*
* 4 K

EVROPSKA UNIE

OPPA European Social Fund
Prague & EU: We invest in your future.




Binary Mathematical Morphology

Tomas Svoboda
adapted from a czech lecture of Vaclav Hlava¢

Czech Technical University, Faculty of Electrical Engineering
Center for Machine Perception, Prague, Czech Republic

svoboda@cmp.felk.cvut.cz

http://cmp.felk.cvut.cz/"svoboda



Point set

2/29

Images can be modeled by point sets of arbitrary dimensions.
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Point set
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Images can be modeled by point sets of arbitrary dimensions.

2D Euclidean space E? with its subsets is a natural domain for
description of planar figures.

Digital counterpart of Euclidean space

set of integer pairs (€ Z°) for binary morphology.
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Point set — example

X =1{(1,0),(1,1),(1,2),(2,2),(0,3),(0,4)}
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inclusion: X C Y, X issubset of Y, and Y O X, Y is superset of X.

Set operators

Intersection X NY
union X UY
empty set I
complement X°

set difference X \ Y = X NY*
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Morphological transformation V¥

U is given by the relation of the image (point set X) with another
small point set B called a structuring element.

B is expressed with respect to a local origin

(@) (b) (©)

Application of the morphological transformation W(.X) to the image X
means that the structuring element B is moved systematically across
the entire image.

The result of the relation (0 or 1) is stored in the output image in the
current image pixel position.
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A ¢
Duality of W(X) with respect to X°
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To each morphological transformation W(.X) there exists a dual
transformation W*(.X),
U(X) = [ (X))
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Translation
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Translation X}, of point set X by a vector h

Xh:{pEEQ,p:a:Jrh forsomexeX}
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Symmetrical point set

8/29
¢ with respect to a representative point O.

® sometimes called the transpose or rational set
¢ Definition: B ={—b: b e B}.
¢ Example: B = {(172)7 (273)}' é — {(_17 _2)(_27 _3>}
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Minkowski set addition, subtraction
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Minkowski set addition (Hermann Minkowski 1864-1909)

X P B = UXb
beB

Minkowski set subtraction (introduced by H. Hadwiger 1957)

X6 B = ﬂX_b
beB
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Dilation &
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Sums two point sets.

X@B:{pEEQ:p:x+b, xEXandbEB}

Dilation can be expressed as a union of translated point sets.

X e b= UXb.
beB
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Dilation — example

— {(17 0)7 (17 1)7 (17 2)7 (27 2)7 (07 3)7 (Ov 4)}

— {(Ov O)v (17 O)}

X
B
B

(27 0)7 (27 1)7 (27 2)7 (37 2)7 (17 3)7 (17 4)}
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Dilation by isotropic structural element 3 x 3
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original dilated

Dilation fills small holes and narrow gulfs in objects. |t increases the object
size. If we need to preserve the size the dilation is followed by erosion.
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. . A ¢
Properties of the dilation
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Commutative: X © B =B & X.
Associative: X © (B® D)= (X & B)® D.
Invariant to translation: X;, © B = (X & B),,.

Increasing transform: if X C Y and B has non-empty representative
point, then X $ B CY & B.

What happens with empty representative point?
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Erosion ©

Combines two point sets by Minkowski subtraction. It is a dual operator of

dilation.
XoB={pcE*: p+bc X foreach b € B}.

every point p from the image is tested; the result of the erosion is given by
those points p for which all possible p + b are in X.

Erosion can be expressed as an intersection of all translations of the image
X by the vectors —b € B

X6 b= mX_b.
beB
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Erosion — example

XoB = {(0,3),(1,3),(2,3)}
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Erosion by isotropic structural element 3 x 3
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T

original eroded

Single-pixel-wide lines disappear. Erosion with an isotropic structuring
element is sometimes called shrink or reduce.

Erosion is used to simplify the structure of an object. It decomposes
complicated object into several simpler ones.
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Object contour by erosion
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Contour 90X (region border X, thickness 1).

X =X — (X e B).

original X contour 0.X
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Properties of erosion
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Antiextensive: If (0,0) € B, then X © B C X.

Translation invariant: X;, © B= (X & B),, X& B, = (X o B)_y.
Increasing transform: If X C Y, then X © BCY © B.

Duality between erosion and dilation: (X ©Y)¢ = X &Y.
Erosion is not commutative: X © B # Bo X

Combination of erosion and intersection:
(XNY)eB=(XeB)N(Y&hBb),
Boe(XNnY)D(BoX)u(BaY).
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Properties of erosion and dilation

Order of erosion and intersection:
(XNY)eB=B&(XNY)C(XaB)N(Y @& B). The dilation of the
intersection of two images is contained in the intersection of their
dilations.

The order of erosion may be interchanged with set union which
enables the structuring element to be decomposed into a union of simpler
structuring elements:

Ba(XUY)=(XUY)aeB (X®B)U(Y&B),
(XUY)eB 2 (XeB)U(Y&eB),
Bo (X UY) (XeoB)Nn(YeB).
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Properties of erosion and dilation Il
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Successive dilation (respectively erosion) of the image X first by the
structuring element B and then by the structuring element D is

equivalent to the dilation (erosion)

(XeB)® D
(XeB)eD

of the image X by B® D

- X®(BoD),
- Xo(BaoD).
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Hit-or-miss transformation

® uses a composite structuring element B = (By, By), By N B2 = .

X@BZ{% BchandBQCXc}.

¢ finding local patterns in image. 3, tests objects, By background
(complement). Useful for finding corners, for instance.

¢ it can be expressed by using erosions and dilations

X®@B=(X&B)N(X°EBy)=(XEB))\ (X®By).
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Hit-or-miss — Matlab example, finding corners
bw = [0 0 00
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O O O O O
O O = O O
e e i
O r Pk B K=
O O = O O
O O O O O

0]

[0 O O b2 =[011
110 001
0 1 0]; 0 0 0];
bw2 = bwhitmiss(bw,bl,b2)
bw2 =

bl

O O O O O O
O O O O O O
OO O O O O O
O O O O —~ O
O O O~ O O
O O O O O O
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Opening o

23/29

Erosion followed by dilation

If an image X is unchanged by opening with the structuring element B, it is
called open with respect to B
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Closing e
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Dilation followed by erosion

If an image X is unchanged by closing with the structuring element B, it is
called closed with respect to B
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Properties of opening and closing
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Opening and closing are dual transformations

1

(XeB)“=X“0RB
lteratively used opening and closing are idempotent
XoB=(XoB)oB

XeB=(XeB)eB
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Homotopic transformations

Associated with continuity. Homotopic transformations do not change
homotopic tree.

i
1 '
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Skeleton

It is sometimes advantageous to represent elongated objects by their

skeleton.

Blum in 1964 suggested “Medial axis transformation” (grassfire

scenario).
=%
c
=

More formal definition of the skeleton is based on maximal balls
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Skeleton by maximal balls

@

A ball B(p,r) with center p and radius r, » > 0, is a set of points with
distances d < r.

The maximal ball B included X touches the border 9.X in two and more

points.

Not a maximal ball
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Maximal balls
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Examples
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Problems with noise
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