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Matrix operations

Complex numbers

e more entry options in Matlab

e we want to avoid confusion |>> €L =1 +1j
>> C2 =1 + 5i % preferred
e speed >>C3=1+i

>>C4=1+]5

>> C5 = sgrt(-1)

real, imag real and imaginary part of a complex number
e frequently used functions conj complex conjugate
abs absolute value of a complex number
angle angle in complex plane (in [rad])
complex constructs complex number from real and
imaginary components
isreal checks if input is a complex number (more
on that later)
I, ] complex unit
cplxpair sorts complex numbers into complex

conjugate pairs
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Matrix operations

Complex numbers

300 s
D{Z}/\ e create complex numberand its complex conjugate T
V4
z=1+1]
S=27
0 g [{z}
e switch between Cartesian and polar form (fiadg )
z={3 4 P Z=a+]b
z=|2¢” | =a? +b?
2=|7(cos(¢) + jsin(4))
e verify Moivre’s theorem Z=|7=+2=1.4142
z' = (‘Z‘ ej¢)n e arctar{ﬂj = arctaEl—j =~ 0.7854r:
2 = | (cos(ng) + jsin(ng)) RE '



Matrix operations

Complex numbers

| —— |
300s 1

e find out magnitude of a complex vector (avoid indexing)
e useabs, sqrt (1) ‘Zx" ‘Zy‘

Z :(1+1j \E)

|z|=2 zDOc?

2) |z|= \/\zx\z +z[ =\z.20+2,Z]

=Z [ZD:\/W
e alternatively, use following functions:

e Nnorm

e dot (dot product)

e hypot (hypotenuse)

N\ ‘Z‘
1z} 1z} z,
/ / ‘Zy‘
ZX
1Z,]
0 >D{ z} 0 Z, "{z} 0 ” Z,]
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Transpose and matrix conjugate

Matric operations

e Pay attention to situations where the matrix is complexa ocvN

e two distinct operations:

transpose AT = |: ] [ A ] transpose(A) % <- don’t use Al
. H — a 7 1
transpose + conjugate A [ :| conj(A) % <- don'tuse A
>> A = magic(2) + lj*magic(2)’ >> A" > At
L = ans = ans =
1.0000 + 1.00001 3.0000 + 4.00001 1.0000 + 1.00001 4.0000 + 3.00001 1.0000 - 1.00001 4_0000 - 3.00001
4.0000 + 3.00001 2.0000 + 2.00001 3.0000 + 4.00001 2.0000 + 2.00001 3.0000 - 4.00001 2.0000 - 2.00001
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Matrix operations

Entering matrices —,

e large vectors and matrices with regularly increasing elgsmean be
typed in using colon operator

e a is the smallest element (,from“)incr is incrementp is the largest
element (,,t0“) > A= 104117

>> A = aiincr:b A=

e Db doesn’'t have to be element of the series in question
o lastelement NONcr then follows the inequality: .. .- ...,

A=

la+ N Oner| <|b

e if incr isommited, the incrementis set equal to 1
“> A = 0310 >>A=ab
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Matrix operations

Entering matrices

|
300s 1

e Using the colon operator.,;’ create
e following vectors

=(1 3 ... 99
=(25 20 ... -9’

e matrix
e caution, the third column cant be created using colon opetdtonly

4, T

2

T=|5 2 2

A

6 3 Z

6
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Matrix operations

Entering matrices — |1 nspace, | ogspac

e colon operator defines vector with evenly spaced points

e In the case fixed number of elements of a vector is requireg u
linspace

>> A = linspace(a, b, N);

*» A = linspace(0,2,5)
A:

0 0.5000 1.0000 1.5000 Z.00oo

e When theN parameter is left out, 100 elements of the vector are generated:

>> A = linspace(a, b);

e the functionlogspace works analogically, except that logarithmic
scale is used

>> A = logspace(a, b, N);
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Matrix operations

