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Strom
(Tree)

Strom

> sklada se s uzli (nodes) spojenych
hranami (edges).

> je souvisly a acyklicky a
Korenovy strom

> orientovany graf, ma jeden vyznacny o e

uzel = korfen (root)

» z korene vede do kazdého jiného uzlu

pravé jedna orientovana cesta @ e 0

» do kofene nevstupuje zadna hrana, do
kazdého jiného uzlu vstupuje pravé
jedna hrana
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Vlastnosti stromf

» kazdé dva uzly jsou spojeny pravé jednou neorientovanou
cestou
» pocet hran = pocet uzld - 1

v

pokud jednu hranu vyjmeme, graf bude nesouvisly

v

pokud jednu hranu pfidame, graf bude obsahovat cyklus

Nazvoslovi

» koren, list, vnitini uzel, rodi¢, (pravy/levy) potomek (syn),
sourozenci, stupen uzlu, hloubka (vyska)

Pozicni strom
» potomci jsou oznaceni Cisly (=levy/pravy)

» néktery potomek miize chybét
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Binarni strom

> pozi¢ni strom
» kazdy uzel ma nanejvys dva potomky.

Uplny binarni strom s n uzly
» kazdy uzel ma pravé dva potomky
» Pocet uzlt v hloubce i je 2/
> n— 2?202/' —oh+l _ 1
» Vsechny listy maji hloubku h =log,(n+1) — 1 = [log, n| — 1
» Pocet listdi je (n+ 1)/2, pocet vnitinich uzld je (n —1)/2.

@ Pro kazdy binarni strom s n uzly a hloubkou h

[logon]| —1<h<n-1
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Priklady stromd

=
FRESR

Unixova struktura adresari

Images courtesy of Brad Miller, David Ranum.
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Priklady stromd

Verb Phrase

Noun Phrase

Gramaticka struktura véty.

Images courtesy of Brad Miller, David Ranum.
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Priklady stromi

Struktura aritmetického vyrazu (7 + 3) x (5 — 2)

Images courtesy of Brad Miller, David Ranum.
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Reprezentace stromu — zaznam

class BinaryTree:
def __init__(self, data,left=None,right=None):
self.data = data
self.left = left
self.right = right
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Reprezentace stromu — zaznam

class BinaryTree:
def __init__(self, data,left=None,right=None):
self.data = data
self.left = left
self.right = right

Reprezentace vyrazu (7 + 3) * (5 — 2):

t=BinaryTree(’*’,
BinaryTree(’+’ ,BinaryTree(7) ,BinaryTree(3)),
BinaryTree(’-’,BinaryTree(5) ,BinaryTree(2)))
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Reprezentace stromu — zaznam

class BinaryTree:
def __init__(self, data,left=None,right=None):
self.data = data
self.left = left
self.right = right

Reprezentace vyrazu (7 + 3) * (5 — 2):
t=BinaryTree(’*’,
BinaryTree(’+’ ,BinaryTree(7) ,BinaryTree(3)),

BinaryTree(’-’,BinaryTree(5) ,BinaryTree(2)))

V této reprezentaci strom=koren. Prazdny strom = None.
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Reprezentace stromu — zaznam

class BinaryTree:
def __init__(self, data,left=None,right=None):
self.data = data
self.left = left
self.right = right

Reprezentace vyrazu (7 + 3) * (5 — 2):
t=BinaryTree(’*’,
BinaryTree(’+’ ,BinaryTree(7) ,BinaryTree(3)),
BinaryTree(’-’,BinaryTree(5) ,BinaryTree(2)))

V této reprezentaci strom=koren. Prazdny strom = None.

@ Implicitni (default) parametry mohou a nemusi byt zadany.

Soubor binary_tree
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Prochazeni stromu

> preorder — nejdfiv aktualni uzel, pak oba podstromy (prefixova
notace) abdecfg

> inorder — levy podstrom, pak aktualni uzel, pak pravy podstrom
(infixova notace) dbeafcg

» postorder — nejdfiv oba podstromy, pak aktualni uzel (postfixova
notace) debfgca
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Prochazeni stromu — implementace

def to_string_preorder(tree):
return ( str(tree.data)+" "+
to_string_preorder(tree.left) +
to_string_preorder(tree.right)
if tree else "" )
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Prochazeni stromu — implementace

def to_string_preorder(tree):
return ( str(tree.data)+" "+
to_string_preorder(tree.left) +
to_string_preorder(tree.right)
if tree else "" )

print(to_string_preorder(t))

