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XII.1 Prove the following formulae using tableaux

(a) ∃𝑋∀𝑌 𝑟(𝑋, 𝑌 ) → ∀𝑌 ∃𝑋𝑟(𝑋, 𝑌 ),
(b) ∃𝑋(𝑝(𝑋) → ∀𝑋𝑝(𝑋)),
(c) ∀𝑋∀𝑌 (𝑝(𝑋) ∧ 𝑝(𝑌 )) → ∃𝑋∃𝑌 (𝑝(𝑋) ∨ 𝑝(𝑌 )),
(d) ∀𝑋∀𝑌 (𝑝(𝑋) ∧ 𝑝(𝑌 )) → ∀𝑋∀𝑌 (𝑝(𝑋) ∨ 𝑝(𝑌 )),
(e) ∀𝑋∃𝑌 ∀𝑍∃𝑊 (𝑟(𝑋, 𝑌 ) ∨ ¬𝑟(𝑊, 𝑍)),
(f) ∃𝑋(∀𝑌 ∀𝑍𝑝(𝑌, 𝑓(𝑋, 𝑌, 𝑍)) → (∀𝑌 𝑝(𝑌, 𝑓(𝑋, 𝑌, 𝑋))∧∀𝑌 ∃𝑍𝑝(𝑔(𝑌 ), 𝑍))).

XII.2 Try all the examples in the SMT-LIB Examples. You can use an online
version of Z3, or you can install Z3 or CVC4 yourself. Another option is
to use pySMT, a convenient way how to experiment with various SMT
solvers in Python. If you want to learn a bit more about the Z3 prover,
you should start with the tutorial.

XII.3 If we want to combine theories in SMT using the Nelson–Oppen method,
we require that both of them are stably infinite. Assume two theories 𝒯1
with the language {𝑓} and 𝒯2 with the language {𝑔}, where 𝑓 and 𝑔 are
uninterpreted unary function symbols. Moreover, 𝒯1 has only models of
size at most 2 (for example, it contains ∀𝑋∀𝑌 ∀𝑍(𝑋 = 𝑌 ∨ 𝑋 = 𝑍) as an
axiom). Show that the Nelson–Oppen method says that

𝑓(𝑥1) ̸= 𝑓(𝑥2) ∧ 𝑔(𝑥2) ̸= 𝑔(𝑥3) ∧ 𝑔(𝑥1) ̸= 𝑔(𝑥3).

is satisfiable in the union of 𝒯1 and 𝒯2, but this is clearly incorrect.
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http://smtlib.cs.uiowa.edu/examples.shtml
https://rise4fun.com/z3
https://rise4fun.com/z3
https://github.com/Z3Prover/z3
http://cvc4.cs.stanford.edu/web/
https://github.com/pysmt/pysmt
https://rise4fun.com/z3/tutorial

