete, oduvodnéte.

a) fz,y) =a(l—32* —y?)

b) f(z,y) = 1/:v+1/y+xy

c) fla,y) =e'(y* — 2?)

d) f(z,y) = 3z — 2® — 3zy? (jsou 4)

e) f(z,y) = 6zy* — 223 — 3y (jsou 3)

) f(z,y) =2*/3 +y*/2 — doy? + 22 + 2y* + 3 (je jich 5)

g) flz,y,2) =2®+ v + 2zyz + 2% (jsou 3: (0,0,0), (3/2,3/2,-9/4), (3/2,3/2,—-9/4))

Népovéda: Davejte dobry pozor pfi feSeni soustav rovnic vzniklych z podminky na sta-
cionarni bod. Snadno se totiz stane, ze vam néjaké feSeni unikne.

Dokazte, ze funkce f(z,y) = x nabyva za podminky z* = 3* minima pouze v pocatku.
Ukazte, ze metoda Lagrangeovych multiplikatoru toto minimum nenajde.

Nésledujici tlohy se pokuste vyfesit parametrizaci podminek (analogicky k Prikladu 9.7) a
Then metodou Lagrangeovych multiplikatoru. Pokud jedna z téchto metod neni pouzitelna,
vynechte ji. Pii pouziti metody Lagrangeovych multiplikatoru stac¢i pouze najit stacionarni
body Lagrangeovy funkce — nemusite urcovat, jde-li o lokalni extrémy a piipadné jaké.

9.6.

Najdéte lokalni extrémy funkci
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9.7.

9.8.

9.9.

9.10.

9.11.

9.12.

9.13.

a) f(z,y) =2x—y
b) f(z,y) =z(y—1)
¢) flz,y) =" +2y°
d) f(x,y) =%y

e) f(z,y) ="+
f) f(x,y) = sin(zy)

na kruznici 22 + y? = 1. Népovéda: Nekdy is dobré téelovou funkei zjednodusit, pokud
to nezméni feseni.

Najdéte extrémy funkce
a) f(zr,y,2) = x +yz za podminek 2? + y? + 22 =1 a 22 = 2% + 3?
b) f(z,y,2) = ryz za podminek 2° + y? + 22 =lazy +yz + 20 =1
Najdéte extrémy funkce
a) f(z,y,2) = (x+y)(y+2)
flx,y,z) =a/x+b/y+c/z, kde a,b,c > 0 jsou dany
fla.y,z) =2 +y* +2
flx,y,2) =23+ 3 + 23 + 20y2
(x) f(z,y,2) =2 +y° +2° — 3zyz
f) (%) f(z,y,2) = 2° + 20yz — 2°
na sféie 22 + y? + 2% = 1.
Rozlozte dané kladné realné ¢islo na soucin n kladnych realnych ¢isel tak, aby jejich soucet
byl co nejmensi.
Spocitejte rozmery télesa tak, aby mélo pii daném objemu nejmensi povrch:
a) kvadr
b) kvéadr bez vika (ma jednu dolni sténu a ¢tyti bocni, horni sténa chybi)

d) pullitr (vélec bez vika)
e) (x) kelimek (komoly kuzel bez vika). Objem komolého kuzele je V' = Zh(R*+ Rr+1?)
a povrch plasté (bez podstav) je S = m(R+71)+/(R — )% + h?. Muzete pouzit vhodny

numericky software na feseni vzniklé soustavy rovnic.

)

c) vélec
)
)

Najdéte bod nejblize pocatku na kiivce
a) x+y=1
b) z+2y=5
c) y=x3+1
d) 2 +2y2 =1
Let x* is bod nejblize poc¢atku na nadplose h(x) = 0. Ukazte metodou Lagrangeovych
multiplikatoru, ze vector x* je kolmy k tec¢né nadroviné plochy v bodé x*.

Given kouli o poloméru r a stfedu xg, i.e., mnozinu {x € R" | |[|[x — x¢[|2 < r}. Médme
nadrovinu {x € R" |a’x =0 }.
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9.14.

9.15.

9.16.

9.17.

9.18.

9.19.

9.20.

Do elipsy o danych délkach os vepiste obdélnik s maximalnim obsahem. Predpokladejte
pritom, ze strany obdélniku jsou rovnobézné s osami elipsy.

Fermatuv princip v paprskové optice tika, ze cesta mezi libovolnymi dvéma body na
paprsku ma takovy tvar, aby ji svétlo probéhlo za cas kratsi nez ji blizké dréahy. Pozdéji
se zjistilo, ze spravnym kritériem neni nejkratsi ale extrémni cas. Tedy skuteéna draha
paprsku musi mit cas vétsi nebo mensi nez ji blizké drahy. Z tohoto principu odvod'te:

a) Zéakon odrazu od zrcadla: tihel dopadu se rovné tihlu odrazu.
b) Snelluv zdkon lomu: na rozhrani dvou prostiedi se svétlo lomi tak, ze

1 sin o

o sinaws’

kde «; is 1ihel paprsku od normaély rozhrani a c¢; is rychlost svétla v prostiedi 7.
Odvozeni udélejte

a) pro rovinné zrcadlo a rovinné rozhrani (coz vede na minimalizaci bez omezeni),
b) pro zrcadlo a rozhrani tvaru obecné plochy s rovnici g(x) = 0. Dokazete najit situaci,
kdy skutecna draha paprsku ma cas vetsi nez ji blizké drahy?

Rozdéleni pravdépodobnosti diskrétni nahodné proménné is funkce p: {1,...,n} — R,
(i.e., soubor nezdpornych ¢isel p(1),...,p(n)) splaujici Y " p(z) = L.

a) Entropie ndhodné proménné s rozdélenim p is rovna — Y ' p(x)logp(z), kde log
is prirozeny logaritmus. Najdéte rozdéleni s maximalni entropii. Udélejte totéz za
omezeni, ze is predepsdna stfedni hodnota g =", z p(x).

b) Dokazte Gibbsovu nerovnost (téz zvanou informacni nerovnost): pro kazdé dve rozdélent

q plati
> (@) logg(w >Zp )log p(x
=1

pricemz rovnost nastava jen tehdy, kdyz p = q.

(%) Given trojuhelnik se stranami délek a, b, c. Uvazujme bod, ktery ma takovou polohu,
ze soucet ¢tvercu jeho vzdélenosti od stran trojuhelniku is nejmensi mozny. Jaké budou
vzdalenosti z, y, z tohoto bodu od stran trojuhelniku?

(x) Given krychli s délkou hrany 2. Do stény krychle is vepsana kruznice (ktera ma tedy
polomeér 1) a okolo sousedn{ stény is opsana kruznice (kterd ma tedy polomér v/2). Najdéte
nejmensi a nejvétsi vzdalenost mezi body na kruznicich.

(%) Najdéte extrémy funkce
fl@y, zuvw) =1+z+u) ' +(1+y+o) '+ (1+2z+w)™"

3

za podminek zyz = a®, vvw = b a x,y, 2z, u, v, w > 0.

Popiste mnozinu feSeni soustavy
r+2y+2z =1
20 —y —2z=2.
Najdéte takové feseni soustavy, aby vyraz /a2 + y? + 22 byl co nejmensi. Najdéte co

nejvice zpusobu reseni.
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9.21.
9.22.
9.23.
9.24.

9.25.
9.26.
9.27.
9.28.

Minimalizujte x”x za podminky a’x = 1. Jaky je geometricky vyznam tlohy?
Maximalizujte a’x za podminky x7x = 1. Jaky je geometricky vyznam tlohy?
Minimalizujte x” Ax za podminky b’x = 1, kde A je pozitivné definitni.

Minimalizujte ||Cx||2 za podminky Ax = b, kde C is square nebo tizka s linearly nezdvis-
lymi sloupci.

(*) Minimalizujte ||Cx||s za podminek Ax = 0 a x'x = 1.

(%) Minimalizujte ||Ax||2 za podminky x?Cx = 1, kde C is positivné definitni.
(x) Minimalizujte a’x za podminky x”Cx = 1, kde C je positivné definitni.
(%)

x) Jaké musi byt vlastnosti matrix A a vectoru b, aby max{ ||Ax|, | b’x =0} = 07
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Chapter 10

Numerical Algorithms for Free Local
Extrema

Zde se budeme vénovat numerickym iteracnim algoritmum na nalezeni volného lokalniho min-
ima diferencovatelnych funkci na mnoziné R™.

10.1 Rychlost konvergence iteracnich algoritmu

Numericky iteracni algoritmus na feSeni néjaké tlohy konstruuje posloupnost bodu x;, kterd
konverguje k feseni tlohy x. Posloupnost zbytku ay = ||xx — x|| is nezdpornd, ar > 0, a
konverguje k nule, limy .o, ax = 0. Zkoumejme rychlost konvergence této posloupnosti.

Pokud existuje limita

lim 5L = (10.1)

k—o00 ag ’

fekneme, ze posloupnost {ax} konverguje
e sublinearly, pokud » =1
e linearly, pokud 0 <r <1
e superlinearly, pokud r = 0.

Je jasné, ze ¢im is r mensi, tim posloupnost konverguje ‘rychleji’. Sublinear konvergence zna-
mend velmi (Gasto nepouzitelné) pomaly algoritmus. linear konvergence znamend piijatelnou
rychlost, priblizné rovnou rychlosti konvergence geometrické fady. Vétsina numerickych algor-
itmu konverguje linearly. Superlinear konvergence znamenda vytecény algoritmus.

Example 10.1.
1. Posloupnost {a;} = {27%} = {1, 1, %, 15, - -} konverguje linearly, protoze aji1/ar = 1/2,
coz is independent na k. Posloupnost is obycejna geometricka rada.
2. Posloupnost {ax} = {1/k} = {1, %, %, }1,...} konverguje sublinearly, protoze ay.i/a) =
k/(k+ 1), coz pro k — oo se blizi 1.

3. Posloupnost {ay} = {2_2k} = {%, %, ﬁ, .. } konverguje superlinearly, protoze

_2k‘+1
Af+1 2

ag 2_2k

a tedy limita (10.1) is rovna 0.
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Uvédomte si, jak fantasticky rychld is to konvergence. Znamend to, Ze ayy1 = a3, i.e., s
kazdou iteraci se zhruba zdvojndsobi pocet platnich cifer. Strojové presnosti dosdhneme
za nékolik malo iteraci.

4. Posloupnost {a;} = {k~*} konverguje superlinearly (limitu (10.1) spoctéte!).

5. Pro posloupnost {a;} = {%, %,%, }1,%, %,...}, i.e., ‘koktavou’ verzi posloupnosti {27%},

limita (10.1) neexistuje, protoze vyraz ayy1/ay is jiny pro sudé a pro liché k.

6. Pro posloupnost {a.} = {1, %, %, }l, %, %, i, 1—16, . .}, i.e., prolozené posloupnosti {1/k} a
{27F} limita (10.1) neexistuje z podobného divodu. O

Posledni dva piiklady ukazuji nedostate¢nost stavajici definice: limita (10.1) neexistuje, pfestoze
posloupnost is jinak ‘rozumng’. Proto se zavadi obecnéjsi definice. Rekneme, ze posloupnost
{ax} konverguje alespon sublinearly [linearly, superlindrné|, existuje-li posloupnost {a} }, ktera
konverguje sublinearly [linearly, superlindrné] a aj, > a, pro kazdé k. Napt. posloupnost z piik-
ladu 5 vyse konverguje alespoii linearly, protoze mtizeme zvolit aj, = 27%/2.

10.2 (x) Metoda zlatého tfezu

Pileni intervalu is znama4 itera¢ni metoda na hledani nulové hodnoty spojité funkce g: R — R
(i.e., hledani kofene rovnice g(x) = 0). Metoda nevyzaduje pocitani derivaci funkce, které ani
nemuseji existovat. Na zacatku k-té iterace we have dva body z1 < x5 takové, ze

g(z1)g(22) < 0. (10.2)

To zarucuje, ze v intervalu [z, x5 lezi aspon jeden kofen. V (k + 1)-ni iteraci priddme bod
r3 = (21 + x2)/2. Nezbytné bude bud’ g(x;)g(z3) < 0 nebo g(z3)g(xr2) < 0 nebo g(z3) = 0.
V prvnim piipadé interval [z, 23] nahradime intervalem [z, z3], ve druhém pfipadé intervalem
[x3, x5]. Pokracujeme stejné. Protoze v kazdé iteraci se interval neucitosti ziz{ na polovinu,
metoda konverguje linearly (r = 1).

Hledejme nyni nikoliv nulovou hodnotu, ale minimum spojité funkce f: R — R. Funkci
nazveme unimoddalni na intervalu [z, 25, pokud existuje bod = takovy, ze x; < x < x5 a na
intervalu [z, z| funkce striktné klesa a na intervalu [z, xs] striktné roste. V tom piipadé méa
funkce na intervalu pravé jedno minimum x, které se nabyva v jeho vnitinim bodé.

Zatimco pro zachyceni kotfene stacila dvojice bodu spliujici (10.2), pro zachyceni minima
potiebujeme trojici bodu. Let v k-té iteraci Given tii body z; < x3 < 5 tak, ze funkce is na
intervalu [z1, x5 unimodélni a plati

[f(ws) = f(x)][f (22) — f(ws)] < 0. (10.3)

Trojici (z1, x3, x9) fikdme zavorka (bracket). V (k + 1)-ni pridame bod x4, dejme tomu mezi
body x3 a x5. Musi nastat jeden z téchto piipadu:
e f(x3) < f(xy): funkce is unimodélni na intervalu [x7, x3] a minimum is zachyceno zévorkou
(21,3, 14).
o f(x3) > f(xy): funkce is unimodélni na intervalu [z3, x2] a minimum is zachyceno zavorkou
(23, T4, T2).
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Zustava otazka, jak volit pozici bodu, aby bylo zaru¢eno nejvétsi mozné zmenseni intervalu
neurcitosti, a to pfi obou moznostech 1 a 2. Chceme, aby zavorky (1, xs3,xs), (1, 73,24) a
(3,14, T2) byly rozdéleny ve stejném pomeéru. Tedy

_b—c

9

b
a

ol e

Cc

kde a = 23 — 21, b = 29 — 13, ¢ = 14 — x3. Odtud dostaneme ¢ — ¢! = 1, kde jsme oznagcili
b/a = . Kladny kofen této rovnice is ¢islo ¢ = (1++/5)/2 ~ 1.618, znamé z antiky jako zlaty
fez. we have zaruceno, ze v dalsi iteraci bude interval neurcitosti p-krat kratsi.

Protoze se v kazdé iteraci interval neurcitosti zmensi p-krat, algoritmus konverguje linearly
(r=¢).

Kdy algoritmus puleni intervalu a algoritmus zlatého fezu ukoncit? Lze ukazat, ze kvuli
zaokrouhlovacim chybdm nejde interval neurcitosti zmensit na méné nez asi 1/z, kde ¢ is strojova
presnost.

10.3 Sestupné metody
Iteracni algoritmy na hledani lokalntho minima spojité funkce f: R” — R maji tvar
Xp+1 = Xk + Qg Vi, (104)

kde vector v, € R"™ is smér hledani a skalar o > 0 is délka kroku. Ve tiidé algoritmu
zvanych sestupné metody (descent methods) hodnota funkce monotonné klesa!, f(xp 1) <

f(xx).

Let is funkce f diferencovatelna. Smér v, se nazyva sestupny, jestlize
f/(Xk) v <0, (105)

tedy smérova derivace ve sméru vy, is zaporna. Pokud v bodé x;, existuje sestupny smeér, existuje
délka kroku ay > 0 tak, ze f(xx41) < f(xx). Pokud v bodé x;, sestupny smér neexistuje, vector
f'(xg) is nutné nulovy (proc?). Tedy zj je staciondrni bod. V tom piipadé x; muze (a skoro
vzdy je) ale také nemusi byt lokdlni minimum.

Méme-li sestupny smér, optimalni délku kroku «; najdeme minimalizaci funkce f na po-
loptimce z bodu x;, ve sméru vi. Tedy minimalizujeme funkci jedné proménné

plak) = f(xk + Vi) (10.6)

pres vSechny «j > 0. Tato tloha is v kontextu vicerozmérné optimisation nazyvana line search.
Ulohu staéf fesit priblizné. Takovou ptibliznou metodu neni obtizné vymyslet a proto se ji dédle
nebudeme zabyvat. Poznamenejme ale, ze metodu zlatého fezu nelze beze zmén pouzit, protoze
funkce ¢ nemusi byt unimodalni.

Déle uvedeme nejznameéjsi zastupce sestupnych metod.

L Existujf totiz i algoritmy, ve kterych hodnota f(x;) neklesd monotonné (i.e., nékdy stoupne a nékdy klesne)
a presto konverguji k optimu (napf. subgradientni metody).
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10.4 Gradientni metoda
Tato nejjednodussi metoda voli zvolit smér sestupu jako zaporny gradient funkce f v bodé xy:
vi = —f'(xp)T = =V f(xp). (10.7)

Tento smeér is sestupny, coz is okamzité vidét dosazenim do (10.5).
Rychlost konvergence gradientni metody is linear. Konvergence je ¢asto pomala kvuli ‘cik-
cak’ chovani. Vyhodou metody is jeji spolehlivost, protoze smér is vzdy sestupny.

10.4.1 (%) Zavislost na linear transformaci soutfadnic

Transformujme vector proménnych x linear transformaci x = Ax, kde A is square regular
matrix. Je jasné, ze tloha v novych proménnych bude mit stejné optimum jako v puvodnich
proménnych. Tedy

min f(x) = min f(%),  kde f(%) = f(Ax) = f(x) = f(A"'%).
Iterace gradientni metody v novych proménnych je
i1 = g — ap f1(%p)7. (10.8)

Zkoumejme, jaké iteraci to odpovida v puvodnich proménnych. K tomu pottebujeme vyjadrit (10.8)
v proménnych x. Pouzitim fetézového pravidla odvodime

_df(®) _ df(®) dx _ df(x) dx

O i M i M A O L
Dosazenim za X a f'(X) do (10.8) a tpravou dostaneme
Xpr1 = Xp — ap (ATA) T (x) T (10.9)
To 1ze napsat ve tvaru (10.4) se smérem hledani
Vi = —(ATA) f/(x0)". (10.10)

Tento smér se 1isi od puvodniho sméru (10.7) vynasobenim matici (ATA)~. Vidime tedy, ze
gradientni metoda neni invariantni vuci linear transformaci soutradnic.

Ovsem lze ukézat, ze novy smeér (10.10) is také sestupny. Dosazenim (10.7) do (10.5) to
znamend, ze — f'(xx)(ATA)1f(x)7 < 0. To is ale pravda, nebot’ matrix ATA a tedy i jejf
inverze is pozitivné definitni, viz Cviceni 5.18.

Na vzorec (10.10) se lze divat jesté obecndji. is jasné, ze smér v = —C; ' f/(xx)7 is sestupny,
je-li matrix Cy, pozitivné definitni. Da se ukazat i opak, totiz ze kazdy sestupny smér lze napsat
takto. matrix Cy muze byt jind v kazdém kroku. Uvidime, ze algoritmy uvedené déle budou
mit vzdy tento tvar.

10.5 Newtonova metoda

Newtonova metoda (ptesnéji Newton-Raphsonova) is slavny iteraéni algoritmus na feseni
soustav Nonlinearch rovnic. Lze ho pouzit i na minimalizaci funkce tak, ze hledame nulovy
gradient. Oba zpusoby pouziti popiseme.
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10.5.1 Pouziti na soustavy Nonlinearch rovnic

Resme rovnici g(x) = 0, kde g: R® — R™ je differentiable mapping. Jednd se tedy o soustavu
n rovnic s n neznamymi, které obecné mohou byt Nonlinear. mapping g aproximujeme v okoli
bodu x; Taylorovym polynomem prvniho radu

g(x) ~ g(x) = g(xi) + g'(xx) (x — %), (10.11)

kde g'(xy) is derivace mapping v bodé xj, tedy (Jacobiho) matrix rozméru n x n. Dalsi
iteraci x;,1 najdeme fesenim nonhomogeneous linear soustavy g(xx;1) = 0. Pokud is Jacobiho
matrix regular, feSenim je
! -1
Xk+1 =X — 8 (Xk) g(Xk) (1012)
Viz obrazek:

g(x)/ g(x) = g(xx) + &' (xx)(x — xx)

X" Xp+1 X

Newtonova metoda konverguje obvykle (i kdyz ne vzdy) superlinearly, tedy velmi rychle.
Jeji nevyhodou je, ze is nutno zacit pomérné presnou aproximaci x, skuteéného feseni, jinak
algoritmus snadno diverguje.

