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Presentation outline
AdaBoost algorithm
e Why is it of interest?
e How it works?
e Why it works?

AdaBoost variants

History
1990 — Boost-by-majority algorithm (Freund)
1995 — AdaBoost (Freund & Schapire)
1997 — Generalized version of AdaBoost (Schapire & Singer)
2001 — AdaBoost in Face Detection (Viola & Jones)
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What is Discrete AdaBoost?

AdaBoost is an algorithm for designing a strong classifier H(x) from weak classifiers h:(x)
(t =1,...,T) selected from the weak classifier set B. The strong classifier H(x) is
constructed as:

H(z) = sign(f(z)),
where

f(@) =) ashi(z)

is a linear combination of weak classifiers h;(x) with positive weights a; > 0. Every weak
classifier h; is a binary classifier which outputs —1 or 1.

Adaboost deals both with the selection of h;(z) € B, and with choosing «;, for gradually
Increasing t.

The set of weak classifiers B = {h(x)} can be finite or infinite.
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Example 1 — Dataset and Weak Classifier Set
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the profile of the distributions along the shown line

Dataset:
Samples generated from the two
distributions shown, with

p(1) =p(2) =0.5 (1)

The Bayes error is 2.6%.

In the slides to follow, the classes are
renamed from (1,2) to (1,—1).
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Example 1 — Dataset and Weak Classifier Set

oo 1

Dataset: Data (x1,v1),.-., (x5, yL),

5/33

where z; € R? and y; € {—1, 1}, generated
from the two distributions, N = 200 points

from each.

The class distributions are not known to

AdaBoost.
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Dataset: Data (x1,v1),.-., (x5, yL),
where z; € R? and y; € {—1, 1}, generated
from the two distributions, N = 200 points
from each.

The class distributions are not known to
AdaBoost.

Weak classifier: a linear classifier
hyw p(x) = sign(w - x +b) ,

where w is the projection direction vector
and b is the bias.
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Dataset: Data (x1,v1),.-., (x5, yL),
where z; € R? and y; € {—1, 1}, generated
from the two distributions, N = 200 points
from each.

The class distributions are not known to
AdaBoost.

Weak classifier: a linear classifier
hyw p(x) = sign(w - x +b) ,

where w is the projection direction vector
and b is the bias.

Weak classifier set B:
{hw,b | w € {wl,wg, ...,wN},b € R}

® N is the number of projection
directions used
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Example 1 — Dataset and Weak Classifier Set

5/33
1 Dataset: Data (:Bl,yl),...,(:cL,yL),
o where z; € R? and y; € {—1, 1}, generated
2 ) | from the two distributions, N = 200 points
e% o s® from each.
I K e The class distributions are not known to
8, AdaBoost.
]
| Weak classifier: a linear classifier
B . \\ é’ ‘\ ] ha,p(2) = sign(w - x + b),
® O
Ll where w is the projection direction vector
and b is the bias.
'3 & - ° 1 2 3 Weak classifier set B:
0.7
5 05 {hws | w e {wy,ws,...,wn},beR}
® 05
g oal ® N is the number of projection
€ 0a directions used

¢ for each projection direction w,
varying bias b results in different
training errors e.
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AdaBoost Algorithm — Singer & Schapire (1997) C -

Input: (z1,v1),...,(xL,yr), where x; € X and y; € {—1,1}
Initialize weights D1(i) = 1/L.
Fort=1,...,1"

L
Find h; = arg ];Lnilrgl €r; €=y Di(i)[y; # h(x;)] (WeakLearn)
< i=1 0

def def

[true]| =1, [false] =0
If €, > 1/2 then stop
Set oy = %log (1;‘5’5)
Update

Dt(i)e—atyiht(l’i)
Zy

where Z; is a normalization factor chosen so that D, is a distribution.