Entering matrices

| T TTT——
200s 1

e create a vector of 100 evenly spaced points in the intendalls;75.4>

e create a vector of 201 evenly spaced points in the interv@0<100>

e create a vector with spacing of -10 in the interval <100,5100
e try both options usindinspace  and colon ":"
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Matrix operations

Entering matrices using functions

e special types of matrices of given size are needed quite ofte
e Matlab offers number of functions to serve this purpose

e example: matrix filled with zeros
e will be used quite often

zeros(m) % matrix B of size mxm

zeros(m, n) % matrix B of size mxn

zeros(m, n, p,...) % matrix B of size mxnxpx...

zeros([m n)) % matrix B of size mxn

B = zeros(m, 'single’ ) % matrix B of size mxm, of type ‘single’)
% see Help for other options
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Entering matrices using functions

Matrix operations

e following useful functions analogical to tlmeros function are available

ones matrix filled with ones
eye identity matrix
NaN, Inf matrix filled with NaN, matrix filled with Inf
magic matrix suitable for Matlab experiments, notice its interesting priggert

rand, randn, randi

matrix filled with random numbers coming from uniform and normal distributratrix filled
with uniformly distributed random integers

randperm returns a vector containing a random permutation of numbers
diag creates diagonal matrix or returns diagonal of a matrix
blkdiag constructs block diagonal matrix from input arguments
cat groups several matrices into one (depending on dimension)
true, false creates a matrix of logical ones and zeros

pascal, hankel

Pascal matrix, Hankel matrix

e for further functions see Matlab-» Mathematics— Elementary Math—
Constants and Test Matrices
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Matrix operations

Entering matrices using functions

| ——
360s 1

e create following matrices
e use Matlab functions
e Dbegin with matrices you find easy to cope with

1

NaN NaN
NaN NaN

M,=(1 111

0
M, = 0

o w O

-5

M, =

o O O O o O N
O rr O O

o O O B+
o O r»r O

3.10.2016 17:41 AOB17MTB: Part #2 5» Fié‘fa
3 /. [P} ,r,gj‘
13 Department of Electromagnetic Field, CTU FE&loslav.capek@fel.cvut.cz étemag o / %@Jﬁﬁﬁj



Matrix operations

Entering matrices using functions

360s 1
e try to create empty 3-dimensional array of tyg@uble

e can you find another option?
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Matrix operations

Entering matrices

e (uite often there are several options how to create givenxmat

e it is possible to use output of one function as an input of another function |
Matlab:

e consider
e Clarity >> plot(diag(randn(10, 1), 1))
e simplicity
e Sspeed
e convention

e e.g. band matrix with '1' on main diagonal and with '2' anai8'secondary
diagonals

>> N = 10;
>> diag(ones(N,1)) + diag(2*ones(N-1,1),1) + diag(3*one s(N-1,1),-1)

e can be sorted out usirfgr cycle as well (see next slides), might be faster ...
e some otheridea?
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Matrix operations

Dealing with sparse matrices

e Matlab provides support for working with sparse matrices

e most of the elements of sparse matrices are zeros and it pays off to store
them in a more efficient manner

e to create sparse matri&out of a matrixA:

S = sparse(A),

e conversion of a sparse matrix to a full matrix :

B = full(S),

e inthe case of need see Help for other functions
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Matrix operations

Matrix operations #1

e there are other useful functions apart from transpassgpose )
and matrix diagonaldiag ) :

== U = friulP)