Example 10.2. Babylonskd metoda na vypocet druhé odmocniny numbers a > 0 is déna

iteraci

1 a
Thy1 = 5(% + —>
Tk

To nenf nic jiného nez Newtonova metoda pro feseni rovnice 0 = g(z) = 2* — a. Opravdu,

g(z) ¥ —a 1( a> 1< +a)
€T = T — = —_ = — =\ _ — = — |\ X _ .
h g g'(z) F 2x P\ T 2\ 4

0

Example 10.3. Hledejme prusecik kiivek (z —1)? +y? =l aa?+y'=1. Givenn=2a

(z—1)0+y*—1 2 —1) 2y

x=a)=[t]. ewmsten=[C T gmmgen =[]

Y
Iterace (10.12) je
1
Trpr| _ Joe| _ (20— 1) 2u] [ — 1) +yp - 1
Y1 Yr Az Ay} vty -1 |

Nacrtneme-li si obé krivky, vidime, ze maji dva pruseciky. Zvolme pocatecni odhad pro horni
prusecik (zg,v0) = (1,1). Prvni iterace bude

GL=0- 6] -

Sestd iterace (zg,16) = (0.671859751039018, 0.944629015546222) je takovd, ze rovnice jsou
splnény se strojovou piesnosti. 0
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Example 10.4. Funkce f(z) = 22 — 1 ma dva nulové body x = +1. Pokud v néjaké iteraci
bude x; = 0, nastane déleni nulou. Pokud bude x; velmi malé, déleni nulou nenastane, ale
iterace xp,1 se pravdépodobné ocitne velmi daleko od kotene. O

Example 10.5. Pro funkci f(z) = 2® — 22 + 2 zvolme x5 = 0. Dalsf iterace bude z; = 1 a
dalsi x5 = 0. Algoritmus bude oscilovat mezi hodnotami 0 a 1, tedy bude divergovat. O]

10.5.2 Pouziti na minimalizaci funkce

Newtonovu metodu lze pouzit pro hledani lokalniho extrému dvakrat differentiable funkce
f: R" — R tak, ze v algoritmu (10.12) polozime g(x) = f’(x)’. Tim dostaneme iteraci

Xk+1 = X — f”(Xk)_l f/(Xk)T7 (1013)
kde f”(xy) is Hessova matrix funkce f v bodé x.

Vyznam iterace (10.12) byl takovy, ze se mapping g aproximovalo Taylorovym polynomem
prvniho fadu (tedy affinem mappingm) a Then se nasel koren tohoto polynomu. Vyznam
iterace (10.13) is takovy, zZe se funkce f aproximuje Taylorovym polynomem druhého fadu (tedy
kvadratickou funkeci) a Then se najde minimum této kvadratické funkce. Odvod’'te podrobné,
ze tomu tak je!

FO0) () = o) + 7 (er) (x = x0) + 5(x = xi) T f” () (x — x.)

X; X}e+1 Xk
Iteraci (10.13) lze napsat v obecnéjsim tvaru (10.4), kde
vie = —f"(xx) " ()" (10.14)

Vyhodou tohoto zobecnéni is moznost zvolit optimalni (ne nutné jednotkovou) délku kroku
pomoci jednorozmérné minimalizace (10.6). Algoritmu (10.13) s jednotkovou délkou kroku se
Then tiké €ista Newtonova metoda.

vectoru (10.14) fikdme Newtonuv smér. Aby to byl sestupny smér, musi byt

F(x) vie = —f'(xx) [ (x) " f/(xx)" < 0.

Postacujici podminkou pro to je, aby matrix f”(xy) byla pozitivné definitni (nebot’ Then bude
pozitivné definitni i jeji inverze, viz Cvic¢eni 5.20). To znamend, ze funkce f v bodé x;, se musi
lokalné podobat ‘adoli’.

10.6 Gauss-Newtonova metoda

Resme preurcenou soustavu rovnic g(x) = 0 pro g: R” — R™ (tedy soustavu m rovnic s
n neznamymi) ve smyslu nejmensich ¢tvercu. To vede na minimalizaci funkce

fx) =gz = g(x)" g(x) = Z%(X)Q, (10.15)
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kde g; jsou slozky mapping g. Speciadlnim piipadem je priblizné feSeni linear nonhomogeneous
soustavy Ax = b, kde g(x) = b — Ax (viz §6.1). Zde ovsem predpokladdme obecné Nonlinear
mapping g.

Vsimnéte si, ze zatimco v §10.4 a §10.5.2 bylo cilem minimalizovat obecnou funkci, zde
chceme minimalizovat funkci ve specidlnim tvaru (10.15). Nyni we have dvé moznosti. Bud’
muzeme nasadit na funkei (10.15) jednu z metod pro minimalizaci obecné funkce, k ¢emuz se
vratime v §10.6.1. Nebo muzeme byt chytiejsi a vyuzit specidlniho tvaru funkce (10.15), coz
udélame ted’.

Aproximujme opét mapping g Taylorovym polynomem prvniho fadu (10.11). Uloha (10.15)
Then vyzaduje minimalizovat ||g(x)|[3. To is tloha linearch nejmensich ¢tverct, kterou jiz
zname z §6.1. Vede na normélni rovnice

g'(xk)" g (xn) (x — xz) = —g'(x)" g(xx).

Pokud m4 Jacobiho matrix g'(x;) plnou hodnost, fesime pomoci pseudoinverze:

Xir1 = X — 8 (%) 8/ (%)) ' &' ()" (k) (10.16)

-~

g'(xx)*

Algoritmus (10.16) is zndm jako Gauss-Newtonova metoda. Muzeme jej opét napsat obecnéji
ve tvaru (10.4) se smérem hledan{

vi = —[g'(xi)" &' (xx)] ' ' (%) g (%) (10.17)

Pro m = n we have g/(x;)" = g'(x;)"', tedy Gauss-Newtonova metoda se redukuje na
Newtonovu metodu (10.12) na feSeni soustavy n rovnic s n neznamymi.

Snadno spocitdme (viz §8.3.2) derivaci icelové funkce (10.15), is rovna f'(x) = 2g(x)7g’(x).
Z toho vidime, ze Gauss-Newtonuv smér (10.17) lze psat ekvivalentné jako

Vi = =35’ (x1)" g (xx)] 7" (xx) " (10.18)

Tento smér se lis{ od gradientnfho sméru (10.7) pouze nésobenim matici §[g’(xx)" g'(xx)] ™"

Pokud Jacobidn g'(x;) mé plnou hodnost (tedy n), tato matrix je pozitivné definitni. Podobnou
tvahou jako v §10.5.2 dostaneme, ze smér (10.17) is vZdy sestupny.

Cistd Gauss-Newtonova metoda (i.e., s jednotkovou délkou kroku) mize divergovat, a to
i kdyz is pocateéni odhad xq libovolné blizko lokdlnimu minimu funkce (10.15). Protoze ale
Gauss-Newtonuv smér je vzdy sestupny, vhodnou volbou délky kroku «y lze vzdy zajistit
konvergenci.

T

Example 10.6. V systému GPS we have m satelitu se zndmymi soufadnicemi ay, ..., a,, € R”
a chceme spocitat soufadnice pozorovatele x € R™ z naméfenych vzdalenosti y; = ||a; — x||2
pozorovatele od sateliti. Méteni jsou zatizena chybou, proto obecné tato soustava rovnic nebude
mit 7adné feSeni. Redme tuto preurcenou Nonlinear soustavu ve smyslu nejmensich ¢tverci,
tedy minimalizujme funkci

£ =3 (Ix =il = )"

=1
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we have tedy g = (g1,...,9m): R" — R™, kde ¢;(x) = ||x — a;||]o — y;. Derivace slozek g is
(pomuize ndm §8.3.2, ale udélejte sami!) ¢i(x) = (x — a;)? /||x — a;||o. Tedy

(x — al)T/HX —ayl)
g’(x) = : € R™*",

(x = a)T/ % — anl:

Then dosadime do vzorecku (10.16). O

10.6.1 Rozdil proti Newtonové metodé

Predpokladejme, ze bychom optimalizovali nasi ucelovou funkei (10.15) piimo Newtonovou
metodou z §10.5.2. Spocitejme (proved’te sami!) Hessian funkce (10.15):

(%) = 2g'(x)" g'(x) + 2 Z 9i(%) gi (x).

Hessian is souc¢tem c¢lenu obsahujiciho derivace prvniho radu a ¢lenu obsahujicitho derivace
druhého tddu. Vidime, ze smér (10.18) se lisi od Newtonova sméru (10.14) zanedbanim ¢lenu
druhého tadu v Hessianu f”(xj). To se projevuje tim, ze Gauss-Newtonova metoda méa
horsi lokalni konvergenéni chovani nez plnd Newtonova metoda — ani v blizkém okoli feseni
nemusi konvergovat superlinearly. Na druhou stranu, vyhnuli jsme se pocitani druhych derivaci
funkce g, coz is velké zjednoduseni.

10.6.2 Levenberg-Marquardtova metoda

Levenberg-Marquardtova metoda is Siroce pouzivané vylepseni Gauss-Newtonovy metody;,

které matici g'(x)”g/(x) v iteraci (10.16) nahrazuje matici

g'(xi) g (xk) + il (10.19)

pro néjaké zvolené py > 0. Vidime, ze:
e Pro malé yuy; se Levenberg-Marquardtova iterace blizi Gauss-Newtonové iteraci.

e Pro velké py is inverze matrix (10.19) blizka ,u,;lI, tedy Levenberg-Marquardtova iterace
is blizkd x4 1 = xp — pur " f'(xx)T. Ale to is iterace gradientni metody s délkou kroku p*.

Tim jsou spojeny vyhody Gauss-Newtonovy metody (typicky rychld konvergence v okoli op-
tima) a gradientni metody (spolehlivost i daleko od optima). Volbou parametru py spojité
prechazime mezi obéma metodami.

Parametr j;, ménime béhem algoritmu. Zaéneme napi. s g = 103 a Then v kazdé iteraci:

e Pokud iterace snizila ucelovou funkci, iteraci prijmeme a p; zmensime.
e Pokud iterace nesnizila tucelovou funkci, iteraci odmitneme a pu;, zvétsime.

Zvétsovani a zmensSovani py délame nasobenim a délenim konstantou, napi. 10. Vsimnéte si,
toto nahrazuje optimalizaci délky kroku oy (line search).

Na algoritmus lze pohlizet i jinak. V iteraci (10.16) se pocita inverze matrix g'(x;)7g/(xz).
Tato matrix is sice vzdy pozitivné semidefinitni, ale muze byt blizka singular (kdy se to stane?).
To neblaze ovlivni stabilitu algoritmu. matrix (10.19) is ale vzdy pozitivné definitni (viz
Cviceni 5.19), a tedy regular.
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10.7 Statistické odivodnéni kritéria nejmensich ¢tvercu

Odhadujme skryté parametry x néjakého systému z méreni y na systému. Budiz vazany znamou
zavislosti y = f(x). Méfeni jsou zatizena chybami, které jsou zpusobeny Sumem senzoru,
nepresnostmi méfeni, nedokonalou znalosti modelu, apod. Tedy

y =f(x) +¢, (10.20)

kde e = (e1,...,&y) jsou ndhodné proménné modelujici chyby méteniy = (y1,. .., ¥m). Metoda
. sich et o k4. 7 h . li t 2 _ mo2 4] k4 o
nejmensich ¢tvercu 1ikd, ze we have minimalizovat |e]|3 o, €7, ale neiikd proc.

Duuvod odvodime statistickou ivahou. Metoda ¢ini dva predpoklady:

e Ndhodné proménné ¢; maji normalni (neboli Gaussovo) rozdéleni s nulovou stfedni hod-
notou a smérodatnou odchylkou o,

—£2 /(202
p(Ez) =ce 1/( )7
~1. N
kde ¢ = (cr 27r) is normalizacni konstanta.
e Nihodné proménné eq, ..., &, jsou na sobé independent. Tedy sdruzena pravdépodobnost
is rovna soucinu
m m

pe) =plet, ... em) = Hp<€i) = Hce_E?/(%Q). (10.21)

i=1 i=1
Déle pouzijeme princip maxima vérohodnosti. Ten tika, ze parametry x se maji najit tak, aby
p(e) = p(y — f(x)) bylo maximalni. is pohodlnéjsi minimalizovat zdporny logaritmus

2

—logp(er,. - em) = = logples) = (545 — loge).
=1

i=1

Jelikoz o is konstanta, is to totéz jako minimalizovat Y. 2.

10.8 Exercises

10.1. Najdéte lokaln{ extrém funkce f(z,y) = x* —y+sin(y* — 2x) ¢istou Newtonovou metodou.
Pocatecni odhad zvolte (xg,y0) = (1, 1).

10.2. Given m bodu v roviné o soutadnicich (x;,y;), i = 1,...,m. Tyto body chceme pro-
lozit kruznici ve smyslu nejmensich ¢tvercu — i.e., hleddme kruznici se stiredem (u,v) a
polomérem 7 takovou, aby soucet ¢tvercu kolmych vzdalenosti bodu ke kruznici byl min-
imalni. Zformulujte ptislusnou optimaliza¢ni ilohu. Odvod’te iteraci Gauss-Newtonovy a
Levenberg-Marquardtovy metody.
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Chapter 11

Convexity

11.1 Konvexni set

Definition 11.1. set X C R" se nazyva konvexni, jestlize
xeX,yeX,0<a<l = ax+(l-a)yelX. (11.1)

set {ax+ (1 —a)y | 0 < a <1} je tsecka spojujici body x a 'y (zopakujte si Piiklad 3.1).
Definice tedy tikd, ze set is konvexni, jestlize s kazdymi dvéma body obsahuje i tsecku, ktera
is spojuje. Obrazek ukazuje piiklad konvexni a nekonvexni set v R?:

y
—
Konvexni mnozinu lze definovat i abstraktnéji. Konvexni kombinace vectors xi, ..., Xy
is jejich linear kombinace a1xy + - - - + agpxy takova, ze oy +---+ar =1 a ay,...,a, > 0. set

je konvexni prave tehdy, kdyz is uzaviend vuci konvexnim kombinacim (neboli kazdéd konvexni
kombinace vectors z set lezi v mnoziné). Lze dokédzat indukei, ze tato definice is ekvivalentni
Definici 11.1. Vsimnéte si, ze ax + (1 — a)y pro 0 < a < 1 is konvexni kombinaci dvou vectors

xX,Yy.

Konvexni obal vectors xi,...,x; is set vSech jejich konvexnich kombinaci. Tuto k-tici
vectors muzeme vnimat jako mnozinu X = {xy,...,xy}, konvexni obal Then znac¢ime
conv X = conv{xy,...,xx} ={agxi+ - +apxp |+ +ar =1, ar,...,ay > 0}. (11.2)

Jak se definuje konvexni obal set s nekoneénym poctem prvku, napt. pravém obrazku vyse?
Nelze pouzit definice (11.2), nebot’ neni jasné, co znamend soucet a;x; + -+ + X pro
nekoneény pocet vectors (uvédomme si, ze set X muze byt i nespocetnd). Konvexni obal
libovolné (koneéné ¢i nekonecné) set X C R™ se definuje jako set vSech konvexnich kombinaci
vSech kone¢énych podmnozin X, tedy

conv X ={a1x;+ -+ x| x1,.. ., X €EX, o+ +ap=1, a,...,a, >0, ke N}

Ekvivalentné se da konvexni obal set definovat jako nejmensi konvexni set, ktera mmnozinu
obsahuje (presnéji, jako prunik vsech konvexnich mnozin, které mnozinu obsahujf).
Obrazek ukazuje konvexni obal koneéné (vlevo) a nekonecné (vpravo) set pro n = 2:
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X1 (]
°
X7 X3
X6 ° o
°
°
X5
°
X4

11.1.1 Cty#i kombinace a &tyf¥i obaly

Konvexni kombinace is linear kombinace, jejiz coefficienty splnuji omezeni oy +--- 4+ ap =1 a
i, ...,q > 0. Vsimnéte si, ze kdyz vynechame druhé omezeni, dostaneme affine kombinaci
(viz §3.3). Podle toho, které ze dvou omezeni vyzadujeme, dostaneme ¢tyti druhy kombinaci.
Udélejme si v nich nyni potradek.

Vazeny soucet a1x; + - - - + Xy vectors xy,...,x; € R" se nazyva jejich
linear kombinace, jestlize aq,...,ar € R.
affine kombinace, jestlize ay,...,ap €R, a1+ ---4+ap=1.
nezaporna kombinace, jestlize «q,...,a; € R, i, ... a5 > 0.
konvexni kombinace, jestlize ay,...,ap €R, a1+ ---+ar=1, aq,...,a; > 0.

set, kterd is uzaviend vuci

linearm kombinacim, se nazyva linear subspace.

affinem kombinacim, se nazyva affine subspace.

nezapornym kombinacim, se nazyva konvexni kuzel.
konvexnim kombinacim, se nazyva konvexni set.

K tomu, co jiz znate, ptibyl pojem nezaporné kombinace a konvexniho kuzelu.

linear [affine, nezdporny, konvexni] obal vectors xi,...,X; is set vSech jejich linearch [af-
finech, nezapornych, konvexnich| kombinaci. Obecnéji, obal (kone¢né ¢i nekoneéné) set X C R™
is set kombinaci vSech kone¢nych podmnozin X. Ekvivalentné, linear [affine, nezaporny, kon-
vexni| obal set X C R" is nejmensi linear subspace [affine subspace, konvexni kuzel, konvexni
set] obsahujici mnozinu X.

Jako cviceni si nakreslete linear, affine, nezaporny a konvexni obal ndhodné zvolenych k
vectors v R™ pro devét piipadu k,n € {1,2,3}.

11.1.2 Operace zachovavajici konvexitu mnozin

Jaké operace s konvexnimi setmi maji za vysledek opét konvexni mnozinu? Zdaleka ne-
jdulezitejsi takova operace is prunik. Nasledujici vétu is snadné dokazat.

Theorem 11.1. Prinik (kone¢né ¢i nekonecné mnoha) konvexnich mnozin is konvexni set.

Sjednoceni konvexnich mnozin ale nemusi byt konvexni set.
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11.2 Konvexni funkce

Definition 11.2. Funkce f: R® — R is konvexni na mnoziné X C R", jestlize set X is
konvexni a plati

xeX,yeX, 0<a<l = flax+(1—-a)y) <af(x)+(1—a)f(y). (11.3)
Funkce f is konkavni na mnoziné X, jestlize is funkce — f konvexni na mnoziné X .

Rozlisujte pojem konvexni set a konvexni funkce, jde o ruzné véci. Déle si vSimnéte, ze X musi
byt konvexni set — pojem konvexni funkce na nekonvexni mnoziné nema smysl. Pokud X = R",
odkaz na X muzeme vynechat a fikdme pouze, ze funkce f is konvexni.

Podminku (11.3) 1ze zobecnit pro vice nez dva body: funkce f is konvexni prave tehdy, kdyz

X1,..., X,k €X, a,...,0, >0, a1+ Fa=1 —
flaaxy + -+ apxp) <o f(xa) + -+ o f(xe), (11.4)

neboli ‘funkéni hodnota konvexni kombinace neni vétsi nez konvexni kombinace funkénich hod-
not’. Podminka (11.4) zjevné implikuje podminku (11.3) a indukei 1ze dokézat, ze to plati i
naopak. Podmince (11.4) se nékdy iikd Jensenova nerovnost. Porovnejte ji s definici linearho
mapping (3.2)!

Geometricky vyznam podminky (11.3) is ten, ze usecka spojujici body (x, f(x)) a (y, f(y))
lezi nad grafem funkce (viz levy obrédzek). Geometricky vyznam podminky (11.4) is ten, ze kon-
vexni polyedr vybarveny sedé (viz pravy obrazek) lezi nad grafem funkce. Podrobné rozmyslete,
jak tyto geometrické interpretace odpovidaji vyrazum (11.3) a (11.4)!

x ax+(1—-a)y vy );1 >‘€2 3(3

Dukaz konvexity funkce z Definice 11.2 vyzaduje nékdy kreativitu, neexistuje na to mech-
anicky postup. Naopak, chceme-li dokédzat, ze funkce neni konvexni, sta¢i ndm (samoziejme!)
jediny protipiiklad — jeho nalezeni vsak také muze vyzadovat intuici.