L
Dt_|_1(i) = : L = Z Dt(i)e—atyiht(fl?z') :
1=1

Output the final classifier:

H(z) =sign(f(2)),  [(r) = 3 arhe(a)


http://cmp.felk.cvut.cz

| (J
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fi(=) Hi(x) = sign(f'(z))
1
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Example 1 — iteration 3
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Hi(z) = sign(f'(x))

€t — 292%
oy = 0.443

" = 13.0%
€r, = 18.3%
Z; = 0.909
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Example 1 — iteration 4
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Hy(z) = sign(f'(z)

10/33
)

2F PR
8%
1 ... ° 00.
R
0 ° . :.' o0
Q...... ..
-1 " !
A
_2 N

€t — 283%
oy = 0.465

e = 20.2%



http://cmp.felk.cvut.cz

Example 1 — iteration 5
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€t — 349%
ay — 0.312

e =19.2%

11/33

Hy(z) = sign(f'(z))
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Example 1 — iteration 6
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Hy(z) = sign(f'(z))

€t — 290%
oy = 0.447

efr" = 9.50%
€r, = 12.9%
Z; = 0.908


http://cmp.felk.cvut.cz

Example 1 — iteration 7
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Hy(z) = sign(f'(z))

€t — 298%
ay — 0.429

e = 7.75%
€r, = 12.4%
Z; = 0.915
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ft’(.x) Hy(z) = sign(f'(z))
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fi(z) Hy(z) = sign(f'(z))
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Example 1 — iteration 10
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Hy(z) = sign(f'(z))

€t — 292%
oy = 0.443

et;ti” = 4.50%
€, = 9.13%
Z; = 0.909
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fé(w) Hy(x) = sign(f'(x))
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Hy(z) = sign(f'(z))
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fi(z) Hy(z) = sign(f'(z))
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fi(z) Hy(z) = sign(f'(z))
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Example 1 — iteration 100
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Hy(z) = sign(f'(z))
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Hy(z) = sign(f'(z))

1
2t 1|
1L
ol
_1_
_2_
-02 -01 00 01 02
€t — 426%
ay — 0.149
Error of H;
0.35 . . . .
0.30| — train |7 train __
0.25} st | €r, = 0.00%
0.20} test
0.15} er, = 3.40%
0.10}
0.05| 1 Z; = 0.989
0.00 1

_005 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140
iteration ¢



http://cmp.felk.cvut.cz

Upper bound theorem (1/2)
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Theorem: The following upper bound holds, in iteration T', for the training error € of Hrp:

T
__Z[[yz#Hsz SH

Proof: Firstly, there holds that:

[Hr(z:) # vi] < exp(—yifr(zs)),

— y#Hy()
— exp(—yfr(z))

_1 0 1

yfr(z)

which can be checked by a simple observation (the inequality follows from the first and last

columns):
[Hr(z) # yl | classification | yHr(z) | yfr(z) | exp(—yfr(z))
0 correct 1 > 0 >0
1 incorrect —1 <0 > 1

Summing over the training dataset and dividing by L, we get

€= S Z[[HT(SL%) # yi] < . ZGXP(—yifT(xi))
r2 L2
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Upper bound theorem (2/2) C 2
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Theorem: The following upper bound holds, in iteration T', for the training error € of Hrp:

1 L T
e=2) Iy # Hr(=)] < |] 2.
1=1 t=1

Proof (contd.):

e =2 S Hr(w) £ ul < 7Y exp(—yifr(w:)

But from the distribution update rule:

Dryq(2) = expL( _Hy:/éfT;xi))

we have that

%Zexp(—yifT(xi)) _ (H Zt> (Z DT+1(i)> )

7

~"

=1
which completes the proof.
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AdaBoost as a Minimiser of the Upper Bound @

on the Empirical Error

The main objective is to minimize ¢ = %Zle[[yz #+ Hp(x;)]
(plus maximize the margin).

€ has just been shown to be upperbounded: ¢(Hr) <IIL_,Z;.
Adaboost is minimizing this upper bound.

It does so by greedily minimizing Z; in each iteration.

Recall that .
Zy = Z Dt(i)e_atyiht(xi) ;
i=1

given the dataset {(x;,y;)} and the distribution Dy, in iteration ¢, the variables to
minimize Z; over are a4 and hy.
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Choosing o

Let us minimize Z; = ) . D, (i)e~viht(zi) \ith respect to ay:

—ay;he(x;) _

dozt ZDt W i) =0

- > Dipe™+ > D@e™ = 0
3yz h(x;) P 3%3&}%(3%)
1 rEt E?

