Support Vector Machines

(Gvod)




Osnova

formulace ulohy
Support Vector Classifier (SVC)
o matematické odvozeni i
“laderny trik” (kernel trick)
Support Vector Machine
o SVM = SVC + kernel
hledani parametru
roSifeni
klasifikace s “mékkou hranici” (soft-margin classification)
klasifikace do vice tfid

detekce necekanych pozorovani novelty detection
shlukovani zalozené na SVM



Formulace ulohy

@ dano:

o {Xi,yi}L
e X; € RP piiznaky
e yi e {-1, 1} tfidy

@ Uloha: klasifikovat nové x € RP do tfidy —1 nebo 1
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ktera pfimka nejlépe oddéluje instance danych dvou tfid?




3
>

ktera pfimka nejlépe oddéluje instance danych dvou tfid?



Pristup Support Vector Classifier (SVC)

S wx+b=0
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rozhodovaci funkce f(x) = sign(w’x + b)



Pristup Support Vector Classifier (SVC)

wx+b>1
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rozhodovaci funkce f(x) = sign(w’x + b)



Pistup SVC (2)

wx+b>1

mysSlenka:
@ maximalizace hranice o Sifce d = 0

B



Pistup SVC (2)

wx+b>1

mysSlenka:

@ maximalizace hranice o $ifce d = -2

[wll
@ za podminky spravné klasifikace:

] W/Xi+b2 +1, kdyéy,:+1

4] W/X,'—O—bg -1, kdyéy,: —1



Formulace optimalizacni ulohy

® argmaxw,p { jay }
@ za podminky spravné klasifikace:
e Wx;+b>+1,kdyz y; = +1
e wWx;+b< -1 ,kdyZy,-: —1
e nebo ekvivalentné: y;(w'x; + b) > 1



Formulace optimalizaCni ulohy

® argmaxw,p { jay }
@ za podminky spravné klasifikace:
e Wx;+b>+1,kdyz y; = +1
e wWx;+b< -1 ,kdyZy,-: —1
e nebo ekvivalentné: y;(w'x; + b) > 1
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© argminw » {3 wl|*}
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Formulace optimalizaCni ulohy

® argmaxw,p { jay }
@ za podminky spravné klasifikace:
e Wx;+b>+1,kdyz y; = +1
e wWx;+b< -1 ,kdyZy,-: —1
e nebo ekvivalentné: y;(w'x; + b) > 1
ekvivalentné (formulace 1):
© argminy p {3||wl[*}
@ za podminky spravné klasifikace: y;(w’'x; + b) > 1
ekvivalentné (chceme se zbavit omezeni) (formulace 2):

o Lp=jllw|® - ail(w'x; + b)y; — 1]

0 Lp=3|wl® - XL ail(wW'x; + b)yi] + 274 i
@ argminy p Lp

@ za podminky: «; > 0

@ «; - Lagrangeovy multiplikatory



Formulace optimalizacni ulohy

Primarni a dudlni tloha

Lo = zlwl? = XL ail(w'Xi + b)yi] + 274 e
argminy p Lp (za podminky «; > 0)



Formulace optimalizacni ulohy

Primarni a dudlni tloha

Lo = zlwl? = XL ail(w'Xi + b)yi] + 274 e
argminy p Lp (za podminky «; > 0)
PoZzadujeme VL, = O:
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Formulace optimalizacni ulohy

Primarni a dudlni tloha
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Formulace optimalizacni ulohy

Primarni a dudlni tloha

Lo = zlwl? = XL ail(w'Xi + b)yi] + 274 e
argminy p Lp (za podminky «; > 0)
PoZzadujeme VL, = O:

° gTL; =W YL aiXiyi=0—w=37, aiXy

ab =Yy =



Formulace optimalizacni ulohy

Primarni a dudlni tloha

Lo = zlwl? = XL ail(w'Xi + b)yi] + 274 e
argminy p Lp (za podminky «; > 0)
PoZzadujeme VL, = O:

oL n n
© Gw =W i aiXiyj=0—=W=3" Xy

oL, n
° an = Zi:1 ajyi=0

Substituci do L, ziskdme dualni dlohu:
Lo = Y274 i — 5 221 iy XiX;yiy;
argmax,,; Ly (za podminky a; > 0)