* + 73 -5 2
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Prochazeni stromu — implementace

def to_string_preorder(tree):
return ( str(tree.data)+" "+
to_string_preorder(tree.left) +
to_string_preorder(tree.right)
if tree else "" )

print(to_string_preorder(t))

* + 73 -5 2

def to_string_postorder(tree):
return ( to_string_postorder(tree.left) +

to_string_postorder(tree.right) + " " +
str(tree.data)
if tree else "" )
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Prochazeni stromu — implementace

def to_string_preorder(tree):
return ( str(tree.data)+" "+
to_string_preorder(tree.left) +
to_string_preorder(tree.right)
if tree else "" )

print(to_string_preorder(t))

* + 73 -5 2

def to_string_postorder(tree):
return ( to_string_postorder(tree.left) +

to_string_postorder(tree.right) + " " +
str(tree.data)
if tree else "" )

print (to_string_postorder(t))

73+52 - %
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Prochéazeni stromu — implementace (2)

def to_string_inorder(tree):
if not tree: # prdzdny strom
return ""
if tree.left: # bindrni operdtor
return ( "(" + to_string_inorder(tree.left)
+ str(tree.data)
+ to_string_inorder(tree.right) + ")" )
return str(tree.data) # jen jedno c¢islo
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Prochéazeni stromu — implementace (2)

def to_string_inorder(tree):
if not tree: # prdzdny strom
return ""
if tree.left: # bindrni operdtor
return ( "(" + to_string_inorder(tree.left)
+ str(tree.data)
+ to_string_inorder(tree.right) + ")" )
return str(tree.data) # jen jedno c¢islo

print(to_string_inorder(t))

((7+3)*(5-2))
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Vyhodnoceni vyrazu

def evaluate(tree):

"t Vyhodnoti aritmeticky vyraz zadany stromem """
if tree.data==’+":

return evaluate(tree.left) + evaluate(tree.right)
if tree.data==’-’:

return evaluate(tree.left) - evaluate(tree.right)
if tree.data==’%’:

return evaluate(tree.left) * evaluate(tree.right)
if tree.data==’/’:

return evaluate(tree.left) / evaluate(tree.right)
return tree.data # jen jedno cislo

print (evaluate(t))
30

Soubor binary tree
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Binarni vyhledavaci stromy
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Binarni vyhledavaci stromy — motivace
(Binary search trees)

Aktualizovatelna struktura pro rychlé vyhledavani porovnatelnych dat.
> Setridéné pole — vkladani O(n), vyhledavani O(log n)
> Spojovy seznam — vkladani O(1), vyhledavani O(n)
> Vyhledavaci strom — vkladani O(log n), vyhledavani O(log n)
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Mnozina

Podporované operace

> add(key) — vlozeni prvku
> delete(key) — odstranéni prvku

> contains(key) — obsahuje mnozina dany prvek?

Pomocné funkce: size / len

Rychlé operace (slozitost O(log n) nebo lepsi)
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Binarni vyhledavaci strom

Vlastnosti
> kazdy uzel obsahuje kli¢
» kli€ v uzlu neni mensi, nez viechny kli¢e v jeho levém podstromu

> kli¢ v uzlu nenf vétsi, nez vsechny kli¢e v jeho pravém podstromu

HEIN

HEINgNE]

|
, L\
(Tl [Tl []

o | |
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Reprezentace vyhledavaciho stromu

class BinarySearchTree:
def __init__(self,key,left=None,right=None):
self .key = key
self.left = left

self.right = right

Strom = uzel. Prazdny strom reprezentujeme jako None.

Soubor binary_search_tree.py
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Vyhledavani ve stromu

def contains(tree,key):
- Jje prvek ’key’ wve stromu? """
if tree: # je strom neprdzdny?
if tree.key==key: # je to hledany klic?
return True
if tree.key>key:
return contains(tree.left,key)
else:
return contains(tree.right,key)
return False
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Vytvoreni ve stromu

Hledani ve stromu je ekvivalentni binarnimu vyhledavani. Sestrojime
strom ze setfidéného pole.