—6_at(1 — Gt) + eo‘tet = 0

Q + log € = —Q3+ lOg(l — Et)
1 1 — €¢
a = —log
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Let us minimize Z; = ) . D, (i)e~viht(zi) \ith respect to ay:

it ZDt Sy @) = 0
— > Dii)e ™+ > D(i)e™ = 0
byi= ht(fi) ) 33yz'7éht<j3ri)
1 — ¢ €t
—e (1 —¢)+eMeq = 0
s Dependence of o, on ¢, a;+loge, = —ay+log(l — e)
4 1 1 — ¢
3 ap = ilog -
3,
1
ol

00 01 02 03 04 05 06
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Choosing h;

Let us substitute o = %log 1;675 into Z;:

L
7, = ZDt(i)e—atfyz‘ht(xz‘)
1 =1
= ) Dyi)e ™+ Y Dyi)e™
t:y;=he(x;) i:y; 7 ht(T;)

= (1 —¢€)e” ™ + et

= 2/l — &)

= Z; is minimised by selecting h; with minimal
weighted error ¢;.
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Choosing h;
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. 1 1—e; - .
Let us substitute a; = 5 log G:t into Z;:
L
7, = ZDt(i)e—&tfyz‘ht(xz‘)
i=1
= ) Dyi)e ™+ Y Dyi)e™
i:y;=h¢(x;) i:y; 7 ht(x;) __Dependence of Z, on e,
= (1 —¢€)e” ™ + et B
0.8
— 2\/6t(]— — Et) 06l
N o4
0.2|
= Z is minimised by selecting hA; with minimal 0.0l _
weighted error ¢;. 00 041 02 03 04 05

Weak classifier examples
Decision tree, Perceptron — B infinite

Selecting the best one from a given finite set B
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Minimization of an Upper Bound on the Empirical Error -
Recapitulation

28/33
Choosing a; and h;

For any weak classifier h; with error ¢;, Z;(«) is a convex differentiable function with
a single minimum at ay:

_2 €¢

Zy=2+/€e(1 —¢) <1 for optimal oy = Z; is minimized by h; with minimal e;.

Comments

The process of selecting a; and h;(x) can be interpreted as a single optimisation step

minimising the upper bound on the empirical error. Improvement of the bound is
guaranteed, provided that € < 1/2.

The process can be interpreted as a component-wise local optimisation
(Gauss-Southwell iteration) in the (possibly infinite dimensional!) space of
a = (aq,ao,...) starting from @y = (0,0,...).
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Reweighting
Effect on the training set
Reweighting formula:
t
N Dt(i)e_atyiht(xi) e Yi2g=1qhq(z;)
Dt—|—1(7’) — Z — LHZ:1ZQ

ot <1, yi=hz;)

1—ey

\/ 1;€t > 1,y # ()

= Increase (decrease) weight of wrongly
(correctly) classified examples. The weight
is the upper bound on the error of a given
example.

e~ otyihi(;)
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Effect on the training set
Reweighting formula:
t
N Dt(@')e_atyiht(l‘i) e Yi2g=1qhq(z;)
Dt—|—1(7’) — Z — LHZ:1ZQ

ot <1, yi=hz;)

= > 1y # hy(w)

e~ tyihi(z;)

= Increase (decrease) weight of wrongly
(correctly) classified examples. The weight
is the upper bound on the error of a given
example.
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Effect on the training set
Reweighting formula:
t
N Dt(i)e_atyiht(l‘i) e Yi2g=1qhq(z;)
Dt—|—1(7’) — Z — LHZ:1ZQ

ot <1, yi=hz;)

1—ey

\/ 1;€t > 1, yi # h(z)

= Increase (decrease) weight of wrongly
(correctly) classified examples. The weight
is the upper bound on the error of a given
example.

e~ tyihi(z;)
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Effect on the training set
Reweighting formula:
. Dy (i) e~ tyiht(z;) —y; Yo—1 aghq(w;)

Dt—|—1(7/) —_— t(i)e 7 =< LHZ:1Zq SRR

L '. e

e <L yi=h(z) e p g

e~ tyihi(z;)

\/ 1;€t > 1, yi # h(z)

= Increase (decrease) weight of wrongly
(correctly) classified examples. The weight
is the upper bound on the error of a given
example.
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Reweighting
Effect on the training set
Reweighting formula:
t
N Dt(i)e_atyiht(xi) e Yi2g=1qhq(z;)
Di14(1) = Zy - LIT,_,Zq
| \

ot <1, yi=hz;)

e~ otyihi(;)

= Increase (decrease) weight of wrongly
(correctly) classified examples. The weight
is the upper bound on the error of a given
example.