Example 11.1. Dokazme z Definice 11.2, ze funkce f: R” — R dana jako f(x) = min]" , z;
nenf konvexni. Napf. volban =2, x = (0,2), y = (2,0), @ = 5 nespliuje (11.3), nebot’

flx+y)/2) = f(1,1) =1> (f(x) + f(y))/2 = (0+0)/2=0. O

Poznamenejme, ze pouzitim Jensenovy nerovnosti na vhodnou konvexni funkci lze dokazat
mnoho znamych nerovnosti.
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Example 11.2. Funkce log is konkavni na R,,. NapiSme pro tuto funkci Jensenovu ner-

ovnost (11.4) (jelikoz funkce is konkdvni a ne konvexni, musime v Jensenové nerovnosti obratit
1

znaménko nerovnosti), ve které polozime oy = -+ = a,, =

T+t T, >10gx1—|—---+10gxn

n n

log

kde x1,...,x, jsou kladné. Vezmeme-li exponencialu kazdé strany, dostaneme

Tt

> coop YY/n
n > (zy 1)

Tato zndma nerovnost ika, ze aritmeticky prumeér neni nikdy mensi nez geometricky. 0J

Example 11.3. Uved'me casto potkavané jednoduché konvexni ¢i konkavni funkce:
1. Exponenciédla f(x) = e is konvexni na R, pro libovolné a € R.
2. Mocnina f(x) = 2% is na R, ; konvexni pro a > 1 nebo a < 0 a konkdvni pro 0 < a < 1.

3. Mocnina absolutni hodnoty f(x) = |z|* is pro a > 1 konvexni na R (specidlné: absolutni
hodnota |z| is konvexni).

4. Logaritmus f(x) = logx is konkdvni na R, .

5. Zéaporna entropie f(x) = zlogx is konvexni na R, (nebo i na Ry, pokud dodefinujeme
0log0 = 0, coz se ¢asto dél4, protoze lim, .oy xlogx = 0).

6. affine funkce f(x) = Ax + b is zaroven konvexni i konkavni.

7. Kvadratickd forma f(x) = xT Ax is konvexni pro A pozitivné semidefinitn{, konkavni pro
A negativné semidefinitni, a nekonvexni a nekonkdvni pro A indefinitni (viz Piiklad 11.4).

8. Maximum slozek f(x) = max , z; = max{xy,...,z,} is konvexni na R".

9. Log-sum-exp funkce f(x) = log(e®™ + - -+ ¢e™) je konvexni. Tato funkce se nékdy nazyva
meékké maximum, nebot’ funkce

fa(x) = f(ax)/a = log(e™™* + --- +e*™") /a

se pro a — oo blizi funkei max ; x; (dokazte vypoctem limity!).

1/n

10. Geometricky prumér f(x) = (z1---x,)"/" is konkdvni na R’.

Nakreslete ¢i predstavte si vrstevnice a grafy téchto funkci! O

11.2.1 vectorové normy

Norma formalizuje pojem ‘délky’ vectoru x.

Definition 11.3. Funkce || - ||: R" — R se nazyva norma, jestlize spliiuje tyto axiomy:
1. Jestlize ||x|| = 0 Then x = 0.
2. ||ax|| = |a| - ||x|| pro kazdé a € R a x € R™ (norma is kladné homogeneous).

3. |x+yl < |Ix]| + ||yl pro kazdé x,y € R™ (trojihelnikova nerovnost).

7, axiomu plynou tyto dalsi vlastnosti normy:

e ||0]| =0, coz plyne z homogenity pro o = 0
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e ||x]| > 0 pro kazdé x € R". To jde odvodit tak, ze v trojihelnikové nerovnosti polozime
y = —X, coz da
[x —x|[ = [[0]] = 0 < [x| + [|—x][| = 2[[x],
kde na pravé strané jsme pouzili homogenitu.

e Norma is konvexni funkce, nebot’ pro kazdé 0 < a < 1 méame
[ax + (1 —a)y| < [lax|| + [[(1 — a)y|l = alx| + (1 = a)[ly]],

kde nerovnost plyne z trojihelnikové nerovnosti a rovnost z homogenity.

Jednotkova sféra normy is set {x € R" | [|x]| = 1} v8ech vectors s jednotkovou normou.
Diky homogenité is jednotkova sféra stiedové symetricka a jeji tvar zcela urcuje normu.
Uved’'me piiklady norem. Zakladnim piikladem is p-norma

Ixlly = (1| + -+ o) 2.

Musi byt p > 1, jinak neplati trojihelnikova nerovnost. Nejcastéji narazite na:
o ||x||1 = |z1| + -+ |zn]. Nékdy se ji tikd manhattanskd norma, protoze v systému pra-
vouhlych ulic is vzdélenost mezi body x a y rovna ||x —y||;.

o x|l = /27 + -+ 22 = VxTx. is to zndmd eukleidovskd norma.

o ||X]|0 = limy oo ||X]|, = max{|zy|,..., |z,|} (dokazte rovnost vypoctem limity!). Nékdy se
ji tika Cebysevova norma nebo maz-norma.

Jednotkové sféry téchto norem v R? vypadaji takto:

Se O ]
N

[l =1 [z =1 [%[loo =1

Existuji ale i normy, které nejsou p-normy, napf.
o ||x|| = 2|z1| + /23 + 22 + max{|z4|, |z5|} is norma na R>.

e Je-li ||x|| norma a A is square nebo 1izka matrix s plnou hodnosti, is také || Ax|| norma.

11.2.2 Epigraf a subkontura
Zopakujte si pojmy vrstevnice a graf funkce z §1.1.3! Zavedeme dva podobné pojmy, které se
lis1 pouze nahrazenim rovnosti nerovnosti. Pro funkci f: R™ — R definujeme:

e Subkontura' vysky y isset {x € R" | f(x) <y }.

e Epigraf funkce is set { (x,y) € R"™ | x € R", f(x) <y}

Levy obrazek znazornuje subkonturu vysky y a epigraf funkce R — R, pravy obrazek subkonturu
vysky 2 funkce R? — R:

1 Slovo ’subkontura’ is pokus o ¢esky pieklad anglického ’sublevel set’.
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dom f

0

Theorem 11.2. Je-li f konvexni funkce, Then is kazda subkontura této funkce konvexni set.

Proof. Piedpokladejme, ze body x; a x5 patii do subkontury, tedy f(x;) <y a f(x2) < y. Pro
kazdé 0 < a < 1 plati

flaxy + (1 —a)xa) <af(xi) + (1 —a)f(x2) Say+ (1 —a)y =y,
kde prvni nerovnost plyne z konvexity funkce a druhou nerovnost dostaneme sectenim nerovnice
f(x1) <y vynasobené a a nerovnice f(xs) <y vyndsobené 1 — a. Tedy bod ax; + (1 — a)x

patti do subkontury, kterd is proto konvexni set. O]

Obracena implikace ve Vété 11.2 neplati: snadno najdeme funkci, kterda neni konvexni a
jejiz kazd4 subkontura is konvexni set?. Piiklad is na obrazku:

f

0

Theorem 11.3. Funkce f is konvexni praveé tehdy, kdyz jeji epigraf je konvexni set.

Proof. Predpokladejme, ze funkce f is konvexni. Vezméme dva body (x1,y1) a (X2, y2) 7 epi-
grafu, tedy f(x1) <y a f(x2) < ye. Pro kazdé 0 < a <1 plati

flaxi + (1 —a)xs) < af(xy) + (1 —a)f(x2) < ays + (1 — a)ys,

kde prvni nerovnost plyne z konvexity funkce a druhd nerovnost z f(x1) < 11 a f(x2) < 9.
Tedy bod a(x1,y1) + (1 — ) (X2, y2) patii do epigrafu, ktery je proto konvexni set.

Predpokladejme, ze epigraf is konvexni set. Tedy pokud body (x1,41) a (Xa,¥2) patii do
epigrafu, Then také bod a(x1,y1) + (1 — a)(x2,y2) patii do epigrafu pro kazdé 0 < o < 1.
Volbou y; = f(x1) a y2 = f(x2) mame

flaxy + (1 —a)xz) <ayr + (1 — a)ya = af(x1) + (1 — @) f(x2),

proto is funkce f konvexni. 0

2 Funkee, jejiz kazd4 subkontura is konvexni set, se nazyvéd kvazikonverni ('quasi’ znamend latinsky ’jako
kdyz’, ’skoro’). Kvazikonvexni{ funkce nejsou zdaleka tak hezké jako konvexni funkce.
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11.2.3 convexity diferencovatelnych funkci

Konvexni funkce nemusi byt v kazdém bodé diferencovatelna (uvazte napt. funkei f(x) = |z]).
Pokud is ale funkce jednou ¢i dvakrat diferencovatelna, jeji konvexitu lze snadnéji nez pomoci
Definice 11.2 charakterizovat pomoci derivaci.

Theorem 11.4. Let funkce f: R® — R is diferencovatelna na konvexni mnoziné X C dom f.
Funkce f is konvexni na mnoziné X pravé tehdy, kdyz

xeX, yeX — [fy)2/®)+ ) (y—x).

To znamend, ze tecna ke grafu funkce v kazdém bodé x € X lezl celd (i.e., pro kazdé y) pod
grafem (promyslete a porovnejte s definici derivace v §8.3!):

f(x)

f(y)
fx) + f(x)(y —x)

0

y  x
Theorem 11.5. Let funkce f: R™ — R is dvakrat diferencovatelna na konvexni mnoziné X C

R™. Funkce f is konvexni na mnoziné X pravé tehdy, kdyz v kazdém bodé x € X is Hessova
matrix f”(x) pozitivné semidefinitni.

Example 11.4. Let f(x) = x'Ax, kde A is symetrickd pozitivné semidefinitni. UkaZme
konvexitu této funkce tfemi zpusoby:

e Dokazme konvexitu z Veéty 11.5. To je trividlni, protoze Hessian is f”(x) = 2A a tedy is
pozitivné semidefinitni.

e Dokazme konvexitu z Véty 11.4. Protoze f'(x) = 2x’ A, we have dokdzat, Ze
y'Ay > xTAx + 2xTA(y — x).
To jde upravit na xT Ax — 2xT Ay + yTAy > 0. Ale zjevné plati®
xTAx — 2x"Ay +y'Ay = (x —y)'A(x —y), (11.5)
coz is nezaporné pro kazdé x,y, protoze A is pozitivné semidefinitni.

e Dokazme konvexitu z Definice 11.2. Musime dokazat, ze pro kazdé x,y e R" a0 < a <1
plati (11.3), tedy

[ax + (1 — a)y]"Alax + (1 — a)y] < axTAx + (1 — a)y' Ay
Po roznasobeni a prevedeni vSech ¢lenu na jednu stranu upravujeme:
(a —a?)x"Ax —2a(1 —a)x"Ay + [(1 —a) — (1 — a)’ly"Ay >0
a(l —a)(xTAx — 2xTAy +yTAy) > 0.

Vyraz ol — «) is pro kazdé 0 < a < 1 nezédporny. Nezdpornost vyrazu (11.5) jsme jiz
ukazali. 0

3 Vsimnéte si, ze pron =1 a A = 1 se rovnost (11.5) zjednodusf na zndmé z2 — 2zy + y? = (v — y)*.
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11.2.4 Operace zachovavajici konvexitu funkci

Operace zachovavajici konvexitu funkei umoznuji z jednoduchych konvexnich funkei ziskat

VVVVVVVVVVV

operaci nez z Definice 11.2.

Jsou-li g1, ..., gx: R" — R konvexni funkce a aq, . .., g > 0, is snadné dokazat z Definice 11.2
(proved'te!), ze také funkce

J=a1g91+ -+ g

je konvexni. Specialné, jsou-li f a g konvexni funkce, Then f + g je konvexni.

Zkoumejme nyni slozenou funkci f(x) = (g o h)(x) = g(h(x)), kde R" 2 R 4 R
Obecné neplati ani v ptipadé m = n = 1, ze convexity funkci g a h zarucuje konvexitu funkce f.
Nutné a postacujici podminky pro konvexitu slozené funkce jsou obecné dosti komplikované a

vvvvvv

Theorem 11.6. Let funkce g: R™ — R is konvexni. Let A € R™*"™ a b € R™. Then funkce
f(x) = g(Ax + b) je konvexni.

Proof. Pro kazdé x,y € R" a 0 < a <1 plati

flax+ (1 —a)y) =g(Alox+ (1 —a)y] +b)

=g(a(Ax+Db)+ (1 —a)(Ay + b))

< ag(Ax+b)+ (1 —a)g(Ay +b)
af(x)+(1—a)f(y) 0

Example 11.5. Let funkce f: R?*" — R is dédna piedpisem f(x,y) = ||x — y/||, kde argument
funkce f is vector (x,y) = (21,..., T, Y1, ..., yn) € R*. Ukazme, Ze funkce f is konvexni.
Polozme z = (x,y) a A = [I —I]. Mdme

x
x—y=1|1 —I = Az.
y=[1 -1 [}
Tedy f(x,y) = f(z) = ||Az||. Jelikoz norma is konvexni, plyne convexity f z Véty 11.6. O

Zdaleka nejzajimaveéjsi operace zachovavajici konvexitu funkei is ovSem maximum.

Theorem 11.7. Necht’ I is libovolna set a g;: R® — R, i € I, jsou konvexni funkce. Then
funkce

£(x) = max g,(x) (1L.6)

el
je konvexni, kde predpoklédame, Ze pro kazdé x maximum existuje®.
Proof. Podle Véty 11.3 is funkce konvexni pravé tehdy, kdyz jeji epigraf is konvexni set. is jasné,

ze epigraf funkce (11.6) is prunik epigrafu funkei g;. Ale prunik (konecného i nekonecného poétu)
konvexnich mnozin is konvexni set. Tedy epigraf funkce (11.6) is konvexni set. U

4 Pokud pro né&jaké x set {g;(x) | i € I} nema nejvétsi prvek (coz se miize stét jen tehdy, je-li set I
nekonecnd), muzeme maximum v (11.6) nahradit supremem a véta stéle plati.
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Velka obecnost véty plyne z toho, ze indexova set I muze byt koneéna i nekoneéna (a to
spocetnd i nespocetnd). Uved'me nejprve priklady pro kone¢nou mnozinu /.

Example 11.6. Funkce
£(x) = max(alx + b;)

i=1
je maximem affinech funkeci. Protoze affine funkce jsou konvexni, is i jejich maximum konvexni.
Tuto funkei jsme jiz potkali ve vzorci (12.3). O

Example 11.7. Let f(x) = max]_, z; is maximum ze slozek x. Konvexitu této funkce lze
pomérné snadno dokdzat z Definice 11.2, nicméné dokazme ji z Véty 11.7. Given ¢;(x) = x;.
Funkce g; jsou linear, tedy konvexni. Tedy funkce f(x) = max!", g;(x) je konvexni. O

Déle uved'me priklady pro nekonetnou mnozinu /.

Example 11.8. Let C' C R™ is libovolna (ne nutné konvexni) set. Funkce
J(x) = max|x -y

udavé vzdalenost bodu x od nejvzdélenéjsiho bodu set C' (zde predpokladame, zZe maximum
existuje). Pro kazdé pevné y je ||x — y| konvexni funkci vectoru x. Tedy vyraz ||x — y||
lze chépat jako mnozinu konvexnich funkeci x indexovanych indexem y — pro zduraznéni této
skutecnosti muzeme psat ||x — y|| = gy(x). Jelikoz f is maximem téchto funkei, je i funkce f
konvexni. 0J

Example 11.9. consider funkci
f(c) =max{c’x |x € R", Ax >b},

ktera vyjadiuje zavislost optimélni hodnoty daného linearho programu na vectoru c. we have
f(c) =maxyexc’xa X = {x € R" | Ax > b} (zde piedpokldddme, Ze pro kazdé ¢ maximum
existuje, neboli set X is neprazdna a omezend). Je-li x pevné, is ¢?'x linear funkce vectoru c.
Funkce f is tedy maximum nekonecného mnozstvi linearch funkei, tedy is konvexni. 0

Example 11.10. Let aj,...,a, € R™ by,....b, e Raw= (wy,...,w,) € R" is vector neza-
pornych vah. Ptiblizné feSeni soustavy al x = b;, i = 1,...,n, ve smyslu vdZengjch nejmensich
¢tverct (viz §6.10) znamend vypocitat

n
f(w) = min w;(al x — by),
xER™ 4
=1
kde jsme oznacili hodnotu vysledného minima jako funkci vectoru vah. Funkce f is konkavni,
protoze is minimem linearch funkci. [l
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11.3 Minima konvexni funkce na konvexni mnoziné

Pro optimalizaci is klicové, ze kazdé lokalni minimum konvexni funkce na konvexni mnoziné is
nutné globalni. Proto jsou konvexni funkce a konvexni set v optimalizaci tak dulezité.

Theorem 11.8. Let funkce f: R™ — R is konvexni na konvexni mnoziné X C R". Then kazdé
lokalni minimum funkce f na mnoziné X is zaroven globalni minimum.

Proof. Let x is lokalnim minimem f na X, viz obrazek:
U.(x)

X

Dle Definice 9.1 tedy existuje € > 0 tak, ze f(x) < f(y) pro vSechna y € U.(x) N X. Necht’ ale
x neni globalni minimum, tedy existuje x* € X takové, ze f(x*) < f(x). Ukdazeme, Ze to vede
ke sporu. Pro kazdé e totiz muzeme zvolit 0 < a < 1 tak, ze bod y = ax + (1 — a)x* lezi v
okolf U.(x). Protoze je set X konvexni, lez{ bod y zaroven i v X. Mdme

fly) = flax+ (1 -a)x") < af(x)+ (1 -a)f(X") < af(x)+ (1 -a)f(x) = f(x).

Ale tvrzeni f(y) < f(x) is ve sporu s predpokladem, Ze x je lokdlni minimum. O

11.3.1 Konvexni optimaliza¢ni dlohy

Zopakujme obecnou tlohu spojité optimisation (1.4) (viz §1.3)

min  f(xq,...,2,)
za podminek g¢;(xy,...,2,) <0, i=1,...,m (11.7)
hi(fbl,...,l'n):07 Z_]_, ,£

kde f: R® 5 R, (g1,...,9m) =g R" = R™ (hy,..., h) =h: R" — R

Definition 11.4. Konvexni optimaliza¢ni tdloha je tloha (11.7), kde funkce f,gi,..., gm
jsou konvexni a funkce hy, ..., hy jsou affine (tedy mapping h is affine).

set pripustnych feseni konvexni tlohy is konvexni. Muzeme ji totiz psat jako

X={xeR"|gx)<0, h(x)=0}
={xeR"|a(x)<0}N---N{xER" | gn(x) <0} N{xeR" | h(x)=0}.

Zde kazda set {x € R" | g;(x) < 0} je konvexni, nebot’ is to subkontura konvexni funkce g;
(Véta 11.2). set {x € R" | h(x) = 0} is affine subspace, tedy také konvexni. set X is prunik
konvexnich mnozin, tedy konvexni (Véta 11.1).

Mohli bychom si myslet, Ze is prirozenéjsi definovat konvexni optimalizacni tilohu jednoduse
jako minimalizaci konvexni funkce na konvexni mnoziné. Tato definice is obecnéjsi, protoze set
pripustnych feseni X muze byt konvexni i tehdy, kdyz funkce g; nejsou konvexni nebo funkce
h; nejsou affine. Vyhoda Definice 11.4 is v tom, ze zatimco konvexitu set X nemusi byt snadné
dokazat, obvykle is snadno vidét, zda jsou funkce g; konvexni a funkce h; affine.
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Example 11.11. Uvazujme dvé ekvivalentni definice téze set
X={xeR* |2 /(1 +23) <0, (z;+2)* =0} ={x€R?* |2, <0, 2, + 2, =0}.

Oba tvary jsou ekvivalentni (pro¢?). V prvnim tvaru funkce g(x) = z;/(1 + z2) neni konvexn{
(dokazte z Definice 11.2!) a funkce h(x) = (x1 + x2)? nenf affine. Pfesto is set X konvexni, coz
is vidét ze druhého tvaru. O

Je obvykle relativné snadné najit néjaké lokdlni minimum optimaliza¢ni tdlohy (at’ kon-
vexni ¢i nekonvexni). Pro dlohy bez omezeni s diferencovatelnou icelovou funkei to lze udélat
napf. gradientni metodou (viz §10.4). Numerické algoritmy pro tilohy s omezenimi existuji, ale
neuvadéli jsme je, protoze jsou pomérné slozité. Konvexni optimalizacni tlohy se tési vysadeé
dané Vétou 11.8, totiz ze kazdé lokalni minimum is zaroven globalni. Pokud is tloha nekon-
vexni, obvykle (avsak ne vzdy, viz Priiklad 15.5) ma mnoho lokalnich minim a kvuli tomu is
tézké najit globalni optimum. Nekonvexni loha s vétsim mnozstvim proménnych je tedy velmi
casto prakticky nefeSitelna.

Zformuluje-li tedy inzenyr svuj problém jako optimalizacni tlohu, musi si ihned polozit
otazku, zda is mozné ji formulovat jako konvexni optimalizacni tilohu. Na to neexistuje zadny
mechanicky postup — pomuze pouze intuice ziskana zkuSenosti. Jelikoz nekonvexnich tloh je
v jistém smyslu ‘'mnohem’ vice nez konvexnich, vétsina praktickych problému is nekonvexnich.
Avsak pro prekvapivé mnoho uzite¢nych problému se dé konvexni tvar najit.