def from_array(a):
"t Build a tree (containing only keys) from an array
def build(a):
if len(a)==0:
return None
if len(a)==1:
return BinarySearchTree(a[0])
m=1len(a)//2
return BinarySearchTree(a[m],left=build(al:m]),
right=build(alm+1:]))

nmnn

a=sorted(a)
return build(a)
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Vytisknuti stromu

def print_tree(tree,level=0,prefix=""):
if tree:
print (" "*(4xlevel)+prefix+str(tree.key))
if tree.left:
print_tree(tree.left,level=level+1l,prefix="L:")
if tree.right:
print_tree(tree.right,level=level+1l,prefix="R:")
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Vyhledavaci strom — priklad

import binary_search_tree as bst
t=bst.from_array([21, 16, 19, 87, 34, 92, 66])
bst.print_tree(t)

34
L:19
L:16
R:21
R:87
L:66
R:92
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Vkladani do stromu

def add(tree,key):

" ylozi ’key’ do stromu a vrdti novy koTen

if tree is None:
return BinarySearchTree (key)

if key<tree.key:
tree.left=add(tree.left,key)

elif key>tree.key:
tree.right=add(tree.right,key)

return tree # hodnota jiZ ve stromu je

nnn
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Vkladani do stromu — priklad

print_tree(t) t=add(t,41)
” t=add(t,16)
L:19 print_tree(t)
L:16 34
R:21 L:19
R:87 L:16
L:66 R:21
R:92 R:87
L:66
L:41
R:92
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Priklad: strom jako mnozina

Vypis viechny mozné soucty hodil na dvou kostkach.

s=None
for i in range(1000):
s=add (s,random.randrange(1,7)+random.randrange(1,7))
print_tree(s)
7
L:4
L:3
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Prevod na pole

Projde uzly stromu podle velikosti a ulozi do pole.

def to_array(tree):
a=[]
def insert_inorder(t):
nonlocal a

if t:
insert_inorder(t.left)
at+=[t.key]

insert_inorder(t.right)
insert_inorder (tree)
return a

print (to_array(s))

[2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]

nonlocal — pristup k proménné vnéjsi funkce (jen Python 3)

Soubor binary_search_tree.py
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Odstranéni prvku ze stromu
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Odstranéni prvku — implementace

def delete(tree, key):

"h-SmazZe ’key’ za stromu ’tree’ a vrdti novy koTen.

if tree is not None:
if key < tree.key: # najdt uzel ’key’
tree.left = delete(tree.left, key)
elif key > tree.key:
tree.right = delete(tree.right, key)
else: # uzel nalezen, md syny?
if tree.left is None:
return tree.right # jen pravy syn nebo nic
elif tree.right is None:
return tree.left # jen levy syn nebo nic
else: # mahradime uzel mazimem levého podstromu
w = rightmost_node(tree.left)
tree.key = w.key
tree.left = delete(tree.left, w.key)
return tree

mmnn
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Odstranéni prvku (2)

def rightmost_node(tree):
while tree.right:
tree=tree.right
return tree
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Odstranéni prvku — priklad

t=from_array([21, 16, 19, 87, 34, 92, 66])

print_tree(t) t=delete(t,87)
34 print_tree(t)
L:19 34
L:16 L:19
R:21 L:16
R:87 R:21
L:66 R:66
R:92 R:92
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Mnozinovy rozdil
(set difference)

Find elements in array y but not in array x.

def set_difference(x,y):
t=None
for i in y:
t=add(t,i)
for j in x:
t=delete(t,j)
return to_array(t)
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Mnozinovy rozdil — priklad

x = [ 442, 59, 691, 84, 699, 603, 697, 669, 591, 795, 439, 198, 207, 785, 101, 372,
804, 728, 837, 605, 336, 667, 969, 860, 241, 728, 866, 82, 317, 154, 340, 992, 535,
331, 900, 177, 735, 256, 903, 195, 182, 190, 191, 647, 399, 707, 927, 817, 905, 477
194, 205, 896, 930, 757, 388, 354, 987, 137, 403, 272, 576, 406, 589, 28, 38, 179,

486, 814, 310, 102, 794, 158, 173, 543, 499, 923, 353, 610, 927, 721, 125, 324, 23
753, 527, 292, 622, 44, 475, 345, 158, 612, 331, 525, 225, 261, 943, 592, 21 ]

y =121, 622, 603, 866, 173, 256, 753, 439, 310, 477, 804, 345, 592, 194, 589, 817
905, 794, 707, 336, 44, 179, 190, 23, 667, 728, 837, 101, 721, 82, 860, 207, 177, 28
331, 647, 900, 525, 158, 75, 406, 354, 125, 930, 195, 154, 353, 691, 292, 987, 795