1—ey > 17 Y # ht<xz) T
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Fort=1,....T": TR SIS
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Initialization ... 30/33

Fort=1,....T":

L
¢ Find h; = arg 1;{161{31 et; €5 = > Di(2)[y: # h(x;)]
i=1

......
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Summary of the Algorithm

Initialization ...
Fort=1,....T":

30/33

L
¢ Find hy = arg %ni{gl €r; €5 = >, Di()|yi # h(x;)]
€ i=1

¢ If ¢, > 1/2 then stop
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Summary of the Algorithm

Initialization ...
Fort=1,....T":

30/33

L
¢ Find hy = arg %ni{gl €r; €5 = >, Di()|yi # h(x;)]
€ i=1
¢ If ¢, > 1/2 then stop

® Set a; = Llog(=2)

€t
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Summary of the Algorithm

Initialization ...
Fort=1,....T":

¢ Find h; = arg melg €ty €5 = Z Dt( )[[yz #* h(%)]]

¢ If ¢, > 1/2 then stop
¢ Set a; = 2log( =)

2 Update . D.(i e—atyz'ht(ﬂ«"i)
Diy4(3) = & Z
t

L
Zy = Z Dy(i)ewihe(@i) — 9, /¢, (1 — &)
i=1

30/33
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Summary of the Algorithm

Initialization ...
Fort=1,...,T"

¢ Find hy = arg mlél €t; € = Z Dy () [y: # h(x;)]
he

¢ If ¢, > 1/2 then stop
¢ Set a; = Llog(:=%)

¢ Update D B Dt(i)e_atyiht(xi)

L
Zy = Z Dt(z')e_o‘tyiht(xi) = 2\/et(1 — €t)
i=1

Output the final classifier:

T
H(x) = sign Z athe(x)
Comments =

® The computational complexity of selecting h; is
independent of ¢

¢ All information about previously selected “features”
is captured in Dy

30/33
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Summary of the Algorithm

Initialization ...
Fort=1,...,T"
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2 €t
Update (i) Dy (i)e~ vl (i)
t+1(?) =
+ Zt
L
. . 1 \ \ I
7, = E D.(2 e_atyzht(xz) — 2/ e:(1 — € — Train error
t t( ) \/ t( t) : ——Test error
1=1 08 — UB emp. error||
: Bayes error

Output the final classifier: 0.

H(x) = sign (Z oztht(:zz)) 0l

The computational complexity of selecting h; is
independent of ¢ % 10 20 30 40
All information about previously selected “features”

is captured in Dy

Comments



http://cmp.felk.cvut.cz

Summary of the Algorithm

Initialization ...
Fort=1,...,T"

L
Find h; = arg %lizrsl €r; €5 =y, Di(3) |y # h(zi)]
S i=1

If €, > 1/2 then stop
Set oy = £ log(1=%)

Update

L
Zy = Z Dy(i)e~tiht(@i) — 9, /e,(1 — &)
i=1

Output the final classifier:
T

H(x) = sign (Z oztht(:zz))
t=1

The computational complexity of selecting h; is
independent of ¢

All information about previously selected “features”
is captured in Dy

Comments

0.8

0.61

— Train error
—Test error

—UB emp. error||

Bayes error

10

20

30

40


http://cmp.felk.cvut.cz

Summary of the Algorithm

Initialization ...
Fort=1,...,T"

L
Find h; = arg 1;{11{31 €r; €5 =y, Di(3) |y # h(zi)]
S i=1

If €, > 1/2 then stop
Set oy = £ log(1=%)

Update

L
Zy = Z Dy(i)e~tiht(@i) — 9, /e,(1 — &)
i=1

Output the final classifier:
T

H(x) = sign (Z oztht(:zz))
t=1

The computational complexity of selecting h; is
independent of ¢

All information about previously selected “features”
is captured in Dy

Comments

0.8

0.61

0.4

0.2

— Train error
—Test error

—UB emp. error||

Bayes error

10

20

30

40


http://cmp.felk.cvut.cz

Summary of the Algorithm

Initialization ...
Fort=1,...,T"

L
Find h; = arg %lizrsl €r; €5 =y, Di(3) |y # h(zi)]
S i=1

If €, > 1/2 then stop
Set oy = £ log(1=%)

Update

L
Zy = Z Dy(i)e~tiht(@i) — 9, /e,(1 — &)
i=1

Output the final classifier:
T

H(x) = sign (Z oztht(:zz))
t=1

The computational complexity of selecting h; is
independent of ¢

All information about previously selected “features”
is captured in Dy

Comments

— Train error
—Test error

—UB emp. error||

Bayes error

10

20

30

40


http://cmp.felk.cvut.cz

Summary of the Algorithm

Initialization ...
Fort=1,...,T"