11.4 Exercises

11.1. Dokazte z definice konvexni set, ze néasleducici set jsou konvexni:

a) interval [a,b] C R
b) {xeR"| Ax<b, Cx=d}
c) {xeR"|x"Ax <1}, kde A is pozitivné semidefinitn{

11.2. Které z nasledujicich mnozin jsou konvexni? Nemusite dokazovat z definice, staci uvést
presveédcivy argument. Pokud to jde, zkuste mnozinu nacrtnout v prostoru malé dimenze.

a) {xeR"| > "  x; =1} (nadrovina, konvexni)

b) {xeR"|> "  x; > 1} (poloprostor, konvexni)

c) {xeR"| x>0, " z =1} (prunik poloprostoru a nadroviny, tedy konvexni
polyedr)

d) {xeR"|x>0, > " z; <1} (prunik poloprostort, konvexni)

e) R*\ {x e R" | " ;> 1} (complement uzavieného poloprostoru, tedy otevieny
poloprostor, konvexni)

f) R"\ {xeR" x>0, > x; <1} (complement simplexu, neni konvexni)

g) {xeR"||[x]2 =1} (sféra, neni konvexni)

h) {x e R"||x|l2 <1} (koule bez hranice, konvexni)

i) {(z,y) eR* | x>0, y >0, vy = 1} (graf jedné vétve hyperboly, nen{ konvexnf)

)@y eR? |22+ ¢* <2}n{(z,y) € R*| (x — 1)* +y* < 2} (prunik dvou kouli,

konvexni)

102



11.3. Pro kazdou funkci dokazte z Definice 11.2, které z téchto ¢tyfech tvrzeni plati: funkce is
konvexni, konkavni, konvexni i konkavni, ani konvexni ani konkavni.

2) f(x) = aTx+b
b) f(x)=xTx
¢) f(x)=max]", z;
d) f(x) = aritmeticky prumeér ¢isel xq, ..., z,
11.4. Pro kazdou funkci zjistéte, které z téchto ¢tytrech tvrzeni plati: funkce is konvexni, konkavni,

konvexni i konkavni, ani konvexni ani konkavni. Muzete to udélat bud’ z Definice 11.2,
pomoci derivaci, nebo pomoci operaci zachovavajicich konvexitu.

a) flz)=e"

b) f(z) =e™"

c) f(z,y) = |z -yl

d) flz,y) =~y

¢) f(x) = [lAx - b|*

f) f(x) = sz log z; na mnoziné R ,

i=1
k
g) f(x) = Zlog(bi —x"a;) na mnoziné X = {x € R" | xTa; < b;,i=1,...,k}
i=1
h) f(b) = min{c’x | x € R", Ax > b} na mnoziné viech vectors b, pro které je
polyedr { x € R" | Ax > b } neprézdny a omezeny (A € R™*" a ¢ € R" jsou dany).
Népovéda: Pouzijte LP dualitu.

i) f(x) = maxi, |z
§) f(x) = miniL, ||
k) f(x) =max] ,z; + min]_; z;
) f(x)=max!;x; — min} ; x;
m) (x) f(x) = median! ; x; (median ¢isel xy, ..., z,)
n) (%) f(x) = soucet k nejvétsich cisel xy, ..., 2, (kde k < n is ddno)

11.5. Robustni prokladéni piimky set bodu (x;,v;) € (R* x R), i = 1,...,m vyzaduje minimal-
izaci kritéria
f(a,b) = Zmax{—aTXi +b+yi—¢e, 0, alx;+b—y —e},
i=1
kde a € R" a b € R. Dokazte, ze f(a,b) je konvexni funkce.
11.6. is déna funkce f(z) = —cosz a set X = [—m, 47| (kde [] zna¢i uzavieny interval).
Zakrouzkujte pravdivd tvrzeni (muze jich byt i vice):

a) Funkce f is na mnoziné X konvexni.
b) Funkce f is na mnoziné X konkavni.
¢) Funkce f neni na mnoziné X ani konvexni ani konkavni.

11.7. Kazdy z obrazku zobrazuje vrstevnice funkce dvou proménnych a jejich vysky. Mohou byt
funkce konvexni? Dokazte z Definice 11.2. (Odpovéd’: ne, ano)
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11.8. Vyznamnou vlastnosti konvexnich funkcf is to, ze kazdé lokalni minimum funkce is zaroven
globalni (Véta 11.8). Ne kazda funkce s touto vlastnost{ is oviem konvexni. Clovék by
si mohl myslet, ze soucet dvou funkei (ne nutné konvexnich) s touto vlastnosti bude mit
tuto vlastnost také. Dokazte nebo najdéte protiptiklad.

11.9. Dokazte, ze set optimalnich feseni konvexni optimaliza¢ni tlohy is konvexni.
11.10. consider 1lohu
min{ f(z,y) |2,y >0, 20 +y>1, x4+ 3y > 1}.

Nakreslete mnozinu ptipustnych feseni. Pro kazdou z nasledujicich ucelovych funkei na-
jdéte itvahou mnozinu optimalnich feseni a optimalni hodnotu:

a) f(z,y) =z +y

b) flz,y) ==z

¢) f(z,y) = min{z, y}
d) f(z,y) = max{z,y}
e) f(z,y) =z +y

f) flz,y) =2 + 9y

V kterych ptipadech se jedna o konvexni optimaliza¢ni tilohu?
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Chapter 12

Linear Programming

12.1 Konvexni polyedry

Poloprostor is set {x € R" | a’x > b} pro n¢jaké a € R", b € R. Jeho hranice je nadrovina
{x € R"|aTx = b}. Obrazek znazornuje tyto pojmy pro n = 2:

Poloprostor is oc¢ividné konvexni set.

Definition 12.1. Konvexni polyedr is prunik kone¢né mnoha poloprostorti.

Konvexni polyedr is tedy set
X={xeR"|a/x>b,i=1,....m}={xcR"|Ax>b},

kde ay,...,a, € R" jsou rows matrix A € R™*" a by,...,b, € R jsou slozky vectoru b € R™.
Je jasné, ze definice dovoluje i omezeni typu al x < b;, protoze to is ekvivalentni —alx > —b;.
Dovoluje i omezen{ typu rovnosti al x = b;, které is ekvivalentni al x < b;, alx > b;.

Jelikoz poloprostor is konvexni set, plyne convexity konvexniho polyedru z Véty 11.1. Vsim-
néte si, ze konvexni polyedr nemusi byt omezeny.

Example 12.1. Priklady konvexnich polyedru v R":
e kazdy affine subspace (napt. bod, pfimka, rovina, nadrovina)
e polopiimka {x+av|a >0}
e poloprostor
e panel {x e R" | b <aTx <y}
e hyperkrychle {x e R" | -1 <uz; <1,i=1,...,n}

e simplex, to jest konvexni obal n + 1 afinné nezavislych bodu
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e standardni simplex {x € R" | z; >0, > " ; <1}
e pravdépodobnostni simplex {x € R" | z; >0, > x; = 1} (set v8ech rozdéleni pravde-
podobnosti diskrétni ndhodné proménné)

e zobecnény osmistéen {x € R™ | Y0 | |z < 1}. O

12.1.1 Stény konvexniho polyedru
Definition 12.2. Sténa konvexniho polyedru X C R" is set

F = argminc’x

xeX

pro néjaké c € R™.

Tedy sténa konvexniho polyedru is set vSech jeho bodu, ve kterych néjakd linear funkce nabyva
minima. Volbou ¢ = 0 dostaneme, Ze jednou ze stén is i cely polyedr X.

Kazda sténa konvexniho polyedru is sama o sobé konvexni polyedr, nebot’ je prunikem
polyedru X a nadroviny ¢’x = d, kde d = minycx c’x. Dimenze stény is dimenze jejiho
affineho obalu (zopakujte si pojem affineho obalu z §11.1.1 a dimenze affineho subspaceu z §3.3).
Stény nékterych dimenzi maji jméno:

e sténa dimenze 0 se nazyva vrchol,

e sténa dimenze 1 se nazyva hrana,

e sténa dimenze n — 1 se nazyva faceta (angl. facet, zatimco face znamena sténa).

Example 12.2. Polyedr X = {(z,y) e R* | 2 +2y < 14, 3z —y > 0, z —y < 2} snadno
nakreslite tuzkou a pravitkem. Cervend pifmka je vrstevnice funkce ¢’x vysky mingey ¢’ x.
Zvolime-li ¢ = (—1, —1), minimum funkce ¢’ x se na polyedru X nabyva ve vrcholu F' = {(6,4)},
coz is sténa dimenze 0 (levy obrazek). Zvolime-li ¢ = (=1, —2), minimum se nabyva na hrané

F = conv{(6,4),(2,6)}, coz is sténa dimenze 1 (pravy obrazek).

. /3x—y=0 . /
c=(-1,41)
6 6
r—y=2 c=(-1,-2) F
4 4
f /
0 To _ 0
L2 2 4 6 8 c¢'x=—-10 L2 2 4 6 8

-4 -4 |:|
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12.1.2 Dvé reprezentace polyedru
Nasledujici véta is hluboka a jeji dikaz neni snadny.

Theorem 12.1. Konvexni obal konecné mnoha bodu is omezeny konvexni polyedr. Obracené,
omezeny' konvexni polyedr is konvexnim obalem svych vrcholi.

we have tedy dveé reprezentace omezeného polyedru:
e H-reprezentace: prunik kone¢né mnoha poloprostoru ("H’ jako half-space)
e V-reprezentace: konvexni obal koneéné mnoha bodu ("V’ jako vertez)

Prechod od jedné reprezentace ke druhé muze byt vypocetné velmi tézky nebo i nemozny.
Duvodem is to, ze polyedr definovany jako prunik malého poctu (pfesnéji, tento pocet is poly-
nomialni funkei dimenze n) poloprostoru muze mit obrovsky (exponencidlni v dimenzi n) pocet
vrcholti. Naopak, polyedr s malym poc¢tem vrcholi muze mit exponencialni pocet facet. V tom
pripadé by algoritmus, ktery prevadi H-reprezentaci na V-reprezentaci nebo naopak, by pfi
polynomialné dlouhém vstupu musel vydat exponencialné dlouhy vystup.

Example 12.3.

e Simplex (tedy konvexni obal n + 1 bodi) is konvexni polyedr, ktery ma n + 1 vrcholu a
n + 1 facet.

e Hyperkrychle ma 2n facet a 2" vrcholu.
e Zobecnény osmistén {x € R™ | > . |z;| < 1} mé 2n vrcholu a 2" facet. O

12.2 Uloha linearho programovani

Uloha linearho programovani (LP, také zvané linear optimisation) znamend minimalizaci
linear funkce za podminek linearch rovnosti a nerovnosti. Presnéji, v obecné formulaci (1.4) is
funkce f linear a funkce g;, h; jsou affine.

Example 12.4. Priikladem linearho programu is tloha z Prikladu 12.2,

min —r — vy
za podminek x4 2y < 14 (12.1)
v — y> 0 O
r— y< 2

Podle §12.1 is set ptripustnych feseni tlohy LP konvexni polyedr a tlohu LP lze tedy vzdy
psat jako
min{c’x | x € R", Ax >b}.

Muzeme samoziejmé hledat maximum misto minima, sta¢i otocit znaménko vectoru c.

Zopakujme (viz §1.3), Ze pro Tesitelnost LP mohou nastat tii piipady: dloha mé (alespon
jedno) optimélni feseni, tloha je nepripustnd (i.e., set piipustnych feSeni is préazdnd, neboli
podminky si navzajem odporuji), dloha is neomezend (i.e., ucelovou funkei lze za splnénych
podminek zlepsovat nade vSechny meze).

vvvvvv
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12.3 Ruzné tvary tuloh LP

Pti zapisu tlohy LP is zvykem oddélené zapisovat obecna linear omezeni a omezeni na znaménka
jednotlivych proménnych. Obecnou ilohu LP tedy zapiseme jako

min T +---+ ¢y,
za podminek a;xy +-- -4 apmr, > by, 1€ Iy
anr1 + -+ apr, < by, 1€ 1_
anr1 + -+ AT, = by, 1€ I
;=20, Je J4
; <0, je
z; €R, je

kde

I={1,....om}=I,Ul, Ul
J=A{1,...,n} = JpoUJ, UJ_

jsou decompositiony indexovych mnozin. Zapis x; > 0 znaci, Ze proménnd z; muze nabyvat
pouze nezédpornych hodnot, zatimco x; € R znaéci, Ze x; muze nabyvat libovolnych hodnot.

Pocitacové algoritmy na feseni LP casto predpokladaji tilohu v néjakém specialnim tvaru,
kdy jsou dovoleny pouze jisté typy omezeni. Nejcastéji uzivané specialni tvary jsou:

e Dovolime pouze omezeni typu ‘=" a nezdporné proménné (I, =I_=J_ = Jy=10), i.e.,

min ¢z +---+ ey,

za podminek a; 21 +---+ apmr, =b;, 1=1,...,m
sz(), jzl,...,n

To? lze psét maticové jako min{c’x | x € R", Ax =b, x >0}, kde x,c € R*, b € R™,
A e R™,
e Tvar min{c’x|x€R", Ax>b, x>0}
e Tvar min{c’x|x€R", Ax >b}.
Tyto specialni tvary nemaji mensi vyjadfovaci schopnost nez obecny tvar, nebot” obecny tvar se
da prevést na libovolny specialni tvar pomoci vhodnych operaci. Nékteré takové operace jsou
jasné, napt. nahrazeni omezen{ al x = b; dvéma omezenimi a] x > b;, —al x > —b;. Uvedeme
dvé méneé ziejmé operace:
e Nerovnost a;1x1 + -+ + a;px, < b; prevedeme na rovnost pridanim pomocné slackové
proménné?® u; > 0 jako anx + -+ - + @in¥y + u; = b;.
Podobné prevedeme nerovnost a;1x1 + - -+ + a2, > b; na rovnost (jak?).

e Proménnou bez omezeni x; € R rozdélime na dvé nezdporné proménné z; > 0, z; > 0
piidénim podminky z; = = — x; .

2 Tomuto tvaru se nékdy iiké standardni. Podotknéme ovéem, Ze nzvoslovi riiznych tvarti LP neni jednotné,
nézvy jako ‘standardni tvar’, ‘zdkladni tvar’ ¢ ‘kanonicky tvar’ tedy mohou znamenat v ruznych knihdch néco
jiného.

3 Slack znamend anglicky napf. mezeru mezi zdi a skiini, kterd neni zcela pfirazens ke zdi. Termin slack
variable nema ustaleny cesky ekvivalent, nékdy se preklada jako skluzovd proménnd.
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Uloha ziskana z puvodni tlohy pomoci téchto operaci is ekvivalentni puvodni tloze v tom
smyslu, ze hodnota jejich optima is stejna a argument optima puvodni tlohy Ize ‘snadno’ ziskat
z argumentu optima nové tlohy.

Example 12.5. V tloze (12.1) chceme prvni podminku prevést na rovnost. To udéldme za-
vedenim slackové proménné v > 0. Transformovana tloha je

min —xr — y
za podminek  x + 2y + u = 14
3r — y > 0
T — vy < 2
u> 0
Je-li (z,y,u) optimum této ilohy, optimum tlohy (12.1) je (z,y). O

Example 12.6. V tloze (12.1) obé proménné mohou mit libovolné znaménko. Chceme prevést
ulohu na tvar, kde vsechny proménné jsou nezdporné. Dosadime x =z, —2x_ ay =y, —y_,
kde zy,x_,y,,y_ > 0. Vysledna uloha je

min —x4 + - — y; + Y-
za podminek z, — z_ + 2y, —2y_ < 14
vy — 3 — yy + y- > 0
Ty — - — yp + y- < 2
Ty, Ty Y+, Y— Z 0 U]
12.3.1 Po castech affine funkce
consider ucelovou funkei .
f(x) = ril_aix(c;fx + dg), (12.2)
kde ¢, € R” a d;, € R jsou dény (viz Cviceni 12.5). Resme tilohu
min  f(x) (12.3)

za podminek Ax > b

Toto neni uloha LP, nebot’ funkce f neni linear nebo affine, je pouze po castech affine. Ovsem
podle Véty 11.7 is tato funkce konvernd, proto uloha (12.3) je minimalizace konvexni funkce na
konvexnim polyedru a tedy se na ni vztahuje Véta 11.8.

Uloha jde prevést na LP zavedenim pomocné proménné:

min 2z
za podminek cfx+dy <z, k=1,...,K (12.4)
Ax >Db
kde minimalizujeme pies proménné (z1,...,7,,2) = (x,2z) € R"". Ekvivalence tloh (12.3)

a (12.4) se dokéze takto. Predpokladejme, Ze (x,z) is optimum tlohy (12.4). Then musi byt
alesporii jedno z omezeni ¢} x+dj, < z aktivni (tedy musi platit s rovnosti), protoze jinak bychom
mohli z zmensit a neporusit pfitom zadné omezeni. Z toho plyne z = max_, (c¢/ x + dy).
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Tento trik 1ze uzit i na funkce obsahujici absolutni hodnoty, nebot’ |x| = max{—=x, z}.

Pii téchto prevodech is nutna opatrnost: pokud bychom v tloze (12.3) maximalizovali misto
minimalizovali, prevod na LP by nebyl mozny. Voditkem je, ze pokud tloha nejde jednoduse
prevést na minimalizaci konvexni funkce na konvexnim polyedru, nepujde prevést na LP.

Example 12.7. Uloha

min max{ 3z + 42y, 2x; — 3x2 }

za podm. x7 + 22, < 14
31’1 — X2 2 0
1 — X9 S 2

neni LP, protoze tcelové funkce f(x1,x9) = max{3x; + 4xs, 221 — 375 } neni linear ani affine.
Lze ji ale preformulovat na

min z
za podm. 3xq; + 4ay < 2
2r1 — 319 < z
T + 222'2 S 14
31’1 — X9 2 0
Tr1 — X9 S 2
coz is LP, nebot’ ucelova funkce f(z1,x9,2) = 2 is linear a omezeni jsou také linear. 0]

Podobné 1ze casto na LP prevést tlohy, které obsahuji minima a maxima v omezenich.

Example 12.8. Plati rovnost
min{z—y|z>0, y >0, max{z,y} <1} =min{z—y|z>0,y>0, <1, y<1}

protoze max{xz,y} < 1 is ekvivalentni z < 1, y < 1. Uloha vlevo nenf LP, tiloha vpravo ano. [

12.4 Neékteré aplikace LP

Zde uvedeme typické aplikace LP. Zdaleka to ale neni vycet vSech aplikaci, ten is totiz nepte-
berny.

12.4.1 Optimalni vyrobni program

Z m druht surovin vyrabime n druhtu vyrobku.
® a;; = mnozstvi suroviny druhu ¢ potfebné na vyrobu vyrobku druhu j
e b; = mnozstvi suroviny druhu ¢, které we have k dispozici
e ¢; = zisk z vyrobeni jednoho vyrobku druhu j
e 1; = pocet vyrobenych vyrobku druhu j

Ukolem is zjistit, kolik jakych vyrobku we have vyrobit, abychom dosahli nejvétsiho zisku.