0.3404  0.2551  0.9533  0.2575
0.5853  0.5060  0.5472  0.8407 u=
0.2238  0.6991  0.1386  0.2543
0.7513 0.8208% 0.14233 0.8143 L2404 0.2551 0.9593 0.2575
] ] - 0.5060  0.5472  0.8407
e upper triangular matrix >> U = triu(P), 0 0.1386  0.2513
0 0 0.5143
== L = Lreil (P}
. . . L=
e lower triangular matrix >> | = tril(P),
0.3404 0 0 0
0.5853  0.5060 0 0
0.2238  0.6991  0.1388 0
0.7513  0.8508  0.1433  0.813
e a matrix can be modified taking into account »> Uz = triu(E,-1)
secondary diagonals as well v =
. 0.3404  0.2551  0.9593  0.2575
>> | = t”U(P, -1), 0.5853  0.5060  0.5472  0.8407
D 0.6991  0.1386  0.2543
0 0 0.1493  0.8143
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Matrix operations #2

Matrix operations

e functionrepmat is used to copy (part of) a matrix

>> B = repmat(A, m, n),

° €.J0. Ar A Az An Ap Al
— >> B = repmat(A, 1, 2),
A= (Ail A A13) >> B = repmat(A, [2 1]), Al A, A,
Ar Ap A

e repmat is

a very fast function

e comparison of execution time of creating a 1e4 x 1le4 matrix filled with

Zeros .
>> X = zeros(le4, 1e4); % computed in 0. 18s
>>Y =repmat(0, 1e4, led); % computed in 0. 0004s, BUT... don't use it

e itis for you to consider the way of matrix allocation ...

3.10.2016 17:41
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Matrix operations #3

e functionreshape is used to reshuffle a matrix

>> B = reshape(A, m, n),

Matrix operations

A
Aoy

e €.
A,
A = Al Ay >> B = reshape(A, [4 1]), A,
A, A, >> B = reshape(A, 1, 4),
Ar A Ap Ay
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Matrix operations

Matrix operations #4

e following functions are used to swap the order of

columnsfliplr >> B = fliplr(A),

) i P A:(AS As Aﬂ]
(Afll A12 AlSj AZS A22 A21
AZl A22 A23

e rows:fliud >> B = flipud(A),

A:(AZl A22 A23]

e row-wise or column-wiseflipdim A Ae Ao

>> B = flipdim(A, 1),
>> B = flipdim(A, 2),

e the same result is obtained using indexing (see next slides)
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Matrix operations

Matrix operations #5

e circular shift is also available
e can be carried out in chosen dimension (row-wise/ column-wise)
e can be carried out in both directions (back / forth)

A31 Azz A33
>> B = circshift(A, -2), A=A, A, A,
Ail A12 A13 AZl Azz A23
A=l A Ay Ay
Asl Asz A33 Ass A31 A32
>> B = circshift(A, [-2 1]), A=lA; AL A,
A&s A21 A22
e Consider the difference betwe8lipdim  acircshift
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Matrix operations

Matrix operations #1

450s 1

: 1 .
e convert the matrixA :(e —i] to have the form of matrioksto A,

: : : 1
e userepmat ,reshape ,triu ,tril  andconj Ny
e +i
1 7 1 7 1 71 : 1 T
A = _ _ _ A2:(1 T e _|) A, = :
e -1 e —-i e —i e +
1 T
1 7 00 0O .
_ e +i
e -1 e 0 0O
0 m 1 0 0
A, =
O 0 e-1 e O
O 0 Omm 1 m
O 0 0 0 e —i
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Matrix operations

Matrix operations #2

| T
450s 1

e create following matrix (use advanced techniques)

1 2 31 2
A=0 2 4 0 2 4
O 050 0 5

e save the matrix in file namedratrix.mat

e create matriXB by swapping columns in matrix

e create matriXC by swapping rows in matriB

e add matrice andC in the file ‘matrix.mat
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Matrix operations

Matrix operations #3

150s 17

e compare and interpret following commands:

== x = (1:5)°

>> x = (1:5)" % entering vector T

>> X = repmat(x, [1 10]), % 1. option ;

>> X = x(;, ones(10, 1)), % 2. option :

== ¥ = repmat(x, [1 10])

e repmat is powerful, but not S T S
always the most time-efficient S S R S A S A
functlon 5 5 5 5 5 5 5 5 5 5