L
Find h; = arg %lizrsl €r; €5 =y, Di(3) |y # h(zi)]
S i=1

If €, > 1/2 then stop
Set oy = £ log(1=%)

Update

L
Zy = Z Dy(i)e~tiht(@i) — 9, /e,(1 — &)
i=1

Output the final classifier:
T

H(x) = sign (Z oztht(:zz))
t=1

The computational complexity of selecting h; is
independent of ¢

All information about previously selected “features”
is captured in Dy

Comments

— Train error
—Test error

—UB emp. error||

Bayes error

10

20

30

40


http://cmp.felk.cvut.cz

Summary of the Algorithm

Initialization ...
Fort=1,...,T"

L
Find h; = arg 1;{11{31 €r; €5 =y, Di(3) |y # h(zi)]
S i=1

If €, > 1/2 then stop
Set oy = £ log(1=%)

Update

L
Zy = Z Dy(i)e~tiht(@i) — 9, /e,(1 — &)
i=1

Output the final classifier:
T

H(x) = sign (Z oztht(:zz))
t=1

The computational complexity of selecting h; is
independent of ¢

All information about previously selected “features”
is captured in Dy

Comments

0.8

0.61

0.4

0.2

— Train error
—Test error

—UB emp. error||

Bayes error

10

20

30

40


http://cmp.felk.cvut.cz

Summary of the Algorithm

Initialization ...
Fort=1,...,T"

L
Find h; = arg %lizrsl €r; €5 =y, Di(3) |y # h(zi)]
S i=1

If €, > 1/2 then stop
Set oy = £ log(1=%)

Update

L
Zy = Z Dy(i)e~tiht(@i) — 9, /e,(1 — &)
i=1

Output the final classifier:
T

H(x) = sign (Z oztht(:zz))
t=1

The computational complexity of selecting h; is
independent of ¢

All information about previously selected “features”
is captured in Dy

Comments

=

— Train error
—Test error

—UB emp. error||

Bayes error

10

20

30

40


http://cmp.felk.cvut.cz

Summary of the Algorithm

Initialization ...
Fort=1,...,T"

L
Find h; = arg 1;{11{31 €r; €5 =y, Di(3) |y # h(zi)]
S i=1

If €, > 1/2 then stop

L
Zy = Z Dy(i)e~tiht(@i) — 9, /e,(1 — &)
i=1

Output the final classifier:
T

H(x) = sign (Z oztht(a:)>
t=1

The computational complexity of selecting h; is
independent of ¢
All information about previously selected “features”
is captured in Dy

Comments

0.8r

0.6r

0.4r

0.2

0

100 steps

—Train error
— Test error
—UB emp. error|

Bayes error

30 40

detail


http://cmp.felk.cvut.cz

Does AdaBoost generalise?

Margins in SVM B
y(a - hiz))

max min —
(z.y)es  ||d]|2
Margins in AdaBoost
d . h
max Imin y(a — (z))
(z.y)es  ||alls

Maximising margins in AdaBoost

Upper bounds based on margin

Polyf(z) < 0] < Pslyf(x) < 6]+ O | — <d10g2<L/ 9

1/2
iz o +log(1 /5))
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Pros and cons of AdaBoost

Advantages
Very simple to implement
Feature selection on very large sets of features
Fairly good generalisation
linear classifier with all its desirable properties.
output converges to the logarithm of likelihood ratio.

a feature selector with a principled strategy (minimisation of upper bound on empirical
error)

close to sequential decision making (it produces a sequence of gradually more complex
classifiers).

Disadvantages
Suboptimal solution for &

Can overfit in the presence of noise
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AdaBoost variants

33/33

Freund & Schapire 1995
Discrete (h: X — {0,1})
Multiclass AdaBoost.M1 (h: X — {0,1,...,k})
Multiclass AdaBoost.M2 (h : X — [0, 1]%)
Real valued AdaBoost.R (Y =[0,1], h: X — [0,1])

Schapire & Singer 1997

Confidence rated prediction (h: X — R, two-class)

Multilabel AdaBoost.MR, AdaBoost.MH (different formulation of minimised loss)

... Many other modifications since then (WaldBoost, cascaded AB, online AB, ...)
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