158, 102, 969, 403, 591, 699, 182, 896, 324, 605, 198, 241, 923, 475, 84, 728, 340

38, 543, 331, 137, 785, 943, 527, 903, 225, 486, 442, 399, 814, 927, 735, 612, 261,

388, 669, 317, 59, 927, 610, 499, 576, 697, 272, 205, 757, 535, 372, 992, 191 ]
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Mnozinovy rozdil — priklad

x = [ 735, 909, 600, 717, 575, 349, 756, 762, 950, 8, 129, 368, 226, 248, 198, 875, 3,
566, 611, 115, 351, 136, 114, 394, 550, 910, 198, 479, 516, 371, 780, 290, 931, 81,
689, 700, 132, 133, 930, 298, 233, 383, 923, 425, 419, 455, 400, 641, 753, 78, 722
44, 239, 957, 832, 253, 660, 232, 165, 730, 831, 422, 112, 9, 747, 992, 456, 580, 168
879, 399, 544, 481, 797, 857, 839, 479, 998, 135, 193, 828, 630, 748, 897, 447, 363
664, 847, 247, 943, 470, 157, 823, 788, 601, 140, 233, 343, 73, 456 ]

y =[ 717, 580, 290, 233, 226, 363, 481, 8, 140, 132, 747, 823, 566, 931, 239, 660
232, 115, 233, 923, 455, 689, 136, 371, 756, 419, 193, 198, 722, 422, 81, 368, 910
394, 470, 550, 950, 73, 762, 343, 3, 135, 516, 383, 133, 897, 400, 748, 780, 797, 248,
909, 129, 998, 664, 857, 753, 700, 735, 992, 847, 456, 930, 575, 399, 839, 943, 544
479, 730, 447, 198, 832, 253, 641, 875, 44, 157, 112, 479, 831, 828, 78, 425, 611,
456, 601, 247, 349, 788, 298, 21, 114, 168, 630, 165, 879, 957, 351, 600, 9 ]

print(set_difference(x,y))

[21]

Slozitost O(nlog n) misto O(n?).
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Slozitost

» Vkladani, vyhledavani i mazani = 1-2 prachody stromem = O(h)

» Dokonale vyvazeny strom = rozdil poc¢tu uzlé podstromd
stejného rodice se lisi nejvyse o 1.
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Slozitost

v

Vkladani, vyhledavani i mazani = 1-2 priichody stromem = O(h)

v

Dokonale vyvazeny strom = rozdil poctu uzléi podstromi
stejného rodice se lisi nejvyse o 1.

— hloubka h = O(log n)

v

v

— slozitost vkladani, vyhledavani i mazani O(log n)
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Slozitost

» Vkladani, vyhledavani i mazani = 1-2 prichody stromem = O(h)

» Dokonale vyvazeny strom = rozdil po¢tu uzli podstromi
stejného rodice se lisi nejvyse o 1.

» — hloubka h = O(log n)

> — slozitost vkladani, vyhledavani i mazani O(log n)
Nejhorsi pripad

» Degenerovany strom s hloubkou n — 1

> Slozitost vkladani, vyhledavani i mazani O(n)
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Vyvazovani stromu

v

Dokonalé vyvazeni je obtizné, staci hloubka h = O(log n)

Nahodna data

v

» Omezeni na tvar stromu

» AVL stromy (Adelson-Velsky a Landis)
> red-black trees (Cerveno-erné stromy)
> 2-3 stromy. ..

v

Pfi pridavani/odebirani elementt strom vyvazujeme

> Vyvazovani ma slozitost O(log n)
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AVL stromy
(Adelson-Velsky a Landis)

» Rozdil hloubek podstromii stejného rodice se lisi nejvyse o 1.
» Pro AVL strom plati
h < clogy(n+2)+ b

kde c = logy ' ¢ ~ 1.44, b~ —1.328 a ¢ = L(v/5 + 1) ~ 1.618
(zlaty Fez)

» Pro kazdy binarni strom

h>log,(n+1)—1
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AVL stromy
(Adelson-Velsky a Landis)

v

Rozdil hloubek podstromii stejného rodice se lisi nejvyse o 1.

v

Pro AVL strom plati
h < clogy(n+2)+ b

kde c = logy ' ¢ ~ 1.44, b~ —1.328 a ¢ = L(v/5 + 1) ~ 1.618
(zlaty Fez)

v

Pro kazdy binarni strom

h>log,(n+1)—1

v

V kazdém uzlu si pamatujeme h(/) — h(r) € {—1,0,1}
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Maximalné nevyvazené AVL stromy