> X = x({:,one=(10,1))
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Vector and matrix operations

Matrix operations

e remember that matrix multiplication is not commutative, IAB # BA

e remember that vector x vector product results in

VM ,1u1,N = WM N Vl,M uM 1 = Wl,l
U, U, Uy
W. W. l"121

Vll 11 12

u
V21 W21 W22 31
V31 W31 W32 Vll V12 V13 Vvll

e ... pay attention to the dimensions of matrices!
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Matrix operations

Element-by-element vector product

e it is possible to multiply arrays of the same size in the eletAiny-
element manner in Matlab
e result of the operation is an array
e size of all arrays are the same, e.g. in the case of 1x3 vectors:

a=(a a, a,) b=(b b, b,)

>> a*b a a, ay bl b2 b3 R Errorusing _*_
(Inner matrix dimensions must agree. )
>> a.*b a, a ajlb b, b| - ab ab, ap,=[ah]
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Matrix operations

Element-by-element matrix product

e If element-by-element multiplication of two matrices oktkame size is
needed, use the* 'operator

e i.e.two cases of multiplication are distinguished

>> A*B ALl A12 , Bll Blz _) ALlBll+A12821 Alﬁ 12+A1§ 2

A21 A22 le Bzz AZlBll + AZZB 21 AZlB 12+ A 2? 2

Al.l AI.Z Bll Blz A.lBll AiZB 12

>> A*B ; N
AZl AZZ sz_ Bzz A21821 AZZBZZ

e Itis so calledHadamard product / element-wise product / Schur product: A -B
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Matrix operations

Element-wise operations #1

e element-wise operations can be applied to vectors as wdlathab.
Element-wise operations can be usefully combined with arect
functions

e itis possible, quite often, to eliminate 1 or even 2 for-Isip

e these operations are exceptionally efficient
— allow the use of so called vectorization (see later)

TS =
10 A= e -;f.“v@u;ﬂ:@,mm@
e e.g f ( )_ (X+1) tan(x) ’ 0
T T ﬂ =
x| ——, —
4 4 B
>> X = -pi/4:pi/100:pi/4;
>> fx = 10./(1+x).*tan(x);
>> plot(x, fX);
>>grid  on; /
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Element-wise operations #1

Matrix operations

e evaluate functions fl(X) = Si”(x)

300s 1
of the variable x0[0, 277]

f,(x) =cos (x)
fo(x)=f,(x)+ f,(x)

evaluate the functions in evenly spaced points of the interval, the spacing
IS Ax = /20

x|
Fle Edit View Insert Tools Oeskiop Window Help E
D[R9 EL 20D
051 ../( // ,-'\\
for verification: /N /N
>> plot(x,f1, x,f2, x,f3), \
Matlab also enables symbolic solution L N

(see later)
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Matrix operations

Element-wise operations #2

240s 1
e depict graphically following f,(x) = —cos( ¥)
functional dependence in the interval cog(x) s ,—( ”j 7T
x0[0, 57]
e plot the result using following function | >> plot(x, f4);
=
Do b|AUDEA- B 0E]80
pat / /\
'. f\ fl |II|I f I,"f'1 I|I| I‘l |'ﬂ‘| 0
D.z_l'ﬂ ||I IH ||| ‘Il {II \I ||‘I \'| I‘l III ’lll I'| llll I|I
e explain the difference in the way of NITARARANAN RANAY
T | | || | || || R | II|
01} I II | [ | | I| [ | 1
>> AB, >> A*B, >> AB, IIIRIRIRIRIRIRIR
o2t '|| I|I \[ II‘. ."I W I| \—
. - . . . a4l ll‘ \ Vi |I‘ II| \ -f | |
multiplication of matrices of the same size | ! V !
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Matrix operations