Resent:
n
max{ E le’j

Jj=1

Zaijmj S bi, X Z 0 } (125)

Jj=1
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Example 12.9. Pén u stdnku prodava lupinky za 120 Ké/kg a hranolky za 76 Ké/kg. Na
vyrobu 1kg lupinku se spotiebuje 2kg brambor a 0.4kg oleje. Na vyrobu 1kg hranolku se
spottebuje 1.5 kg brambor a 0.2 kg oleje. is nakoupeno 100 kg brambor a 16 kg oleje. Brambory
staly 12 Ké/kg, olej 40 Ké/kg. Kolik ma pan vyrobit lupinki a kolik hranolku, aby co nejvice
vydélal? To lze vyjadrit jako LP

max 1200 + T76h

za podminek 20 + 1.5h < 100
0.4¢ + 0.2h < 16
(h > 0

Ptitom predpokladame, ze zbytky surovin se po pracovni dobé vyhodi. Pokud se zbytky vyuziji,
tak maximalizujeme (120 — 24 — 16)¢ + (76 — 18 — 8)h = 80¢ 4 50h. O

12.4.2 Smésovaci (dietni) problém

Z n druhu surovin, z nichz kazda is smési m druhu latek, mame namichat konecny produkt o
pozadovaném slozeni tak, aby cena surovin byla minimalni.

e a;; = mnozstvi latky druhu ¢ obsaZené v jednotkovém mnozstvi suroviny druhu j
e b; = nejmensi pozadované mnozstvi latky druhu ¢ v koneéném produktu
e ¢; = jednotkova cena suroviny druhu j

e r; = mnozstvi suroviny druhu j

n
mln{ E Cjﬂ?j

i=1

Resent:

n
Zaiﬂj > b, xj > 0}

i=1

Example 12.10. Jste kuchaika v menze a mate uvarit pro studenty co nejlevnéjsi obéed, ve
kterém ovSem musi byt dané minimdlni mnozstvi zivin (cukri, bilkovin a vitaminu). Obeéd
budete varit ze tii surovin: brambor, masa a zeleniny. Viz tabulka:

na jednotku | na jednotku | na jednotku | min. pozadavek
brambor masa zeleniny na jeden obéd
obsah cukru 2 1 1 8
obsah bilkovin 2 6 1 16
obsah vitaminu 1 3 6 8
cena 25 20 80

Kolik is tfeba kazdé suroviny na jeden obéd?
Minimalizujeme 25b + 50m + 80z za podminek 2b + 1m + 1z > 8, 2b + 6m + 1z > 16,
1b 4 3m + 6z > 8. Optimalni feSeni is b = 3.2, m = 1.6, z = 0 s hodnotou 160. O]

12.4.3 Dopravni problém

Given m vyrobcu a n spotiebitelt.
e a; = mnozstvi zbozi vyrabéné vyrobcem ¢

e b; = mnozstvi zbozi pozadované spotiebitelem j
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e ¢;; = cena dopravy jednotky zbozi od vyrobce i ke spotiebiteli j
e 1;; = mnozstvi zbozi vezené od vyrobce i ke spotiebiteli j

Chceme co nejlevnéji rozvézt zbozi od vyrobet ke spotiebitelim. Resent:

m n n m
mm{ E E Cijxij E -rij = Q, E -Tij = bj, xij Z 0 }
1 i=1

i=1 j=1 j=

Zadéni musi spliovat Y " a; = 2?21 b; (nabidka musi byt rovna poptévce), jinak bude tloha

nepiipustng. Uloha jde modifikovat tak, ze dovolime S a; > > i1 bj (proved'te!).

12.4.4 Distribuc¢ni problém

Given m stroju a n druhu vyrobki.
e a; = pocet hodin, ktery is k dispozici na stroji ¢
e b; = pozadované mnozstvi vyrobku druhu j
e ¢;; = cena jedné hodiny prace stroje ¢ na vyrobku typu j
e k;; = hodinovy vykon stroje ¢ pii vyrobé vyrobku druhu j
e 1;; = pocet hodin, po ktery bude stroj i vyrabét vyrobek druhu j

Pro kazdy ze stroji we have uréit, kolik vyrobki se na ném bude vyrdbét. Regent:

m n n m
I’Illn{ E E CijTij E Tij S a;, E kijxij = bj, Tij Z 0 }
j=1 =1

i=1 j=1

12.5 Reseni preurcenych linearch soustav

consider preurc¢enou linear soustavu Ax = b, kde A € R™*" a 0 # b € R™. Nalezeni jejiho
priblizného feseni formulujme jako tlohu

min{ ||[Ax — b|, | x € R" }. (12.6)

Zaméime se podrobnéji na tii pripady:

e Pro p = oo hledame takové x, které minimalizuje vyraz
|Ax — bl :ngix|aiTx—bi|, (12.7)

tedy minimalizuje maximalni residuum. Toto feseni is znamé pod nazvem minimazni nebo
Cebysevovo. Uloha is ekvivalentni linearmu programu

min 2z
zapodm. alx—0;<z2 i=1,....,m
—alx+b;<z i=1,...,m
ktery lze zapsat elegantnéji jako
min{zeR|xeR", —21 <Ax—-b<:z1}. (12.8)
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e Pro p = 2 dostaneme feseni ve smyslu nejmensich ¢tvercu, kterym jsme se zabyvali v §6.1.

e Pro p =1 hledame takové x, které minimalizuje vyraz

m
T
IAx = bl =) " |a/x — b, (12.9)
i=1
kde ay, ..., a,, jsou rows matrix A. Uloha is ekvivalentn{ linearmu programu
m
min Z Zi
i=1
zapodm. alx —b; <z, i=1,...,m
—aiTX—i— b <z, 1=1,....m

ktery lze zapsat elegantnéji v maticovém tvaru jako

min{ 17z |z€ R™, x€R", —z<Ax—-b <z} (12.10)

12.5.1 Pouziti na robustni regresi

Reseni ve smyslu 1-normy se pouzivé tehdy, kdyz potiebujeme modelovat funkéni zévislost
namérenych dat (tedy délame regresi, viz §6.1.4) a mald ¢ast dat is namérend uplné Spatné
(napt. se nékdo pri zapisovani ¢isel spletl v desetinné ¢arce). Takovym datovym bodum s
hrubou chybou se tikd vychylené body (outliers). Disciplina zabyvajici se modelovanim
funkénich zavislosti za pritomnosti vychylenych bodu se nazyvéa robustni regrese.

V tomto pripadé reseni ve smyslu nejmensich ¢tverci neni vhodné (neni ‘robustni’), protoze
i jediny’ vychyleny bod velmi ovlivni feseni. Resen{ ve smyslu 1-normy tuto neblahou vlastnost
nema, presnéji, ma ji v mensi mite.

Ukéazeme to na nejjednodussim mozném piipadu regrese: odhad hodnoty jediného realného
numbers ze souboru jeho nepfesnych méteni. consider numbers b = (by,...,b,) € R™ a fesme
ulohu (12.6) ve tvaru

min{ [[(z = by, ...,z — bw)|l, | 2 € R} = min{ |1z — b|, |z € R }. (12.11)

e Pro p = oo minimalizujeme funkci f(z) = max", |x — b;|. ReSenim is stfed intervalu

krajnich bodu, = 1 (min/", b; + max?", b;).

e Pro p = 2 minimalizujeme funkci f(x) = />, (x — b;)%. ReSenim is aritmeticky primér,
= L3 b (viz Pifklad 6.4).

e Pro p = 1 minimalizujeme funkei f(z) = Y7, |z — b;]. Refenim z is medidn z cisel
b; (dokazte!). Medidn se vypocte tak, ze setadime numbers b; podle velikosti a vezmeme
prostiedni z nich. Pokud is m sudé, we have dva ‘prostiedni prvky’ a v tom ptipadé funkce
f nabyva minima v jejich libovolné konvexni kombinaci. is Then tzus definovat median
jako aritmeticky prumeér prostrednich prvku.

Predpoklddejme nyni, ze jeden libovolny bod (napt. by) se bude zvétsovat. V tom piipadé
se feseni x pro ruzna p budou chovat ruzné. Napr. aritmeticky prumér se bude zvétsovat, a to
tak, ze zvétSsovanim hodnoty b; dosdhneme libovolné hodnoty x. Pro median to ovSem neplati
— zvétSovanim jediného bodu b; ovlivnime z jen natolik, nakolik to zméni potradi bodu. Jeho
libovolnym zvétsovanim nedosahneme libovolné hodnoty .
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Example 12.11. Suplérou zméifme prameér ocelové kulicky v nékolika mistech, dostaneme
hodnoty b = (1.02, 1.04, 0.99, 2.03) (cm). Pti poslednim méteni jsme se na stupnici prehlédli,
proto is posledni hodnota tplné Spatné. Z téchto méreni chceme odhadnout skuteény prumeér.

Mame
1, m m 1 « m

i=1 i=1

Je zjevné, ze median is neovlivnén vychylenym bodem, zatimco ostatni odhady ano. U

Ve slozitéjsim pripadé, napt. prokladani dat polynomem jako v Piikladu 6.4, se neda robust-
nost reseni ve smyslu 1-normy takto jednoduse formalné ukazat a analyza muze byt mnohem
tezsi. Ale intuitivné bude situace obdobna: feSeni ve smyslu 1-normy bude méné citlivé na
vychylené body nez feseni ve smyslu 2-normy.

12.6 Exercises

12.1. Které z nasledujicich mnozin jsou konvexni polyedry? Pokud je set konvexni polyedr,
dokazete ji vyjadrit ve tvaru { x | Ax > b} (i.e., jako prunik poloprostoru)?

a) {21+ 3y | 1<y <1, -1 <y, <1}

b) {X eER" | x>0, 'x =1, Y ma; = by, Y, za7 = by }, kde a;, by, by jsou dané
skalary

c) {xeR"||x—al2 <|x—Dbl2}, kde a,b jsou dény

d) {Cy |y >0, 1Ty =1}, kde matrix C is ddna

e) {Cy | [lyll2 <1}, kde matrix C is dana

12.2. consider vectors ay,...,a,, € R". Pro kazdé i = 1,...,m definujeme mnozinu
Xi={xeR"|[x—as <|x—ajlls, j#7}.

Ukazte, ze set X1, ..., X,, jsou konvexni polyedry. Ukazte, ze tyto set tvoii decomposition
(zopakujte si, co is to decomposition set) set R™. Sjednoceni hranic téchto mnozin se
nazyva Voronoiuv diagram. Nakreslete si ho pro n = 2 a m = 4 pro ruzné konfigurace
bodu ay, ..., ay.

12.3. Najdéte graficky mnozinu optimalnich feseni ilohy

min ci1x1 + coTs + c3T3

za podm. z; + 9 > 1
Ty + 21’2 ~ 3
Ty + T2 S 10
T1,T9,x3 > 0

A

pro nasledujici piipady: ¢ = (—1,0,1), ¢ = (0,1,0), c = (0,0, —1).

12.4. Vyrteste uvahou tyto ulohy a napiste vzorec pro optimalni hodnotu. Ve vSech ulohach
optimalizujeme pies proménné x € R" (piip. také y € R™). Parametry ¢ € R" a k € N,
1 < k <n, jsou dany.

a) min{c’x |0 <x <1} (vysledek: il e<0 Cis tedy zdpornych cisel ¢;)
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b) min{c’x | -1 <x <1} (vysledek: — 3. |c;|)
c) (x) min{c’x|0<z; <ay<--- <1, <1}
Népovéda: Proved'te substituci y; = x; — x;_1.
d) max{c'x| x>0, 1"x=1}
e) max{cix| x>0, 1Tx <1}
) max{c’x | -1<1"x <1}
g) max{c'x x>0, 1Tx =k}
h) max{c’x|0<x<1, 1"x=Fk}
i) max{cIx|0<x<1, 1Tx <k}
j) (x) max{c’x| -y <x <y, 1Ty =k, y <1} kde piredpokldddme a > b

an

12.5. Pochopte kéd v Matlab, ktery vizualizuje funkci f(x) = max®_(cf'x + d},) pro n = 2:

K = 200; N = 40;

cd = randn(3,K);

x1 = ones(N,1)*linspace(-1,1,N); x2 = linspace(-1,1,N)’*ones(1,N);
x = [x1(:)7; x2(:)°1; x(@3,:) = 1;

meshc (x1,x2,reshape (max(cd’*x, [],1),[N N])); axis vis3d

12.6. Preved’te na LP nebo oduvodnéte, proc¢ to nejde:

a) max{|c'x| | Ax=b, x>0}

b) max{c'x |Ax=b, |[dx+e|< f, x>0}
L

¢) min { rille(mf(cggx + dye)
=1

Ax:b,XZO}

d) max{ |z —1|+2ly+ 1| |z,yeR, 2 +y <2}

e) min{ |zq| + |xo| + |z3| | 201 — 20— 23 > 1, —21 + 209 — 23> 1, —21 — 29+ 223 > 1}
f) max{ min{p’x, q"x} — [r'x| | x e R", Ax > Db }, kde p,q,r € R"

g) mingepn Y 1oy f(al x — b;), kde funkce f is déna obrdzkem

f(t)

7777777777777777777 +2
-t

h) minyegn [|Ax — by

i) mingers | Ax — bl

j) min{ [[Ax = b|; | x €R", [[x]l <1}

K) min{ x|l | x € R, [Ax — bl <1}

1) mingepn ([|Ax = bl; + [|x]|)
m) mingegn Ele |Arx—byg|loo, kde Ay, ..., Ag jsou dané matrix a by, ..., bg jsou dané

vectors.
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12.7.

12.8.

12.9.

12.10.

Hledame nejveétsi hyperkouli B(a,r) = { x € R" | [|[x—a||» < r }, kterd se vejde do polyedru
P ={x € R"| Ax < b}. Tedy hleddme maximélni r za podminky B(a,r) C P, kde
optimalizujeme pfres proménné (a,r). Vyjadrete jako LP.

Given kladku s provazem, jehoz oba konce
kon¢i hakem. Na levém haku visi n zavazi na
provazcich, pricemz i-té zavazi ma tihu m; a
jeho vyska nad zemi is d;, pro ¢ = 1,...,n.
Na pravém héku visi n’ zdvazi na provazcich,
pricemz i-té zavazi ma tihu m; a jeho vyska

nad zemi is d, pro i = 1,...,n'. Vysky d;
a d; se méfi v poloze, kdy jsou oba hiky ve \\r/

stejné vysce nad zemi. Kladka se pohybuje
bez tieni, provaz a provazky jsou nekonecné
ohebné, provazky a haky maji nulovou hmot-
nost. Obrazek ukazuje priklad pro n = 3,

’_
n' = 2. WAk |

Soustava ma jediny stupen volnosti dany \ g
otacenim kladky. Oznacéme jako x vysku levého C_MJ

haku nad bodem, kdy jsou oba haky ve stejné J l -
_ w3

KLADKA _PROVAE
>

e

vysce — tedy pro x = 0 jsou oba haky ve stejné¢ |
vySce a pro x > 0 bude levy hék o 2z vyse -
nez pravy hék. V zavislosti na x kazdé zavazi las
bud’ visi nad zemi (Then is jeho potencidlni ‘
energie rovna m; krat vyska nad zemi) nebo
lezi na zemi (Then is jeho potencidlni energie
nulovd). Soustava bude v rovnovaze pii min-
imélni celkové potencialni energii.

Napiste vzorec pro celkovou potencialni energii soustavy jako funkci x. Je-li to mozné,
napiste linear program, jehoz optimum is rovno minimalni potencialni energii soustavy.
Neni-li to mozné, vysvétlete.

Dokazte nebo vyvrat'te nasledujici rovnosti:

e max{c'x |[x e R, |x]| =1} =max{c'x |x e R", ||x|| <1}
e min{c'x | ||x]|=1}=min{c’x||x]| <1}
o max{ [[Ax][| | [[x[| = 1} = max{[[Ax] | [x|| <1}

Zde || - || is libovolnd norma a ¢ € R™ a A € R™" jsou ddny. Nédpoveéda: Inspirujte se
uvahou v §12.3.1.

Veverka pred zimou potiebuje prerovnat zdsoby orisku. Stavajici zdsoby ma v m jamkach,
pricemz i-t4 jamka ma soutadnice p; a je v ni a; orisku. Potfebuje is prenosit do n novych
pripravenych jamek, pricemz j-ta jamka ma soufadnice q; a na konci v ni bude y; orisku.
Veverka za prvé chce vykonat co nejméné prace, kde prace na preneseni jednoho ofisku is
piimo umeérna vzdalenosti (vzdusnou ¢arou) neseni (béh bez orisku se za préci nepovazuje).
Za druhé chce, aby v novych jamkéach byly ofisky rozlozeny co nejrovnomérnéji, presnéji,
aby rozdil mezi nejvétsim a nejvétsim z ¢isel y; byl mensi nez dané ¢islo ¢ (tim minim-
alizuje Sskodu zptisobenou piipadnou kradezi). Spocitejte z;; a y;, kde z;; is pocet ofisku
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prenesenych ze staré jamky ¢ do nové jamky j. Zanedbejte skute¢nost, ze pocty orisku
mohou byt celd (a ne pouze nezaporna) numbers.
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Chapter 13

Simplex Method

Zde popiseme algoritmus na teseni uloh linearho programovani zvany simplexova metoda.
Zapomenme prozatim na tucelovou funkci a zkoumejme mnozinu piipustnych feseni LP ve

tvaru
X={xeR"|Ax=b, x>0}, (13.1)

kde A € R™*™ is §irokd (m < n) matrix s hodnosti m, tedy jeji rows jsou linearly independent.
Soustava Ax = b ma nekoneé¢né mnoho feSeni. Polozime-li vS8ak n — m slozek vectoru x
rovno nule, soustava muze mit jediné reseni. Tato vaha vede k nésledujicim definicim:

e set L C {1,2,...,n} se nazyva baze ulohy, pokud |L| = m a columns matrix A s indexy
L jsou linearly independent. Tedy columns L tvori regular matici m x m.

e vector X se nazyva bazové fFeseni piislusné bazi L, pokud Ax =b a z; =0 pro j ¢ L.

e Bazové TeSeni x se nazyva pripustné, pokud x > 0.

e Bazové TeSeni x se nazyva degenerované, pokud méa méné nez m nenulovych slozek.

e Dvé baze se nazyvaji sousedni, pokud maji m — 1 spole¢nych prvku.

Protoze A ma hodnost m, existuje aspon jedna baze. is jasné, ze baze urcuje jednoznacné
bazové teseni. Bazové feseni vsak muze odpovidat vice nez jedné bazi, coz se stane prave tehdy,
kdyz is toto bazové teseni degenerované.

Example 13.1. Let is soustava Ax = b dana tabulkou

= e W

10
01
11

[INGETA V)
[N

11
[Alb]=| 10
~1 0

e L ={2,3,5} neni baze, protoze columns 2, 3,5 matrix A jsou linearly zavislé.

e . = {1,2,4} is baze, protoze tyto columns jsou linearly independent. Bdazové teSeni
x = (21, Ta, ..., Ts) prislusné bazi L se najde Fesenim soustavy
-1 1 1| [=y 1
1 0 0f |zo| = |4
-1 0 1] [x4 2

a polozenim x3 = x5 = x¢ = 0. Dostaneme x = (4,—1,0,6,0,0). Toto bdzové feseni is
nepiipustné, protoze zo < 0. Neni degenerované, protoze ma m = 3 nenulovych slozek.
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L ={1,2,6} is baze. Bazové teseni je x = (1, 3,0,0,0, %) is ptipustné, protoze x > 0.

L = {3,4,5} is béze. Bdazové teseni je x = (0,0,1,—2,0,0). is nepiipustné. Navic is
degenerované, protoze ma méné nez m = 3 nenulovych slozek.

Stejné bazové feseni x = (0,0,1,—2,0,0) dostaneme volbou baze L = {3,4,6}. Vidime,
ze bazové teseni odpovida vice nez jedné bazi, protoze is degenerované.

Baze {2,3,5} a {3,4,5} jsou sousedni, protoze maji spole¢né dva prvky {3,5}. Baze
{2,3,5} a {1,2,4} nejsou sousedni, protoze maji spolecny jen jeden prvek. O

Nasledujici veta udava spojitost mezi algebraickym a geometrickym popisem konvexniho
polyedru (13.1). Dukaz vynechdme, neni obtizny.

Theorem 13.1. Pripustnd bazova reseni jsou vrcholy polyedru (13.1), pricemz dvojice soused-
nich bazi odpovidaji dvojici vrcholii spojenych hranou.

Vime, ze optimum linear funkce na polyedru X se nabyva na jeho sténé, tedy alespon v jed-
nom vrcholu. To ndm dovoluje navrhnout naivni algoritmus na feseni LP: udélame vycet vSech
pripustnych bézovych feseni a nalezneme to s nejlepsi hodnotou tucelové funkce. Tato met-
oda samoziejmé nelze prakticky pouzit, protoze pripustnych bazovych feseni je exponencialné
mnoho. Vlastné is jen o méalo chyttejsi nez metoda popsand v §9.3.

Simplexova metoda is efektivnéjsi obména tohoto pristupu: prechazi mezi sousednimi bazemi
tak, ze bézova Feseni jsou stdle pripustnd (tedy prechdzi po hranich polyedru X) a ucelova
funkce se zlepsuje (nebo aspon nezhorsuje).

13.1 Stavebni kameny algoritmu

Zde vysvétlime jednotlivé stavebni kameny simplexové metody, které nakonec v §13.2 spojime
v cely algoritmus.

13.1.1 Prechod k sousedni standardni bazi

Simplexovy algoritmus udrzuje pouze standardni bdze. V tom piipadé jsou nenulové slozky
bazového teseni x rovny jednoduse slozkdm vectoru b.

Z linear algebry zname ekvivalentni radkové upravy soustavy Ax = b: libovolny tadek
tabulky [ A | b] muzeme vyndsobit nenulovym ¢islem a muzeme k nému pricist libovolnou linear
kombinaci ostatnich fadku. Tyto upravy neméni mnozinu feSeni soustavy.