Optimalizaéni ulohy

Rekapitulace

@ formulace 1:
o argminy., {3||w|/?} (za podm.: y;(w'x; + b) > 1)
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Optimalizaéni ulohy

Rekapitulace

@ formulace 1:
o argminy., {3||w|/?} (za podm.: y;(w'x; + b) > 1)
e p+ 1 parametrq, n lin. omezeni
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e argminy p L, (za podminky «; > 0)



Optimalizaéni ulohy

Rekapitulace
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Optimalizaéni ulohy
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Optimalizaéni ulohy

Rekapitulace

@ formulace 1:
o argminy., {3||w|/?} (za podm.: y;(w'x; + b) > 1)
e p+ 1 parametrq, n lin. omezeni

@ formulace 2:
o Lp=—3|w|?— X ail(w'x; + b)yi] + 374 i
e argminy p L, (za podminky «; > 0)
@ p+ 1 parametrd, n omezeni

@ formulace 3:
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Optimalizaéni ulohy

Rekapitulace

@ formulace 1:
o argminy., {3||w|/?} (za podm.: y;(w'x; + b) > 1)
e p+ 1 parametrq, n lin. omezeni

@ formulace 2:
o Lp=—3llwl® = X7 ail(w'xi + b)yi] + 37
e argminy p L, (za podminky «; > 0)
@ p+ 1 parametrd, n omezeni

@ formulace 3:

Lo =314 i — 3 20 iy XiXpyiyj

argmax,, Ly (za podminky «; > 0)

n parametr(i, n omezeni

pro¢ to vSechno snazeni?

data x; vystupuiji pouze ve formé soucint x;x;



Optimalizaéni ulohy

Rekapitulace

@ formulace 1:
o argminy., {3||w|/?} (za podm.: y;(w'x; + b) > 1)
e p+ 1 parametrq, n lin. omezeni
@ formulace 2:
o Lp=—3llwl® = X7 ail(w'xi + b)yi] + 37
e argminy p L, (za podminky «; > 0)
@ p+ 1 parametrd, n omezeni
@ formulace 3:
Lo =314 i — 3 20 iy XiXpyiyj
argmax,, Ly (za podminky «; > 0)
n parametr(i, n omezeni
pro¢ to vSechno snazeni?
data x; vystupuiji pouze ve formé soucint x;x;
vétsina «; nulovych, a; > 0 pravé pro support vectors



Reseni optimalizaéni Glohy

Rozhodovaci funkce f(x) = sign(w’x + b)
w =371 aiXiyi



Reseni optimalizaéni Glohy
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Reseni optimalizaéni Glohy

Rozhodovaci funkce f(x) = sign(w’x + b)
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@ pro lib. support vector: y;(w'x; + b) = 1
© 5 b=, —wx



Reseni optimalizaéni Glohy

Rozhodovaci funkce f(x) = sign(w’x + b)
w =31 aiXiy;
jak ziskat b?

@ pro lib. support vector: y;(w'x; + b) = 1
© 5 b=, —wx

|
Zi,a,>o(7,*W/xi)

o praktiCky: b= Z—>01



Reseni optimalizaéni Glohy

Rozhodovaci funkce f(x) = sign(w’x + b)
w =31 aiXiy;
jak ziskat b?

@ pro lib. support vector: y;(w'x; + b) = 1
© 5 b=, —wx

|
Zi,a,>o(7,*W/xi)

o praktiCky: b= Z—>01

tedy kone¢né dostavame:
o (x) = sign(>- ayiXi'x + b)



Trik s jadrem (Kernel trick)

Rozhodovaci funkce:
o f(x) = sign(3_7 aiyixi' X + b)



Trik s jadrem (Kernel trick)

Rozhodovaci funkce:
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Pozorovani:
@ piiznaky x pouze ve formé skalarnim soucinu x;'x



Trik s jadrem (Kernel trick)

Rozhodovaci funkce:
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Trik s jadrem (Kernel trick)

Rozhodovaci funkce:
o f(x) = sign(3_7 aiyixi' X + b)