Element-wise operations #3

| T
_ 360s 1
e evaluate the functiorf (x,y)=xy, xyO[0, 2] | use 101 evenly spaced

points in bothx andy

e the evaluation can be carried out either using vectors,ixnelegment-
wise vectorization or using two for loops

e plot the result usingurf(x,y,f)
e when ready, try alsof (X, Y) =X"y*  on the same interval

I —— =0l

Fie Edit WYew Insert Tools Desktop Window Help

NEdS | R UDEL 2[0E]aDO

3.10.2016 17:41 AOB17MTB: Part #2 »}
31 Department of Electromagnetic Field, CTU FE#iloslav.capek@fel.cvut.cz /ée

Imag.org



Matrix operations

construct block diagonal matrikikdiag

B,
BZl

[
A
[
A Ay
Ay Ay
Bll BlZ
B21 BZZ

Matrix operations

Bll BlZ O
B, >>A=1,B=[23;-4-5] B, B, O
B >> C = blkdiag(B, A); 21 22
22 0 0 Ail
arranging two matrices of the same sizat
A A,
€ Sl A ) Av Aol By Byl A As) A A
C= Cat(l, A, B) AZ AZ B
C =cat(3, A, B) A An| By By B, B ! 2]
1 12 B B
21 22
BZl BZZ

3.10.2016 17:41
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Matrix operations

Size of matrices and other structures

e itis often needed to know size of matrices and arrays in Natla

e functionsize returns a vector giving the size of the matrix / array

>> A = randn(3,5);
>> d = size(A) %d =[3 5]

e functionlength returns largest dimension of an array

e le.length(A) = max(size(A)) >> A = randn(3,5,8);

>> e = length(A) %e =8

e functionndims returns number of dimensions of a matrix / array

e i.e.ndims(A) = length(size(A))

>>m = ndims(A) %% m= 3

e functionnumel returns number of elements of a matrix / array

1
=
N
o

>>n = numel(A) % n

3.10.2016 17:41 AOB17MTB: Part #2
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Matrix operations

Size of matrices and other structures

| T
250s 7

e create an arbitrary 3D array
e Yyou can make use of the following commands :

>> A = rand(2+randi(10), 3+randi(5));
>> A(:,:,2) = flipud(fliplr(A)),

e and now:

e find out the size oA

e find out the number of elements Af

e find out the number of elements Afin the 'longest’ dimension

e find out the number of dimensions Af

3.10.2016 17:41 : A
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Data types

Data types in Matlab

e can be postponed for later ...

=» whos
Name Size Bytes (lass Attributes
D S0=1 400 doukle
oo 1=z0 160 double
D= Z0=20 2Z00 doukle
DTy z20xz0 3zZ00 double
Eps=s 11 2 double
Ka 20x20 3200 double
L 11 2 doukle
Laheck z20xz0 3zZ00 double
N 11 2 doukle
Nth 1=1 8 double
OF 1x1 1 logical
ER 20x20 3200 double
Pr 11 2 doukle
SOL Z0xZ0 400 logical
Teross 1x1 4  single
lam 11 2 doukle
oA z20xz0 3zZ00 double .
pei 1scl & double =x class(type_of connection)
type of conneztion 1=6 1z <¢har
ans =
char
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Bonus: function gal l ery

e function enabling to create a vast set of matrices that camsbd for
Matlab code testing

e most of the matrices are special-purpose

e function gallery offers significant coding time reduction for advanced
Matlab users

e seehelp gallery / doc gallery

e f{ry forinstance:

>> gallery( ‘pel’ 5, 4)

>> gallery( 'leslie’ , 10)