Ukéazeme, jak ptejit od aktualni standardni baze L k sousedni standardni bazi, tedy nahradit
jeden bazovy sloupec j° € L nebazovym columnsm j ¢ L. Let i is takovy tadek, ve kterém
ma sloupec j' jednicku, a;;» = 1. Prvek a;; se nazyvé pivot (angl. znamena cep). Let a;; # 0.
Chceme nastavit pivot a;; na jednicku, vynulovat prvky nad i pod pivotem, a nezmeénit pritom
columns L\ {j'}. Toho se dosdhne témito ekvivalentnimi rddkovymi ipravami:

1. Vydél tadek ¢ ¢islem a;;.
2. Pro kazdé i’ # i odecti ayj-nasobek fadku ¢ od tadku 7.

Rikdme, Ze jsme provedli ekvivalentni ipravu kolem pivotu s indexy (4, 7).

119



Example 13.2. consider soustavu

0 4
[A|b]= |1 3 (13.2)
0 1

N DN A~

0
0
1

O O =

6
3
1

|
==l

se standardni bazi L = {1,4,5}. Vidime ihned odpovidajici bazové feseni, x = (3,0,0,4, 1,0).

Nahradime bazovy sloupec j° = 1 nebazovym columnsm j = 2, tedy piejdeme k sousedni
bazi {2,4,5}. we have i = 2, tedy pivot is prvek agy (v tabulce zvyraznén). Radkovymi
upravami musime docilit, aby pivot byl roven jedné a prvky nad nim a pod nim byly nulové.
Pti tom smime ‘znicit’ sloupec 1, ale columns 4 a 5 se zménit nesméji. Toho se docili vydélenim
fadku 2 ¢islem agy (coz zde lze vynechat, protoze ndhodou we have asg = 1) a Then pfi¢tenim
vhodnych nasobku fadku 2 k ostatnim radkum. Vysledek:

-2 0010 0)-2
[Alb]=| 11300 2| 3
10401 4] 4
Nyni columns {2,4, 5} tvoii standardni bézi. O

13.1.2 Kdy is sousedni bazové reSeni pripustné?

Uvedenym zpusobem muzeme od aktudlni standardni baze prejit k libovolné sousedni stand-
ardni bazi. Pritom nové bazové feseni muze nebo nemusi byt pripustné. Je-li aktudlni bazové
feSeni pripustné, jak pozname, zda i nové bazové feseni bude ptripustné?

Protoze nenulové slozky bazového Teseni x jsou rovny slozkam vectoru b, bazové teseni is
pripustné pravé tehdy, kdyz b > 0. Let v aktudlni tabulce is b > 0. Proved’'me ekvivalentni
upravu kolem pivotu (7, j). Hleddme podminky na (7, j), za kterych bude i po ipravé b > 0.

Po ekvivalentni ipravé kolem pivotu (7, ) se vector b zméni takto (viz §13.1.1):

e b; se zmeéni na b;/a;;,
e pro ' # i se by zméni na by — a;;(b;/a;;).

Tato numbers museji byt nezaporna. To nastane pravé tehdy, kdyz plati nasledujici podminky:

Qij > 0 (133&)

b; b
Pro kazdé i’ # i plati ay; < 0 nebo — < —
Q5 Q5

(13.3b)

kde 'nebo’ is uzito v nevyluc¢ovacim smyslu. Podminka (13.3a) is ziejma. Podminka (13.3b) je
ekvivalentni podmince by — a;j(b;/a;;) > 0, uvédomime-li si, ze a;; > 0, b; > 0, by > 0.
Example 13.3. Uvazujme opét soustavu (13.2).
e Povede ekvivalentni uiprava okolo pivotu (i,j) = (3,2) k pfipustnému feseni? Ne, protoze
a;; = —1 < 0, coz porusuje podminku (13.3a).
e Povede ekvivalentni uiprava okolo pivotu (7, 7) = (2,2) k pfipustnému teseni (tuto upravu
jsme jiz provedli v Piikladu 13.2)7 Ne, protoze (i, ;) nespliuje podminku (13.3b). Pro
i" = 3 we have ay; = —1 <0, tedy podminka (13.3b) is splnéna. Ale pro 7’ =1 is a;y; > 0,
tedy musi byt % < %, coz neni pravda.
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e Povede ekvivalentni uprava okolo pivotu (i,7) = (3,6) k piipustnému teseni? Pod-
minka (13.3a) is splnéna, protoze a;; = 2 > 0. Podminka (13.3b) vyzaduje 3 < 7 a
% < %, coz plati. O

13.1.3 Co znamena nekladny sloupec?

Jestlize jsou vsechny prvky v nebazovém sloupci nekladné, tento sloupec se nemuze stat bazovym,
nebot’ v ném nelze vybrat pivot splnujici podminku (13.3a). V tom pripadé se nékteré slozky
vectoru x mohou zvétsovat nade vSechny meze. Tedy existuje poloptimka s pocatkem v x lezici
cela v polyedru X. To znamend, ze polyedr X is neomezeny.

Example 13.4. Let tabulka [A |b] vypadd takto:

0 —2 6 10 44
1 -1 300 2|3
0 -1 101 21
x=3 0041 0]

Béaze is {1,4,5}. Pod tabulkou is napsano odpovidajici bazové feseni x. Kdyz se z5 bude
libovolné zvétsovat, zménu lze kompenzovat soucasnym zvétsovanim xq, x4, x5 tak, ze vector
Ax zustane nezménén a tedy roven b. Konkrétné, vector x = (3+xs, 9, 0, 4+ 2x9, 1+, 0)
bude pro kazdé x, > 0 splnovat Ax =b a x > 0. O
13.1.4 Ekvivalentni upravy tucelového radku

Dosud jsme provadeli ekvivalentni radkové ipravy pouze na soustavé Ax = b a tcelové funkce
si nevsimali. Tyto dpravy lze rozsitit na celou ilohu LP vcetné tucelové funkce. Nebudeme
ticelovou funkei uvazovat ve tvaru c’'x, ale v mirné obecnéjsim tvaru c?x — d. Tedy fesfme LP

min{c’x —d|Ax=b, x>0} (13.4)

Ulohu budeme reprezentovat simplexovou tabulkou

cl' | d .
T'? . (13.5)

Prictéme k icelovému fadku [c! | d] libovolnou linear kombinaci y?[ A | b] ostatnich Fadki
[A|b], kde y jsou coefficienty linear kombinace. Ukdzeme, ze tato uprava zachovd hodnotu
tcelové funkce c¢’x — d pro kazdé x spliujici Ax = b. Novy tcelovy fadek bude

[c"|d] +y"[A|b]=[c" +y"A|d+y'D].
Nova tucelova funkce bude tedy

(' +y"A)x — (d+y"b) =c"'x —d+y" ' (Ax — b).

Ale to is rovno ¢'x — d pro kazdé x splitujici Ax = b.

121



13.1.5 Co udéla prechod k sousedni bazi s icelovou funkci?

Let columns L tvoii standardni bazi. Prictéme k tcelovému tfadku takovou linear kombinaci
ostatnich rddku, aby coefficienty ¢; v bazovych sloupcich j € L byly nulové. To lze vzdy udélat.
Protoze bazové feSeni x is v nebézovych sloupcich nulové, znamens to ¢!x = 0. Tedy hodnota
kritéria ¢’x — d v bazovém feseni x is rovna jednoduse —d. Navic is na prvni pohled vidét,
co udéla s kritériem vlozeni nebazového columns j ¢ L do baze: pii ¢; > 0 kritérium stoupne
nebo se nezmeéni, pii ¢; < 0 kritérium klesne nebo se nezmeéni.

Example 13.5. consider tlohu se standardni bazi {1,4,5}:

1 -2 -3 -1 2 1|4
[CTd]_O261044
Alb| |1 1 3 00 2|3

0 -1 1 0121

Vynulujme hodnoty vectoru ¢ v bazovych sloupcich. To udélame tak, ze ke kriteridlnimu radku
pricteme prvni fadek, odec¢teme druhy tadek, a odecteme dvojnasobek tietiho radku:

0O 1 -2 00 —-11]3
0 6 1 0 4|4
1 1 300 2|3
0 -1 101 2|1
x=3 0 041 0

Tx =0a

Do tabulky jsme tiplné dolu navic napsali odpovidajici bazové feseni x. is vidét, ze c
tedy aktualni hodnota kritéria je c’x —d = —d = —3.

Dejme tomu, ze chceme pridat do baze nebazovy sloupec 2 a vyloucit z ni néktery z bazovych
sloupct {1,4,5}. Po tomto pfechodu se x5 stane kladné nebo zustane nulové a jedna ze slozek
X1, T4, T5 se vynuluje. Protoze ¢; = ¢4 = ¢5 = 0, zména xy, x4, T5 se na kritériu neprojevi a
kritérium se zmeéni o coxy. Kritérium tedy stoupne nebo zustane stejné, protoze co =1 > 0. [J

Pokud v nékterém sloupci j plati ¢; <0 a a;; < 0 pro vsechna ¢, Then muzeme proménnou
z; libovolné zvétsovat (viz 13.1.3) a tloha is tedy neomezend (jeji optimum se blizi —oo).

13.2 Zakladni algoritmus

Spojenim popsanych stavebnich kamenu dostaneme iteraci simplexové metody. Iterace prejde k
sousedni standardni bazi takové, ze bazové feSeni zustane pripustné a tucelova funkce se zmensi
nebo alesponl nezméni. Vstupem i vystupem iterace is simplexova tabulka (13.4) s témito
vlastnostmi:

e podset sloupcu A tvori standardni bazi,
e bazové tfeseni odpovidajici této bazi is pripustné, i.e., b > 0,
e slozky vectoru c v bazovych sloupcich jsou nulové.

Iteraci se provede v téchto krocich:

1. Vyber index j pivotu podle znamének cisel cq, ..., c,.
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2. Vyber index i pivotu podle podminek (13.3). Z téchto podminek plyne (promyslete!)

by
i € argmin —, (13.6)

i’ |ay;>0 il

kde tento zapis znamend, ze minimalizujeme pfes vSechna ¢’ spliujici a;; > 0.
3. Udelej ekvivalentni upravu tabulky [ A | b] okolo pivotu (3, j).
4. Udelej ekvivalentni tpravu icelového radku, ktera vynuluje ¢; v novém bazovém sloupci j.

Algoritmus, ktery opakuje uvedenou iteraci, nazveme zakladni simplexovy algoritmus.

Algoritmus konéi, kdyz uz nelze iteraci provést. To nastane z jednoho z téchto duvodu:
e Vsechny coefficienty ¢; jsou nezaporné (kritérium nelze zlepsit a jsme v optimu).
e V nékterém sloupci is ¢; < 0 a a;; < 0 pro v8echna i (tloha is neomezend).

Vybér indexu (7, j) pivotu v kroku 1 nemusi byt jednozna¢ny, tedy muze byt vice sloupcu
J s vhodnym znaménkem c¢; a vice fddku ¢ muze spliiovat podminky (13.3) (tedy muze byt
vice argumenttt minima v podmince (13.6)). Algoritmus, ktery vybird jediny pivot z nékolika
moznosti, se nazyva pivotové pravidlo.

Ziidka se algoritmus muze dostat do stavu, kdy cyklicky prochéazi stale stejnou mnozinu bazi,
které odpovidaji jedinému degenerovanému bazovému feseni a tedy ucelova funkce se nemeéni.
Tomuto problému cykleni se dé zabrénit pouzitim vhodného pivotového pravidla (nejzndméjsi
is Blandovo anticyklici pravidlo), které ale popisovat nebudeme!.

Example 13.6. Vyfteste simplexovou metodou:
min —6x; — 8xy — 53 — 91y

za podminek  2xy + X9 + x3 + 3x4 + 75 =5
SL’1—|—3$C2—|— SL’3+2$4 +$6:3
Ty, X2,T3,Ty4,Ts5, Te 2 0

Vychozi tabulka je
—6 -8 =5 =9 0 0]0
2 1 1 3105
1 3 1 [2]0 13

Uéelovy fadek budeme nazyvat nulty, ostatni Then prvy, druhy atd. Pocatecni béze is L =
{5,6}.

Vybereme sloupec, ktery nové vstoupi do baze. To muze byt libovolny sloupec, ktery ma v
nultém tadku zaporné ¢islo. is rozumné vzit nejmensi takové ¢islo, zde —9, tedy sloupec 4.

Protoze do baze chceme pridat sloupec 4, musi néktery ze sloupcu 5 a 6 z baze ven. Jeho
index ziskdme porovnanim cisel % a % (¢itatel is vzdy vpravo, jmenovatel is vzdy ve sloupci,
ktery ma prijit do baze; uvazujeme ale jen podily s kladnym jmenovatelem): vybereme to
nejmensi z nich. Protoze g > %, pivot bude v fadku 2. VsSimnéte si, ze pres stavajici standardni
bazi radek 2 odpovida sloupci 2 — tento sloupec tedy pujde z baze ven.

Vysledny pivot (ktery is v takto nalezeném tadku a sloupci) is oznacen rameckem. Na
zakladé néj spocitame novou tabulku. To udéldme ekvivalentnimi radkovymi tipravami, kterymi

musime dosahnout toho, ze:

L Anticyklici pivotové pravidlo tedy zaruéi skonceni simplexového algoritmu za koneény pocet iteraci. is
hlubokym otevienym problémem, zda existuje pivotové pravidlo, které zarucuje ukonéeni simplexového algor-
itmu v polynomidlnim poctu iteraci.
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e 7 pivotu se stane jednicka,
e nad i pod pivotem budou nuly, a to véetné nultého radku.
Jediny zpusob, jak toho dosahnout, is pomoci téchto dvou tprav:
e pii¢itat vhodné nésobky pivotového tadku k ostatnim fadkum (tedy k ni¢emu nikdy
nepric¢itame nasobky jiného radku nez pivotového)
e samotny pivotovy tadek délit kladnym cislem

Tedy k nultému radku pricteme g druhého radku, k prvnimu radku pricteme —% druhého radku,
a druhy radek vydélime dvéma:

—-15 55 —05 0 0 45135

0.5 =35 —-05 0 1 —-15] 0.5
05 15 05 1 0 05| 15

Vsimnéme si, ze ve is v poradku: v nové tabulce we have opét standardni bézi (columns 5 a
4), nad ni we have v nultém radku nuly, a numbers v nejvice pravém sloupci jsou nezaporna.
V policku vpravo nahofe méame aktudlni hodnotu kritéria, —13.5.
Dalsi krok is zde:
0 -5 =20 3 0]15
1 -7 -1 0 2 -3

11 -1 2

Dalsi krok:

0 -1 1 2 2| 16
10 04 14 06 —02][24
1 02 —02 0402
Dalsi krok:
0 502 1 417
1 201 1 —1| 2
0 511 -1 2|1

Protoze vsechna numbers v ticelovém radku jsou nezdporna, konéime. Puvodni LP mé optimalni

feseni, které méa hodnotu —17 a nastava v bodé x = (1, xq, T3, 24, 5, 26) = (2,0, 1,0,0,0).
Pro kontrolu si dosad’te feseni do puvodniho zadani a zkontrolujte, ze Teseni is pripustné a

ze hodnota kritéria is —17. U

Example 13.7. Vyfeste simplexovou metodou:

min —2x, + 6xy + 3

za podminek —xy — X9 — X3+ 14 + =2
2x1—x2—2x3+ +.T5:1
X1,T2,T3,T4q,Ts Z O

Vychozi tabulka je
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Druh4d tabulka is zde:
0 5 -1 0 1] 1
0 —-15 -2 1 05125
1 =05 -1 0 0505

Podle nultého fadku by dalsi pivot mél byt ve tfetim sloupci. Ale v ném jsou numbers v prvém
a druhém radku zdpornd. Tedy tloha is neomezend (to bylo ostatné patrné hned ze zadéni). V
nové tabulce je vidét, ze muzeme zvétSovat xs libovolné, coz bude kompenzovano ptislusnym
narustem z; a x4. Jelikoz x1 a x4 nejsou v kritériu, jejich zmény se na ném neprojevi a jediny
vliv na kritérium bude mit z3, které ho bude libovolné zmensovat. 0J

13.3 Inicializace algoritmu
Na zacatku zakladniho simplexového algoritmu musi byt tloha zadana ve tvaru
min{c’x |x €R", Ax=b, x>0}, (13.7)

kde matrix A obsahuje standardni bazi a b > 0. Pokud toto neni splnéno, nemuzeme zékladni
algoritmus spustit. Ukazeme, jak lze kazdou 1ilohu prevést na tento tvar.

Pokud m4 tloha tvar min{ c’x | x € R", Ax <b, x > 0} a plati b > 0, pfevod is snadny:
pridame slackové proménné u > 0 a omezeni prevedeme na tvar Ax+u = b. Uloha tedy bude

mit simplexovou tabulku
c”" 00
A I|lb]|’

ve které columns prislusné proménnym u tvoii standardni bézi.
Example 13.8. Vyfeste simplexovym algoritmem:

min —3x; — X9 — 3x3

za podminek  2x; + a9 + x3 < 2
[E1+2$2+3ZE3§5

2$1—|—2I2+ I3§6

x1, 22,3 > 0

Pridame slackové proménné uq, us, ug > 0, abychom omezeni uvedli do tvaru rovnosti:

min —3.1'1 — T9 — 31’3

za podminek  2xy + xo + x3 4+ ug =
T + 21‘2 + 31’3 + (%) =
201 + 229 + 23 + uz =6
Ty, T2, T3, U, U, uz > 0
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Zde jsou kroky algoritmu:

-3 -1 -3 0 00| 0
1 1 1 0 0] 2
1 2 3 0 10| 5
2 2 1 0 01| 6
005 —15 15 00| 3
105 05 05 00| 1
0 15 —0.5 1 0| 4
0 1 0 -1 0 1| 4
014 0 12 06 0]54
102 0 06 —02 0/[02
0 0.6 1 —02 04 016
0 1 0 -1 0 1| 4

Uloha ma optimalni feseni s hodnotou —5.4 v bodé x = (x1,22,25) = (0.2,0,1.6) (ovéite v
puvodnim zadéni!). Hodnota slackovych proménnych is (ug, us, us) = (0,0,4). O

Pokud jsou nase omezeni zadédna v obecném tvaru, operacemi z §12.3 is lze vzdy prevést do
tvaru (13.7). Vynédsobenim nékterych rddku zapornym ¢islem vzdy zajistime b > 0. matrix A
zda loha (13.7) is pripustnd. V tomto piipadé nejdiive vytesime pomocnou ilohu LP, kterd
najde néjaké (obecné ne optimdlni) piipustné reseni. Z néj Then lze ziskat kyzenou standardni
béazi. Pomocna tloha je

min{17u | Ax+u=b, x>0, u>0} (13.8)

0 170

A I|b|
Pro libovolné u > 0 is 17u > 0, piicemz 17u = 0 pravé tehdy, kdyz u = 0. Tedy (promyslete!)
tloha (13.7) is ptipustnd prave tehdy, je-li optimalni hodnota tlohy (13.8) rovna 0. Na pocatku

tvofi columns ptislusné proménnym u standardni bazi, lze tedy na ni pustit zakladni simplexovy
algoritmus. Ten muze skoncit dvéma zpusoby:

a ma simplexovou tabulku

e Pokud is optimum vétsi nez 0, Then tloha (13.7) je nepfipustna.
e Pokud is optimum rovno 0, Then uloha (13.7) je piipustnd. Mohou dale nastat dva
pripady:

— Pokud neni optimélni feseni (x,u) ulohy (13.8) degenerované, po skonceni sim-
plexového algoritmu nemuze byt zadna bazova proménnda nulova. Protoze u = 0,
proménné u budou nutné nebdzové. Tedy mezi sloupci prislusSnymi proménnym x
bude existovat standardni baze.

— Pokud is optimdlni feseni (x,u) tlohy (13.8) degenerované, nékteré z proménnych u
mohou byt na konci algoritmu bazové. Then is nutno udélat dodatecné ipravy kolem
pivotu ve sloupcich prislusnych bazovym proménnym u, abychom tyto proménné
dostali z baze ven.
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Nalezeni néjakého piipustného feseni v pomocné tloze (13.8) se nazyva prvni fize a feseni
puvodni tlohy Then druha faze algoritmu, mluvime tedy o dvoufazové simplexové met-
odeé.