34 /44



Rotace

Nevyvazenost odstranime rotaci
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Rotace

Nevyvazenost odstranime rotaci

(=) (2)
A ) — (o) A
AN AN
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Rotace

Nevyvazenost odstranime rotaci

) © — O @&
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Rotace

Problém
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Rotace

Dvojita rotace

°oe S

Implementace napf. Problem Solving with Algorithms and Data Structures

https://interactivepython.org/runestone/static/pythonds/Trees/AVLTreeImplementation.html
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https://interactivepython.org/runestone/static/pythonds/Trees/AVLTreeImplementation.html

Mnoziny a mapy
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Mnozina

Podporované operace

> add(key) — vlozeni prvku
> delete(key) — odstranéni prvku

> contains(key) — obsahuje mnozina dany prvek?

Pomocné funkce: size / len

Rychlé operace (slozitost O(log n) nebo lepsi)
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Asociativni mapa

Associative map

Funkce k1i¢ — hodnota (key — value)

Podporované operace

> put (key,value) — vlozeni polozky
> delete(key) — odstranéni prvku
> contains(key) — obsahuje mapa dany prvek?

> get(key) — value — nalezeni/vyzvednuti hodnoty

Pomocné funkce: size / len

Rychlé operace (slozitost O(log n) nebo lepsi)
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Asociativni mapa

Associative map

Funkce k1i¢ — hodnota (key — value)

Podporované operace

> put (key,value) — vlozeni polozky
> delete(key) — odstranéni prvku
> contains(key) — obsahuje mapa dany prvek?

> get(key) — value — nalezeni/vyzvednuti hodnoty

Pomocné funkce: size / len
Rychlé operace (slozitost O(log n) nebo lepsi)

Mnozina je specialni pfipad mapy.
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Reprezentace

class BinarySearchTree:
def __init__(self, key,value=None,left=None,right=None):
self .key = key
self.value = value
self.left = left

self.right = right

Soubor binary_search_tree.py
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Vyhledavani v mapé

def get(tree,key):
- yrati ’value’ prvku s klicem ’key’, jinak None """
if tree: # je strom neprdzdny?
if tree.key==key: # je to hledany klic?
return tree.value
if tree.key>key:
return get(tree.left,key)
else:
return get(tree.right,key)
return None
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Vkladani do mapy

def put(tree,key,value):
"M YloZi par ’key’->’value’, vrdti novy koten
if tree is None:
return BinarySearchTree(key,value=value)
if key<tree.key:
tree.left=put(tree.left,key,value)
elif key>tree.key:
tree.right=put(tree.right,key,value)
else:
tree.value=value # kliC jiZ ve stromu je
return tree

nmnn
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Mapa — priklad

tabulka symbold

t=None print(get(t,’pi’))
t=put (t,’pi’,  3.14159)

t=put(t,’e’, 2.71828) 3.14159
t=put(t,’sqrt2’, 1.41421)

t=put (t, ’golden’,1.61803) print(get(t,’e’))
print_tree(t) 2.71828

pi -> 3.14159
Lie -> 2.71828 print(get(t,’gamma’))

R:golden -> 1.61803 yone
R:sqrt2 -> 1.41421

Implementace funguje i pro fetézcové klice.
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Vyhledavaci stromy

v

Datova struktura pro porovnatelné klice

v

Miize reprezentovat mnozinu i mapu.

v

Zakladni operace (vkladani, hledani, mazani) maji slozitost O(log n).

v

Vys3i rezie (oproti napf. poli)

v

Strom( je mnoho typil

B-stromy

k-d stromy, R-stromy
prefixové stromy
ropes. ..

vV vy vy
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Naméty na doméci praci

> Reprezentujte strom pomoci dvou tfid, aby nebylo potreba vracet
novy koren.

» Doplnte detekci chyb.

» Zefektivnéte implementaci, aby nedochazelo k neustalemu
prepisovani odkaz.

» Zrychlete operaci delete pro pfipad mazani uzlu se dvéma syny.
» Implementujte Eratosthenovo sito pomoci mnozin.

> Implementujte AVL strom.

> Ovérte experimentalné asovou slozitost operaci se stromem.

> Prepiste algoritmy bez pouziti rekurze.

» Najdéte mnozinovy rozdil dvou poli pomoci tfidéni.
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