>> gallery( ‘clement’ |, 8)
3.10.2016 17:41 AOB17MTB: Part #2
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Function why

e itis amustto try thatone!:)

e try help why
e tryto find out how many answers exist
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Discussed functions

real, imag, cong, angle, complex complex numbers related functions

norm, cumsum
hypot

linspace, logspace

norm (of a matrix / vector), cummulative sum °
square root of sum of squares (real / complex numbers)

vector generation - evenly spaced, linear / logarithmic scale

zeros, ones, eye, NaN, magic create matrix

rand, randn, randi

randperm

true, false

pascal, hankel, gallery
blkdiag, cat

diag, triu, tril,

fliplr, flipud, circshift
repmat, reshape

length, size, ndims, numel
sparse, full

grid on, grid off

figure, surf

matrix of random numbers with uniform or normal distribution, matrix
of random integers

vector containing a random permutation of numbers

create matrix (logical)

special purpose matrices °
block diagonal matrix, groups several matrices into one

diagonal matrix, upper and lower triangular matrix °
element swapping, circular shift

matrix operation (replication, reshaping) °
length of a vector, size of a matrix, number of dim. and elements
sparse and full matrix operations

Turns grid of a graph on / off

opens new figure, 3D graggurf °

3.10.2016 17:41
38

AOB17MTB: Part #2 »)
Department of Electromagnetic Field, CTU FE#iloslav.capek@fel.cvut.cz (é

elmag.org



Exercise #1

360s 1

e create matrixM of sizesize(M) = [3 4 2] containing random
numbers coming from uniform distribution on the intervél.p,7.5]

N A N

0 1 0 8 -0.5 7.5
10.2016 17:41 : s S
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Exercise #2

200s 1

e Consider the operatial™aZ2 , is this operation is applicable to
following cases?

e al —matrix,a2 —scalar
e al —matrix,a2 — matrix
e al —matrix,a2 —vector
e al —scalara2 - scalar
e al —scalara2 — matrix
e al,a2 —matrix,al.”a2

you can always create the matrieds a2 and make a test ...
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Exercise #3

420s 1

e make corrections to the following piece of code to get valokethe
functionf(x) for 200 points on the interval [0, 1] :

f(x) = X* COS(K) >> 0 erroneous code
OC +1)(x+2) >> x = linspace(0, 1);
>> clear;

e find out the value of the function far=1 | >~ 9= X"3+1 H=x+2,
>> Yy = COS XpI; Z = X."2;

by direct accessing the vector >> f = y*z/gh

e what is the value of the function for= 27 —

e to check, plot the graph of the functidi(x) Dads s[5 UDEA B[0E(80

0.05

o—"
-0.05 - ) N\,
att
N,
\
016 \_\_. il
-0z L + . L L L L I L
o 0.1 B2 03 04 05 08 0.7 0.8 0.9 1
3.10.2016 17:41 AOBL7MTB: Part #2 5» RS2
i RN
41 Department of Electromagnetic Field, CTU FE#iloslav.capek@fel.cvut.cz elmag.org / NI




Exercise #4

200s 1

e think over how many ways there are to calculatdehgth of the
hypotenuse when two legs of a triangle are given

e make use of various Matlab operators and functions
e consider also the case where the legs are complex numbers
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Exercise #5

e A proton, carrying a charge 6§=1.60210" C  and of a mass of
m=1.67310"" Ig enters a homogeneous magnetic and electric field i
the direction of the axis in the way that the proton follows a helical
path; the initial velocity of the protonvs=110"ms . Thensity of
the magnetic field i8=0.1T , the intensity of the elecfield is E=1010 V/m

QE

e velocity of the proton along the z axis is V:Ft Vo

e Wwheretis time, travelled distance along thaxis is z :}%t2 + vt

2 m
_vm
e radius of the helix is r _B—Q
v
frequency of orbiting the helix is f =——
° q y g o

o thexandy coordinates of the proton are x=rcos( 2zft), y=r sirf{ 2ft)
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Exercise #6

500

e plot the path of the proton in space in the timterval from O ns to
1 ns in 1001 points using functiocomet3(x,y,z)

s 1

>> clear; close all

- clc;

>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>
>>

% put your code here
% . ..
% . ..
% . ..
% . ..
% . ..
% . ..
% . ..
% . ..
% . ..
% . ..
% . ..

>> comet3(X, Y, 2)
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Thank you !
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