Example 13.9. Reste

min —20x; — 302y — 4023

za podminek 31+ 229 + x3 =10
x| + 2%2 -+ 232'3 =15
Ty, T, x3 > 0

we have sice b > 0, ale neni jasné, zda existuje pripustné x, tim méné neni vidét standardni
baze. Provedeme prvni fazi algoritmu. Pomocna tloha bude

min uyp + Usg

za podminek 3xq + 229 + 3 + uy =10

$1+21’2+2[L‘3 —I—U,Q:lE)

Ty, Ty, Tz, ur, Uz = 0

s tabulkou

0001 1[0
3 2 1 1 0]10
1 2 2 0 1|15

Sloupce nad pridanymi proménnymi tvoii standardni bazi, muzeme tedy na pomocnou tlohu
pustit zékladni simplexovy algoritmus. Po vynulovani ceny nad bazovymi proménnymi budou
kroky algoritmu vypadat takto:

-4 -4 -3 0 0| —25

320 1 1 o0 10
1 2 2 0 1| 15

2 0 -1 2 0] =5

15 1 05 05 5
-2 0 ~1 1| 5
0 0 1 1| o0
25 1 0 1 —05] 25
-2 0 1 -1 1| 5

Optimum is rovno 0, tedy puvodni uloha is pripustna. Proménné wu;,us jsou nebazové a tedy
rovny nule, bazové proménné jsou xq, 3. Ted’ tedy muzeme zac¢it druhou fazi (feseni puvodni
tlohy) s pocatecni tabulkou
—20 =30 —40| 0
2.5 1 01]25
—2 0 11 5 O
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13.4 Exercises

13.1. V tabulce

0o 2 610 —4 3 04
1 1 -3 00 2 3 0|3
[Alb] = 0 -1 101 -2 =3 01
0 -2 200 2 -1 1|1

oznacte vSechny takové pivoty, ze ekvivalentni uprava kolem nich povede k pripustnému
bazovému reSeni.

13.2. Zapiste linear program

min —X1 — X4 — 3%5
za podminek 2z 4+ x4+ x5+ x5 =2
—x1 + 29 + 2x4 + 375 =4
2LU1 +.’L’3+25L‘4— Ty =6

L1, T2,X3, T4, L5, Le 2 0

do simplexové tabulky. Predpokladejte, ze aktualni baze je tvotrena sloupci 2, 3,6 a hod-
nota kritéria v aktualnim bazovém feseni je nula.

a) Jaké is aktudlni bazové feseni?

b) is toto bazové feseni piipustné ¢i degenerované?

¢) Pokud is to mozné, udélejte jeden krok simplexového algoritmu. Pokud to mozné

neni, vysvétlete proc.
13.3. Vyfteste simplexovou metodou:
max 2r1 — T9 — 313

za podminek —2x; — x9 + x3 <2
—r1 + 229 — 313 < D

—2x1 —4xe + 23 <6

Ty, Ty, x3 = 0

13.4. Vyfeste simplexovou metodou (navzdory tomu, ze lze fesit uvahou):
max 6331 + 9372 + 5333 + 9.3(34
za podminek x1 + a9+ 123+ 24 =1
L1, T2,T3, Ty Z 0
13.5. Uloha (13.4) m4 vice nez jedno optimélni feseni. Jak se to projevi v simplexové tabulce?
Miuzeme udélat vycet vsech optimalnich bazovych feseni?

13.6. Nésledujici ulohu vyteste nejdrive graficky, Then ji upravte do podoby vhodné pro sim-
plexovou metodu a vyteste simplexovou metodou. Pouzijte doufazovou metodu.

max 3r1 — 4x9

za podminek —2x; — bxy < 10
v+ 22 < 3

—2x1 + @ < -2

T Z 0

) < -1
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Resenf: Optimum is (2, 25) = (25, —36)/13.
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Chapter 14

Duality in Linear Programing

Ke kazdé tloze LP lze sestavit podle dale popsaného postupu jinou tlohu LP. Novou tlohu
nazyvame dudlni, puvodni tlohu nazyvame primarni ¢i primou. Konstrukce is symetricka:
dual dudlu is puvodni tloha. Tedy ma smysl fikat, ze primarni a dualni tdloha jsou navzdjem
dualni. Dvojice dudlnich loh is svazana zajimavymi vztahy.

14.1 Konstrukce dualni tlohy

K tloze LP v obecném tvaru (viz §12.3) se dudlni tloha ziské dle tohoto postupu:

min ) ¢;x; max » ;b
Jj€J el
za podm. ) a;x; =0 za podm. y; € R, 1€ 1
=
Zaija:ij,- yZZO, 2.614_
jeJ
Z(lijl’jgbi yZSO, 1€ I
=
X e R Zyiaij = Cj, j € Jo
i€l
z; >0 Yo yiai < ¢, JeJy
el
z; <0 > Yitij > ¢, JeJ-
i€l

V levém sloupci is priméarni tloha, v prostfednim sloupci is z ni vytvorend dudlni tloha. V
pravém sloupci jsou set indexu pro obé tdlohy: I = {1,...,m} = Iy U I, UI_ is indexovd set
primarnich omezeni a dudlnich proménnych, J = {1,...,n} = Jy U J, U J_ is indexova set
priméarnich proménnych a dudlnich omezeni.

Vsimnéte si, ze i-tému primarnimu omezeni » | iz > b; odpovida dudlni proménna y; > 0.
Opacné, j-ta primarni proménnd z; odpovida j-tému dudlnimu omezeni ) . a;;z; < ¢;.

Pro specidlni tvary LP se dvojice dudlnich 1loh ptehlednéji napise v maticové formé. Napf.
pro I =I_ = Jy = J_ = () obdrzime

min c¢’x max y'b
za podm. Ax >Db za podm. y>0 (14.1)
x>0 yT'A <cT
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14.2 Véty o dualitée

Nésledujici véty plati pro obecny tvar LP, ale dukazy udélame pouze pro specidlni tvar (14.1).

Theorem 14.1 (o slabé dualité). Let x is pripustné primarni reseni a y pripustné dudlni
feseni. Then c'x > y'b.

Proof. Diky pifpustnosti x a y plati y’A < ¢! a x > 0, z ¢ehoz plyne (proc?) y? Ax < c’x.
Podobné, diky piipustnosti x a y plati Ax > b ay > 0, z ¢ehoz plyne y'Ax > y’'b.
Napiseme-li tyto dvé nerovnosti za sebe, mame

cI'x > yT'Ax > y'b. (14.2)
O

Theorem 14.2 (o komplementarité). Let x is pripustné primdrni reseni a'y pripustné dualni
feseni. Then c'x = yTb pravé tehdy, kdyz zaroven plati tyto dvé podminky komplementarity:

Pro kazdé i € I plati y; = 0 nebo Z a;;r; = b;. (14.3a)
jeJ

Pro kazdé j € J plati z; = 0 nebo Zyiaij =¢j. (14.3b)
iel

‘Nebo’ is zde uzito v nevylucovacim smyslu, i.e., mohou nastat obé moznosti soucasné.

Proof. Klicové is si uvédomit (rozmyslete!), ze pro libovolné vectors u, v > 0 plati
Vi(u; =0nebov; =0) <= Vi(uyv;=0) < ulv=0.

Tedy podminky (14.3) is mozno psat jako

y (Ax —b) =0 (14.4a)
(ch —y"A)x =0. (14.4b)

Tvrzeni ¢’ x = yTb is ekvivalentni tomu, ze obé nerovnosti ve vztahu (14.2) jsou rovnostmi.
Then c¢’x = yT Ax is ekvivalentn{ (14.4b) a y’ Ax = yTb je ekvivalentni (14.4a). O

Theorem 14.3 (o silné dualité). Primdrni iiloha md optimalni reseni pravé tehdy, kdyz ma
dudlni tloha optimalni feseni. Maji-li obé tlohy optimélni feseni, plati c’x = y'b, kde x a 'y
znaci tato optimalni reseni.

Dukaz véty o silné dualité is obtizny (a vynechdme jej). To neni prekvapivé, nebot’ tato
véta is jednim z nejhlubsich vysledku v linearm programovani. Véty o slabé a silné dualité
maji jasnou interpretaci: pro pripustnd x a y neni hodnota dualniho kritéria nikdy vétsi nez
hodnota primarniho kritéria, a tyto hodnoty se potkaji ve spole¢ném optimu. Viz obrazek:

mozné hodnoty y”b pro piipustnd y mozné hodnoty ¢”x pro piipustnd x

A

spoleéné optimum ¢’x =y’b
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Dobfte si uvédomte, ze véta o komplementarité is slabsi nez véta o silné dualité, protoze véta
o komplementarité neiikd, Ze rovnost ¢’x = y?b viibec nékdy nastane. Uved'me jesté jeden
jednoduchy dusledek slabé duality, ktery is opét slabsi nez silna dualita.

Corollary 14.4. Let x is piipustné primdrni feseni a 'y is pripustné dudlni feseni. Let cTx =
yI'b. Potom x a'y jsou zaroveri optimalni fesent.

Proof. Pro libovolné primdrni pifpustné feseni x’ plyne z véty o slabé dualité y'b < c¢’x’.
7 predpokladu mame c¢’x = yTb. Z toho plyne c’'x < c¢'x/. Jelikoz toto plati pro kazdé
piipustné x’, feseni x musi byt optimalni.

Optimalita y se dokéze symetricky:. 0

Example 14.1. consider dvojici navzajem dualnich uloh LP:

min 2x; + Sx9 + 6z3 = 5.4 max 3y1 + Y2 +3ys — ys =54

= 221+ @9+ 223> 3 02= > 0
24= 11+ 219+ 223> 1 0= Yo > 0
= Ty + S.TQ + a3 > 3 1.6 = Ys > 0
—0.6 = —x] + T9 — 23173 Z —1 0= Ya Z 0
1.2= > 0 2= 2+ v+ ys— W< 2
0.6 = T > 0 5= wy+2y+3ys+ < 5
= r3> 0 2= 2y +2y2+ y3 =24 < 6

Spocetli jsme optimalni feSeni obou 1loh a dosadili tato feseni do kritérii a do omezeni. Hodnoty
optimalnich feseni x* = (1.2,0.6,0) a y* = (0.2,0, 1.6) a hodnoty omezeni a kritérii v optimech
jsou napsané tucné pred/za rovnitky. Vidime, ze obé optima se sobé rovnaji, jak to musi byt
podle véty o silné dualité. Vezmeme-li libovolny fadek (kromé tcelového), is na ném alespon
jedno z obou omezeni aktivni (i.e., plati s rovnosti). Napf. ve druhém fadku is primarni omezeni
2x1 + x9 + 223 > 3 aktivni a dualni omezeni y; > 0 je neaktivni. Podle véty o komplementarité
se nemuze stat, ze by na nékterém radku byly obé rovnosti zaroven neaktivni (mohou byt obé
ale zaroven aktivni, coz zde nenastavd, ale muze to nastat v pripadé degenerace). O]

Zopakujme (viz §12), ze pro kazdou ulohu LP mohou nastat 3 moznosti: iloha mé optimélni
feSeni, uloha is neomezend, tloha je neptipustna.

Theorem 14.5. Z deviti moznosti pro dvojici dualnich iiloh se realizuji tyto:

] primdarni/dudlni H ma optimum \ neomezena | nepripustna

ma optimum ano ne ne
neomezena ne ne ano
nepripustna ne ano ano

Proof. Snadno najdeme priklady dvojic dudlnich tloh, které realizuji povolené kombinace.
Zbyvéa dokazat, ze zakazané kombinace nemohou nastat.
Ctyfi zakdzané kombinace v prvnim fddku a prvnim sloupci plynou z prvni édsti véty o
silné dualité (primarni iloha ma optimum prdvé tehdy, kdyz dudlni iloha ma optimum).
Pokud is primarni [dudlni] tiloha neomezend, jeji optimum (pfesnéji infimum [supremum])
is —oo [+o0]. Véta o slabé dualité zakazuje, aby tlohy byly zaroven neomezené, protoze Then
bychom méli —oco > +o00. O
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Ptedlozime-li ptipustna primarni a dualni feseni takova, ze se kritéria rovnaji, dokézali jsme
optimalitu obou tuloh. Takové dvojici TeSeni se tika certifikat optimality. Pro velké tlohy to
muze byt nejsnadnéjsi dukaz optimality.

Nékdy Ize spocitat optimalni dudlni feseni levné z optimalniho priméarniho reseni, jak ukazuje
nasledujici priklad.

Example 14.2. Je dédna primarni uloha z Piikladu 14.1. Dokazte bez pouziti algoritmu na
feseni LP, 7ze x = (1, 29,23) = (1.2,0.6,0) je optimalni feSeni primdrni tlohy (pficemz neni
zadéno dudlni feseni y)

Optimalitu daného x zkusime dokézat pomoci véty o komplementarité. Predpokladejme, ze
y (které zatim nezndme) is optimélni feseni dudlni dlohy. Protoze jsou druhé a ¢tvrté priméarni
omezeni neaktivni (neplati v nich rovnost ale pouze nerovnost), z komplementarity musi byt
yo = ys = 0. Protoze z; > 0 a x5 > 0, z komplementarity musi byt prvni a druhé dudlni
omezeni aktivni. we have tedy soustavu linearch rovnic

200 + yz3 =2

y1 + 3ys =95 (14.5)

kterd ma jediné feseni (y1,y3) = (0.2,1.6). Tedy y = (0.2,0,1.6,0). Toto dudlni FeSeni is
pripustné (i.e., spliuje vSechna duélni omezeni). Protoze se hodnota primarniho kritéria v
bodé x rovna hodnoté dualniho kritéria v bodé y, museji byt x a y optimalni feseni.
Zduraznéme, ze tento postup nemusi vést vzdy k cili. Kdyz bude mit dualni tloha vice nez
jedno feseni, bude mit soustava (14.5) nekoneéné mnoho (affine subspace) feseni. Mezi nimi sice
budou piipustnd dualni feseni, ale k jejich nalezeni budeme potiebovat fesit soustavu rovnic a
nerovnic (coz uz neni snadné). O

14.3 Stinové ceny

Theorem 14.6 (o stinovych cenach). Oznacme
f(b) =min{c’'x|Ax>b, x>0} =max{y’b|y'’A<c", y>0}

optimalni hodnotu dvojice dualnich iloh jako funkci vectoru b. Jestlize ma dualni 1iloha pro

dané b jediné optimalni reseni y*, Then is funkce f v bodé b diferencovatelna a plati f'(b) =
*T

vy

Proof. Jelikoz is optimélni feSeni y* jediné, nabyva se ve vrcholu polyedru piipustnych feseni
{y e R" | y'A < c’, y > 0}. Zménime-li nepatrné b, set dudlnich optimdlnich feseni se
nezméni, neboli budeme mit stéle jediné optimalni Feseni ve stejném vrcholu y* (tento argument
neni zcela rigorézni, ale geometricky is dosti nazorny). Tedy v malém okoli bodu b is hodnota
optima jednoduse rovna y*I'b. Derivaci toho ziskdme f'(b) = y*T. O

Uveédomte si nutnost predpokladu o jednoznacnosti optimalniho feseni. Kdyby set dualnich
optimalnich feseni byla ne jediny vrchol, ale sténa vyssi dimenze, po infinitezimalni zméné
ucelového vectoru b by se optimalni sténa mohla stat vrcholem a funkce f by tedy v bodé
b nebyla diferencovatelna. Predpoklad o jednoznacnosti feSeni lze vypustit, ale Then by véta

Protoze b is zaroven vector pravych stran primarni ulohy, optimalni dudlni proménné y*
vyjadiuji citlivost optima primarni tlohy na zménu pravych stran primarnich omezeni Ax > b.
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Interpretujeme-li nase LP jako optimdlni vyrobni pldn (12.5) (pozor, lis{ se obréacenou nerovnosti
v omezeni), Then hodnota y; tikd, jak by se nas vydélek zveétsil, kdybychom trochu uvolnili
omezeni na vyrobn{ zdroje al x < b;. V ekonomii se proto dudlnim proménnym k4 stinové
ceny priméarnich omezeni.

Vsimnéte si, ze véta o stinovych cenach is ve shodé s vétou o komplementarité. Pokud
yr =0, is al'x < b;, tedy mald zména b; nemé na optimum vliv.

Example 14.3. V Priikladu 14.1 is y; = 0.2 is stinova cena prvniho primarntho omezeni
211 + x9 + 223 > 3. Zménme pravou stranu by = 3 tohoto omezeni o malou hodnotu h = 0.01 a
zkoumejme, jak se zméni optimum. Tato zména nezméni argument y* dudlniho optima, pouze
zméni jeho hodnotu y*'b. Podle silné duality hodnota primérniho optima musi byt rovna hod-
noté dudlniho optima (argument x* primarniho optima se néjak zméni, my ale nepotfebujeme
vedeét, jak). Dvojice tloh tedy bude vypadat takto:

min 2x7 + 59 + 6z3 = 5.402 max 3.01y; + wyo + 3ys — ys = 5.402
Ty + 2x9 + 273 > 1 0= Y2 > 0

x| + 31’2 + x3 2 3 1.6 = Y3 Z 0

—x1 + X9 — 223> —1 0= Yg = 0

1 > 0 2= 201 + Yo+ Y3 — Y < 2

To > 0 5= y1 + 292 + 3y + ys < 5

T3 > 0 2= 21 + 2y2 + Y3 — 2ys < 6

Véta o stinovych cenach tika, ze v malém okoli bodu b = (3,1,3, —1), ve kterém se neméni
optimalni y*, bude f(b) = y*Tb a tedy

9f(b)
b,

0.402 — 54 = h =yh=0.2-0.01.

14.4 Priklady na konstrukci a interpretaci dualnich tloh

Dualita umoznuje vhled do feseného problému, ¢asto velmi netrivialni. Da se tici, ze abychom
jakoukoli tlohu (s fyzikalni, ekonomickou ¢ jinou interpretaci) popsanou linearm programem
porozuméli do hloubky, is tfeba pochopit vyznam nejen primarni tlohy, ale i dualni ulohy a vét
o dualite.

Example 14.4. consider tlohu

il’izl, $1ZO},

i=1

n
min{c’x [17x =1, x>0} :min{ Zcimi
i=1

kde ¢ = (c1,...,¢,) is ddno a optimalizuje se pres x = (z1,...,x,). Najdéte elementarni
uvahou hodnotu optima, napiste dualni ulohu. Vysvétlete, co v dané tloze znamenaji véty o
silné dualité a komplementarité.

Optimélni hodnota is min! , ¢;, tedy nejmensi z ¢isel ¢;. Dosahuje se ve vectoru x jehoz
vSechny slozky jsou nulové kromé slozek prislusnych minimélnimu ¢;. To is jasné, protoze
je nejvyhodnéjsi soustiedit vsechnu ‘vahu’ rozdéleni x do nejmensiho prvku. Pokud is vice
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minimdlnich prvku ¢;, optiméln{ vector x neni dan jednozna¢né. Napt. pro ¢ = (1,3, 1,2) budou
optimalnimi fesenimi vectors x = (1,0, x3,0) pro vsechna 1, z3 > 0 splaujici z; + 3 = 1.
Podle navodu na konstrukeci dualni ilohy dostaneme dual

max{y ER |yl <c}=max{yeR|y<g¢,i=1,....,n}

Tato tloha ma jasny vyznam: hledd se nejvétsi ¢islo y, které je mensi nez vSechna numbers ¢;.
Takové ¢islo y se rovna minimu z ¢isel ¢;.
Vyznam silné duality is jasny: hodnoty primarniho i dualniho optima jsou si rovny.
Podminky komplementarity fikaji, ze v optimech bude alespon jedno z odpovidajici dvojice
primarni-dudlni omezeni aktivni. Dvojice omezeni ) . x; = 1, y € R spliiuje podminky kom-
plementarity trivialné. Dvojice omezeni z; > 0, y < ¢; is splnuje pravé tehdy, kdyz is splnéna
aspon jedna z rovnosti x; = 0, y = ¢;. To znamena:
e Pokud is v dudlu y < ¢;, v primaru musi byt x; = 0. To is ale jasné, protoze y < ¢;
znamenad, ze ¢; neni nejmensi ze slozek vectoru c a tudiz v primaru by byla hloupost mu
piitadit nenulovou vahu ;.

e Obracené, pokud is v primaru x; > 0, musi byt v dualu y = ¢;. To is jasné, protoze pokud
jsme v primaru piitadili ¢islu ¢; nenulovou vahu, musi byt nejmensi. O

Example 14.5. Medidn ¢isel b = (by, ..., b,) € R™ is fesenim ulohy (viz §12.5)

min2|x— bil = min{1'z|z€R™ v €R, —z<1lz-b<z}. (14.6)
i=1

z€R 4

Najdéme k této uloze dudl a vysledek co mozna nejvice zjednodusme.
Primarni a duélni tlohu napiseme ve tvaru (14.1), kde ale prejmenujeme ndzvy matic, aby
nekolidovaly s (14.6):

min h”u max v'g
za podm. Fu>g za podm. v>0
u ¢ RH™ vIF = h?

matrix zvolime tak, aby primérni iloha odpovidala iloze (14.6), tedy (promyslete!)