Pozorovani:
@ piiznaky x pouze ve formé skalarnim soucinu x;'x
@ skalarni souCin r's Ize nahradit jaddrem K(r, s)

® K(r,s) = ¢(r)¢(s)



Trik s jadrem (Kernel trick)

Rozhodovaci funkce:
o f(x) = sign(37y ciyiXi' X + b)
Pozorovani:
@ piiznaky x pouze ve formé skalarnim soucinu x;'x
@ skalarni souCin r's Ize nahradit jaddrem K(r, s)
° K(r.s) = p(r)¢(s)
@ jadro muze realizovat operaci odpovidajici skalarnimu
soucinu ve vysokorozmérném prostoru



Trik s jadrem (Kernel trick)

Rozhodovaci funkce:
o f(x) = sign(37y ciyiXi' X + b)
Pozorovani:
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@ pouzitim jadra se z SVC stavaji SVM



Trik s jadrem (Kernel trick)

Rozhodovaci funkce:
o f(x) = sign(37y ciyiXi' X + b)
Pozorovani:
@ piiznaky x pouze ve formé skalarnim soucinu x;'x
@ skalarni souCin r's Ize nahradit jaddrem K(r, s)
° K(r.s) = p(r)¢(s)
@ jadro muze realizovat operaci odpovidajici skalarnimu
soucinu ve vysokorozmérném prostoru

@ pouzitim jadra se z SVC stavaji SVM
Pouzivan4 jadra:
@ polynomialni: K(r,s) = (r's+1)9
@ Gaussian radial-basis function (RBF):
K(r,s) = exp{~ 1555
@ hyperbolicky tangens: K(r, s) = tanh{pr's + 3>}



Trik s jadrem (Kernel trick)
Priklad

Polynomialni jadro stupné g = 2: K(r, s) = (r's + 1)?,
r, s € R?, operuje v prostoru R6:



Trik s jadrem (Kernel trick)
Priklad

Polynomialni jadro stupné g = 2: K(r, s) = (r's + 1)?,
r, s € R?, operuje v prostoru R6:

r_>¢(r):{r127 r227 \/ér'era \/éﬁ, \/ér.?) 1}



Trik s jadrem (Kernel trick)
Priklad

Polynomialni jadro stupné g = 2: K(r, s) = (r's + 1)?,
r, s € R?, operuje v prostoru R6:

r— ¢(r)={rf, 15, V2nn, V2, V2, 1}

s — ¢(8) = {s?, s3, V25182, V251, V2sp, 1}



Trik s jadrem (Kernel trick)
Priklad

Polynomialni jadro stupné g = 2: K(r, s) = (r's + 1)?,
r, s € R?, operuje v prostoru R6:

r— ¢(r)={rf, 15, V2nn, V2, V2, 1}

s — ¢(8) = {s?, s3, V25182, V251, V2sp, 1}
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Trik s jadrem (Kernel trick)
Priklad

Polynomialni jadro stupné g = 2: K(r, s) = (r's + 1)?,
r, s € R?, operuje v prostoru R6:

r— ¢(r)={rf, 15, V2nn, V2, V2, 1}

s — ¢(8) = {s?, s3, V25182, V251, V2sp, 1}

B(r) d(S) = r2s? + 1283 + 2r1 18185 + 21181 + 218 + 1

(Fs+1)2=(r181+ s+ 1) =
r2s? 4+ r2ss + 1+ 212818z + 2r1 81 + 228y



Ukazka jader

demonstracni data:

Bayes Optimal Classifier

FIGURE :
of Figures 2.1,
this boundary can be calculated ezactly (Ezercise 2.2)

. The optimal Bayes decision boundary for the simulation example

2.2 and 2.3. Since the generating density is known for each class,

S

(pfevzato z http://statweb.stanford.edu/~tibs/ElemStatLearn/)


http://statweb.stanford.edu/~tibs/ElemStatLearn/

Ukazka jader

jadra:

SVM - Degree-4 Polynomial in Feature Space

SVM - Radial Kernel in Feature Space

Training Error: 0.180
Test Error: 0.245

s

e

Training Error: 0.160 \\‘
TestError:  0.218 TR )
Bayes Error:  0.210 e

Bayes Error:  0.210

(pfevzato z http://statweb.stanford.edu/~tibs/ElemStatLearn/)


http://statweb.stanford.edu/~tibs/ElemStatLearn/

Klasifikace s “mékkou hranici”

Soft-margin classification

Motivace:
@ tfidy nemuseji byt oddélitelné
@ presto chceme SVM pouzit
Resent:
@ dovolit SVM udélat “malou” chybu
Jak:
o argminy, {3lW|2} +CY 1, &
@ za podm. témér spravné klasifikace: y;(w'x; + b) > 1 —¢;
@ C predstavuje regularizacni konstantu
@ C = oo odpovida puavodni formulaci separabilni tlohy
@ C se hleda nejcastéji pomoci kfizové validace



SVM v praxi

@ funguji velmi dobfe

@ Casova slozitost trénovani: O(n?)

@ uzivatel voli typ jadra a parametry

@ parametry se hledaji typicky kfizovou validaci

@ po natrénovani si staCi pamatovat support vectors



Porovnani metod

TABLE 10.1. Some characteristics of different learning methods. Key: A = good,
=fair, and ¥ =poor.

Characteristic Neural SVM Trees MARS k-NN,
Nets Kernels

Natural handling of data v v v

of “mixed” type

Handling of missing values v v

Robustness to outliers in v A4 v

input space

Insensitive to monotone v v v v
transformations of inputs

Computational scalability v v v
(large N)

Ability to deal with irrel- v v v
evant inputs

Ability to extract linear v v
combinations of features

Interpretability v v v
Predictive power v

(pfevzato z http://statweb.stanford.edu/~tibs/ElemStatLearn/)


http://statweb.stanford.edu/~tibs/ElemStatLearn/

Klasifikace do vice trid

SVM umi rozliSovat jen do dvou tfid

mozna feseni klasifikace do K tfid:
@ “jeden proti v8em”: K Uloh: klasifikace tfidy k proti zbytku,
“vitéz bere vse”

@ “jeden na jednoho™:
ko, hlasovani

(K 1) dloh: Klasifikace tfidy k; proti



Rozsireni SVM

@ SVM regression
@ detekce neCekanych pozorovani (novelty detection)
@ shlukovani zalozené na SVM
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Shlukovani zalozené na SVM

myslenka: obklopit body co nejmensi kouli v mnohorozmérném prostoru, kouli promitnout zpét do pfiznakového

prostoru jako kontury a shluky definovat jako pozorovani ve stejnych konturach
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Figure 1: Clustering of a data set containing 183 points using SVC with C' =
are designated by small circles, and cluster assignments are r
erent grey scales of the data points. (a): ¢ =1 (b): ¢ =20 (c): ¢ = 24 (d):

zdroj: Support vector clustering, A Ben-Hur et al., J. of machine learning research 2 (Dec), 125-137



Detekce neCekanych pozorovani

myslenka: v mnohorozmérném prostoru oddélit pozorovani od po¢atku nadrovinou (maximalizace hranice),

necekanda pozorovani pak jsou ta vné oné nadroviny

v, width ¢ 0.5, 0. 0.1,0.5 0.5,0.1
frac. SVs/OLs 0.59,0.47 0.24,0.03 0.65, 0.38
margin p/[Jw]] 0.70 0.62 0.48

Figure 1: First two pictures: A single-class SVM applied to two toy problems; v = ¢ = 0.5,
domain: [—1, 1] Note how in both cases, at least a fraction of v of all examples is in the
estimated region (cf. table). The large value of v causes the additional data points in the
upper left corner to have almost no influence on the decision function. For smaller values of
v, such as 0.1 (third picture), the points cannot be ignored anymore. Alternatively, one can
force the algorithm to take these ‘outliers’ into account by changing the kernel width (2):
in the fourth picture, using ¢ = 0.1, v = (.5, the data is effectively analyzed on a different
length scale which leads the algorithm to consider the outliers as meaningful points.

zdroj: Support Vector Method for Novelty Detection, B Schélkopf et al., 2000