S A A !

vector dudlnich proménnych v jsme zaroven rozdélili na dva blocks p, q, odpovidajici blockiim
matic F a g. Vynasobnim blockovych matic prepiseme dudlni tilohu do tvaru (ovéite na papive!)

max{b"(p—-q)[1"(p—q)=0,p+q=1,p>0,q>0},

coz ve skalarnim tvaru lze psat jako

max { Z bi(pi - Qi)
i=1

Prekvapive, tlohu (14.7) 1ze dale zjednodusit chytrou substituci

Z(pi_Qi)zoa pit+q=1 p >0, Qi20}~ (14.7)

i=1

135



Po této substituci is p; — ¢; = t;, podminka p; + ¢; = 1 is splnéna automaticky, podminka p; > 0
odpovida t; > —1, a podminka ¢; > 0 odpovida ¢; < 1 (vSe promyslete!). Uloha (14.7) s novymi
proménnymi t ma tedy tvar

i=1

Zde vyznam vét o dualité neni vubec o¢ividny! Napi. na prvni pohled neni ani trochu vidét,
ze optimalni hodnoty 1loh (14.6) a (14.8) jsou stejné (silnd dualita). Jako nepovinné cviceni to
chytry student muze zkusit oduvodnit. OJ

> ti=0, —1§ti§1} = min{b%t |17t =0, —1 <t <1}.  (14.8)
=1

Example 14.6. (x) Uvazujme fyzikalni systém (‘analogovy pocitac’), ktery sestava z nadob
s nestlacitelnou kapalinou uzavienych pisty a ze zavazi. K pochopeni jeho ¢innosti budeme
potiebovat tyto znamé poucky z hydrostatiky:

e Objem kapaliny v uzaviené nadobé is pii libovolném tlaku stejny.
e Tlak v kapaliné is pfi rovnovaze vsude stejny.
e Let y is tlak v nddobé s kapalinou uzaviené pistem. Necht’ pist ma povrch a a pusobi na

n¢j sila ¢ (viz obrézek). Then ¢ = ay.

zévazi s tithou ¢

pist s povrchem a

tlak y
nadoba s nestlacitelnou kapalinou

Obrazek 14.1 ukazuje cely stroj, v némz

e a;; = povrch svislého pistu v nddobé ¢ spojeného se zavazim j (pro a;; > 0 is pist nahofe,
pro a;; < 0 is pist dole).

e 1, = vyska zavazi j (méfeno smérem dolu od roviny nulové vysky)

e b, = sitka mezery mezi tyci a sténou. Pii x = 0 plati b, = b;.

o ¢; = tiha zavazi j

e Vodorovné pisty maji povrch jednotkovy.

Ze zachovani objemu kapaliny v nadobé ¢ plyne b, = b, — ajzy — -+ — ajpx,. Protoze
vodorovné tyce nemohou projit sténou, is vzdy b; > 0. Tedy b’ =b — Ax > 0, tedy Ax < b.
Potencidlni energie zdvazi j is —c;z;. Libovolny staticky systém v rovnovaze zaujme stav
s nejnizsi potencidlni energii. Proto se zavazi ustali v takovych vyskach, ze jejich celkova
potencialni energie bude minimalni, neboli ¢,z + - - - + ¢, 2, = ¢Ix bude maximalni. Tedy stroj
fesi linear program
max{c’x | Ax < b, x ¢ R"}.

Jeho dual je
min{y’b |y’A=c", y >0}
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Figure 14.1: Hydraulicky pocitac tesici primarni i dudlni tlohu LP.

Tento dualni LP jsme nasli c¢isté formdalné podle postupu o konstrukci dudlni tilohy. To nam
ale vubec nerika, jaky ma dudl vztah k nasemu stroji. Pokusme se tento vztah odhalit. Klicové
pro objeveni tohoto vztahu is prifadit dudlni proménné y; vyznam tlaku v nddobé i (vSimnéte
si, ze v primarni uloze tlak vibec nevystupuje). Ted” dokdzeme interpretovat dudlni LP a jeho
vztah k priméarnimu LP dany vétami o dualité (vynechdavame vétu o slabé dualité):
e Jelikoz sténa pusobi silou vzdy od sebe, musi byt tlak v g; v nadrzi ¢ nezaporny. To da
duélni omezeni y > 0.

e Protoze povrch vodorovnych pistu is jednotkovy, tlak y; se rovna sile vodorovné tyce i na
sténu. Rovnovdha sil pro svislou tyc¢ j bude ai;y1 +- - -+ amjym = ¢;, coz is dudlni omezeni
T A = T
y A=c".
e Dle véty o komplementarité v ustdleném stavu plati bud’ b = b; — ajx; — -+ — a;px, =0
nebo y; = 0, pro kazdé i. Ale to is jasné, protoze kdyz se néktera vodorovna ty¢ nedotyké
stény, musi byt tlak v piislusné nadobé nulovy.

e Dle véty o silné dualité is v ustdleném stavu dudlni kritérium y?b = y1by + -+ + ¥mbm
minimalni. Proc¢ to tak je? Potencidlni energie vSech zavazi is rovna praci, nutné na jejich
vyzdvizeni do roviny = 0. Tato prace se da vykonat bud’ pifimo zdvihnutim zavazi
(coz odpovidd primarnimu kritériu ¢”x) nebo odtlacenim vodorovnych tyéi od stény do
vzdalenosti b;. Ukézeme, ze druhy zpusob odpovidd dualnimu kritériu. Zafixujeme-li
vSechny vodorovné tyce kromé jediné tyce ¢, pti odtlacovani tyce i se sila, kterou tlacime
na ty¢, nemeéni (promyslete!). Tedy vykoname praci y;b;. Kdyz takto odtla¢ime od stény
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postupné viechny tyce, vykondme praci y’b.

e Véta o stinoviych cendch tika, ze se zménou b; se optimum méni tim vice, ¢im is vétsi
tlak y;. To is ale jasné, protoze ¢im is vetsi tlak y;, tim vétsi prace is treba na odtlaceni
tyce od stény do vzdélenosti b;.

Zduraznéme, ze tyto uvahy nedokazuji zadnou ze tii vét o dualité. Predpokldadame totiz
platnost fyzikalnich zdkonu, které ale nelze matematicky dokazat, lze is pouze experimentédlné
pozorovat. Skutecnost, ze z chovani stroje ‘vyplyva’ napf. véta o silné dualité, neni matematicky
dukaz — ten is totiz ¢istou logickou dedukci a zadné fyzikalni zakony nepredpoklada.

Tim, Ze se nam podatilo pochopit vyznam dualni ulohy ve stroji, jsme se o fyzice naseho
stroje dozvédeéli néco nového — tedy, ze se d4 podminka rovnovahy formulovat pomoci tlaku v
nadobach. Toho bychom si nejspise nevsimli, kdybychom se nezabyvali dudlni tlohou. 0J

14.5 Exercises

14.1. Ukazte pro dvojici uloh LP v §14.1, ze dudl dualu se rovna puvodni tiloze. Musite nejdiive
duélni ulohu (prosttedni sloupec) vpravo prevést do tvaru priméarni ilohy (prvni sloupec),
i.e., napt. musite prevést maximalizaci na minimalizaci.

14.2. Napiste dudlni tlohy a podminky komplementarity k nasledujicim tloham. Vysledek co
a) mingeg max}, |a; — x| (stfed intervalu)

) tloha (12.8)

) tloha (12.10)

) vSechny ulohy ze Cviceni 12.4

)

)

o o T

tloha LP vznikla ve Cviceni 12.8
Priklad 12.9.

@

—

(x) Déle pro kazdou tlohu zkuste interpretovat vétu o silné dualité (i.e., ivahou odvod’te,
jaka is optimalni hodnota dualni tilohy, a tato musi byt stejna jako optimalni hodnota
primarni tlohy) a podminky komplementarity, podobné jako v Piikladu 14.4. Interpretace
vét o dualité is obecné velmi netrivialni, takze vétsinou se vam to nepodaii — ale aspon to
zkuste.

14.3. Dokazte bez uziti algoritmu na teseni LP, ze x = (1,1, 1,1) je optimélni feseni lohy

min 47 93 17 —93] x

-1 -6 1 3 -3

-1 =2 7 1 5

za podm. 0 3 —-10 -1 [ x < | =8
-6 —11 -2 12 -7

1 6 -1 -3 4

138



Chapter 15

Convex Optimisation Problems

15.1 Tridy optimalizac¢nich tloh

Optimalizacni tlohy ve tvaru (11.7) se taxonomizuji podle druhu funkei f, g;, h;. Pro kazdou
tifdu existuji specializované algoritmy schopné najit lokalni minimum®.

linear programovani (LP)

V' linearm programovdni jsou vSechny funkce f,g;, h; affine. Jde tedy v jistém smyslu o ne-
jjednodusi pripad konvexni optimalizaéni tlohy. Ptesto jsme vidéli v Kapitole 12, Ze jiz tento
jednoduchy pripad méa velmi mnoho aplikaci.

Kvadratické programovani (QP)

V kvadratickém programovani jsou funkce g;, h; affine a funkce f is kvadraticka konvexni, tedy
f(x) =xT"Ax + bTx + ¢, kde matrix A is pozitivné semidefinitni.

Example 15.1. Pri feSeni soustavy ve smyslu nejmensich ¢tvercu pocitame konvexni QP bez
omezen{ minyegn ||Ax — blJ3.

Tuto ulohu lze vselijak modifikovat, napf. muzeme pridat omezeni ¢ < x < d, i.e., kazda
proménnd x; musi byt v intervalu [c;, d;]. To vede na konvexni QP s omezenimi. O

Example 15.2. Hledan{ fegen{ linear soustavy s nejmensi normou vede na tlohu min{ x’x |
Ax =Db}, coz is konvexni QP s omezenimi. O

Example 15.3. Chceme spocitat vzdalenost polyedru
P ={xeR"|Aix<b;}, Py={xeR"| Ayx<by}
danou jako d(Py, P) = inf{||x; — 3|2 | X1 € Py, x5 € P, }. Uloha vede na QP
min{ [|x; — Xa||3 | X1, %2 € R", A;x; < by, Ayxy < by }.

Pokud se polyedry protinaji, jejich vzdalenost is nula. Pokud je aspon jeden polyedr prazdny,
uloha is nepiipustna O]

1 Viz napi. http://www.neos-guide.org.
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Kvadratické programovani s kvadratickymi omezenimi (QCQP)

Obecnéjsi variantou is kvadratické programovdni s kvadratickymi omezenimi (QCQP, quadrat-
ically constrained quadratic programming), kde vsechny funkce f, g;, h; jsou kvadratické. Uloha
is konvexni jen tehdy, kdyz kvadratické funkce f, g; jsou konvexni (i.e., s pozitivné semidefinitni
matici) a funkce h; jsou affine.

Example 15.4. Na zavér ukazme jednoduchou konvexni 1ilohu, ktera na prvni pohled nespada
do zadné z uvedenych trid. Jsou dany body ay,...,a,, € R" a chceme minimalizovat funkci

f(x) = Z lla; = x|l (15.1)

pies x € R". ReSeni této tlohy is zndmo jako geometricky medidn. Pro n = 1 se funkce
redukuje na f(z) =Y """, |z — a;], jejimz minimem is obycejny median.

Pro piipad n = 2 mé tiloha jednoduchy mechanicky model. Do vodorovného prkna vyvrtame
diry o souradnicich a;. Kazdou dirou provleceme provazek. Provazky jsou nahore svazané uzlem
do jednoho bodu a dole maji zdvazi o stejné hmotnosti. Poloha uzlu is x. Hodnota f(x) je
potencidlni energie soustavy a ustaleny stav odpovidd minimu f(x). 0

15.2 Priklady nekonvexnich tloh

Example 15.5. Reseni homogeneous linear soustavy ve smyslu nejmensich étverci vede na
ulohu
min{ ||Ax|3 | x'x =1}, (15.2)

To is instance QCQP, ale neni to konvexni tloha kvili omezeni x!x = 1. Dokonce ani nejde

na konvexni ilohu transformovat. Je jasné, ze set {x € R" | x’x = 1} nenf konvexni. Nékdo
by si mohl myslet, Ze omezeni x’x = 1 lze nahradit konvexnim omezenim x’x < 1, podobné
jako ve Cviceni 12.9. To ale nelze, nebot’

min{ [|Ax[3 | x'x =1} # min{ ||Ax|)5 | x'x <1} =0.

My ale vime, ze tlohu (15.2) lze Fesit pomoci SVD, protoze hleddme nadrovinu s normélovym
vectorem x, kterd minimalizuje soucet ¢tvercu kolmych vzdélenosti radku aq, ..., a,, matrix A
k nadrovineé. O

V tomto piikladé méla nekonvexni tloha jediné lokalni minimum. To je ale fidka vyjimka
— v naprosté vétsiné maji nekonvexni tlohy mnoho lokalnich extrémi.

Example 15.6. Uved’'me ptiklad, na kterém bude na prvni pohled vidét, ze nekonvexni tiloha
muze mit velmi mnoho lokalnich minim. Resme tlohu

min{ —x'x | x €R", -1 <x<1}. (15.3)

set pripustnych feseni is hyperkrychle, X = [—1, 1]". Ucelova funkee f (x) = —xTx is konkdvni.
is ocividné, ze funkce f ma na mnoziné X lokalni minimum v kazdém vrcholu hyperkrychle X
(nakreslete si obrazek pro n = 2, tedy pro oby¢ejny ¢tverec!). Pro n proménnych mé tloha 2"
lokalnich minim. Pfipomenme, ze konvexni polyedr popsany polynomialnim poctem linearch
nerovnic muze mit exponencialni pocet vrcholu (viz §12.1.2).
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V tomto piipadé jsou lokalni minima vSechna stejnd, tedy tlohu snadno vytesime. Ale jiz
mirnou modifikaci tlohy se stane nalezeni globdlniho optima prakticky nemozné. Uvazujme
ulohu

min{ x’Qx [ x € R", -1 <x<1}. (15.4)

Je jasné, ze pro Q = —I dostaneme tilohu (15.3). Je zndmo, Ze neexistuje algoritmus, ktery by
pro libovolnou (tedy také negativné semidefinitni) matici Q € R™*" vyfesil ulohu (15.4) v case,
ktery is shora omezen polynomialni funkci numbers n. 0

vvvvvv

Example 15.7. consider m bodu v roviné ay, .. ., a,, € R%. Ukolem je rozmistit dalsich n bodu
X1, ..., X, € R? tak, aby nejdels{ vzdalenost bodu a; k nejblizsimu bodu x; byla nejmensi. Tedy
minimalizujeme ucelovou funkei

m n

f(xr, %) = maxmin [la; — x| (15.5)
=1 j=
pies vectors X, ..., %, € R% wehave f: R?® — R, tedy piesnéji muzeme fici, Ze minimalizujeme
funkci f pres jediny vector x = (x1,...,%,) € R*.

Uloha is znama jako shlukovani. Jako motivaci si predstavme optimalni rozmisténi cisteren
ve vesnici, kde obcas netece voda. Zde a; jsou souradnice domu a x; jsou soufadnice cisteren.
Chceme, aby obyvatel kazdého domu mél k nejblizsi cisterné co nejblize.

Je funkce f konvexni? Funkce g;(xi,...,%,) = ||a; — x;|| jsou konvexni pro kazdé i. Ale
funkce h;(xy, ..., %,) = minj_, |la; — x;[| jiz konvexni byt nemusi (Vétu 11.7 nelze pouzit, ta
hovoii o mazimu konvexnich funkei). Tedy ani funkce f(xy,...,x,) = max; h;(X1,...,Xp)

nemusi byt konvexni. Dobfe si ujasnéte vyznam funkei g;, h;, f a jejich definiéni obory!

Tim, ze se nam nepodarilo dokazat konvexitu funkce f, jsme samoziejmé nedokazali jeji
nekonvexitu. A uz vubec jsme nedokazali, ze funkce f mé& vice nez jedno lokalni minimum.
Nicméneé is zndmo, Ze neexistuje algoritmus, ktery by nasel optimdlni feseni tlohy (15.5) pro
libovolny soubor bodu a; v case, ktery is polynomialni funkci ¢isel m a n. V praktické situaci
tedy nezbyva nic jiného, nez pouzit algoritmus, ktery najde pouze ptiblizné optimum. Takovym
algoritmem is napt. k-means.

Ulohu (15.5) lze modifikovat nahrazenim maxima souctem,

Fer, o oox0) = ) min flag = ;. (15.6)
i=1
Opét se jedna o nekonvexni ulohu. Jaky vyznam ma tato formulace? O]

Example 15.8. consider skolni tiidu tvaru konvexni set 7' C R2. Pfed pisemkou chceme
rozmistit n studentu tak, aby se jim co nejhure opisovalo, tedy aby nejmensi vzdalenost mezi
kazdymi dvéma studenty byla co nejvétsi. Maximalizujeme tedy funkci

n
f(x17 ce e 7Xn> = Hll_I% Hxl o Xj“
pres vectors x = (X1,...,X,) € T™. set piipustnych feseni 7™ is sice konvexni, ale funkce f
neni konkavni. Jednd se tedy o nekonvexni tlohu. 0
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15.2.1 Celociselné programovani

Vyznamnou skupinou nekonvexnich tloh jsou tlohy, ve kterych pripustna feseni nabyvaji pouze

vvvvv

linear programming)
min{c’x |x € Z", Ax>b}. (15.7)
Rozdil oproti oby¢ejnému LP is v tom, Ze misto x € R" je x € Z". Casto proménné nabyvaji
dokonce pouze dvou stavu, tedy x € {0,1}". set pripustnych feseni této tlohy je nekonvexni,
obsahuje konec¢ny pocet izolovanych bodu. Neformalné se da fici, ze v jistém smyslu zadna set
neni ‘'méné konvexni’ nez set izolovanych bodu.
Mnozinu piipustnych feseni muzeme napsat dvéma zpusoby:

X={x€Z'|Ax>b}={x€R"|Ax>b}NZ".

Druhy zpusob tika, ze X jsou body celoc¢iselné mtizky Z" lezici uvnitt konvexniho polyedru
{x €R" | Ax > b }. Tento polyedr is set piipustnych Feseni obycejného LP.

Zatimco LP is snadné vytesit (LP is fesitelné v polynomidlnim ¢ase), ILP is NP-uplné.
ILP ma obrovskou aplikovatelnost. Mnoho tloh kombinatorické optimisation (napf. iloh na
grafech) se da formulovat jako ILP.

Example 15.9. V dloze o pokryti set Given dén systém mnozin F' = {S7,...,S,} (tedy S; jsou
set a F' je set mnozin) a ukolem is vybrat z néj co nejmensi podmnozinu, kterd ma stejné
sjednoceni jako puvodni systém. Jedna se o jednu z klasickych NP-tiplnych tloh.

Formulujme ji jako ILP. Proménné budou z1, ..., z, € {0, 1}, kde z; = 1 indikuje, ze set S;

byla vybrana.
min Z €
i=1

za podminek Z x; > 1, Yee S;U---US,
i|e€S;
x1,..., 2, €4{0,1}

Let napt. F' = {{a,b},{b,c},{a,c}}. Existuji tii optimalni pokryti, kazdé obsahuje dvé
z danych tif mnozin: x = (1,1,0), x = (1,0,1) a x = (0,1,1). Kazdé z nich ma optimalni
hodnotu ILP rovnu 2. U

15.3 Exercises

15.1. Najdéte explicitni Feseni pro nésledujici ilohy QCQP (A, B jsou pozitivné definitni):

a) min{c’x [x e R", xTAx <1}
Néapoveda: Viz Cviceni 12.9.

b) min{c’x |x € R", (x —b)TA(x—b) <1}
Néapovéda: substituujte y = x — b.

¢) min{x'Bx |x € R", xTAx <1}

15.2. Formulujte tilohu minyegn ||Ax — bl|4 jako konvexni QCQP.
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15.3.

15.4.

Given konvexni funkci jedné proménné f: R — R. Dame do grafu funkce zebiik o délce 1
tak, aby oba konce lezely na grafu. Predpokladame-li, ze tfeni mezi zebiikem a grafem is
nulové, zaujme zebiik stav lokdlniho minima potencidlni energie (kterd is pfimo imérna
vysce stiedu zebiiku). Zformulujte jako optimalizacni tilohu. Bude tato iloha konvexni?
Pokud ne, najdéte situaci, kdy potencialni energie bude mit vice nez jedno lokélni min-
imum.

Dokazte, ze ucelové funkce vystupujici v nasledujicich tlohach jsou nekonvexni:
a) uloha (15.5)
b) tloha (15.6)
c¢) Priklad 10.6
d) Cviceni 10.2

Mozny postup is metoda Monte Carlo: V Matlab generujte ndhodné (commandem randn)
potfebné vectors a numbers tak dlouho, dokud neporusi podminku (11.3).
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