/\I

CENTER

Algorithmic Game Theory

Learning in Games
Viliam Lisy

Artificial Intelligence Center
Department of Computer Science, Faculty of Electrical Engineering
Czech Technical University in Prague

(May 18, 2018)
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Online learning and prediction
single agent learns to select the best action

Learning in normal form games
the same algorithms used by multiple agents

Learning in extensive form games
generalizing these ideas to sequential games

DeepStack
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Impact on poker performance %
CENTER
1.4 x 1013 Heads-Up Limit Texas Hold’em

AAAI Computer Poker Competition
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Solving games by regret minimization @/\i

CENTER

Theorem: If the average external regret for each player’s

sequence of strategies inla zero-sum game is 7! < e then the
average strategies ¢’ = ;ZLO ot form an 2e-Nash equilibrium



Regret matching+
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Regret matching+ % CENTER
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Regret matching+ %/\i
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Regret matching+ %/\i

CENTER

lteration: 02 0 |
2 R, 0 1 "pw | "
r2 E’o o 1:5
o, R r ot 0 L '
1 I I 0.25 -
I 0.25 0 I 2 O 0.00 Lv:Lr e |
0.00 0.25 Plgy‘jeﬂr 2 0.75 1.00
0 0 | 0 0 |

12



Regret matching+ % CENTER

lteration: 02 0 |
2 R, 0 I r "
r2 4 1:5
o, R r ot 0 L '
1 I I 0.25 -
I O . 2 5 0 2 O 0.00 Lj——r 5 |
0.00 0.25 PIaOy‘.SeOr 2 0.75 1.00
0 | | 0 |

13



CENTER

Regret matching+ %é/\i
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Regret matching+ %é CENTER
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Regret matching+ %é /NI
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Regret matching+ % CENTER
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Regret matching+ % CENTER
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Regret matching+ % CENTER
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Regret matching+ %é /NI
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Extensive form games
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Counterfactual Regret - Motivation %é / \I

- o1 -1
00 110
l 00 0| 1
1 -1
: 00
1-1 7 o5 ® 2.2 o

Take the current reach probabilities?

-> undefined belief

Take only opponent’s reach probability!
-> defined where necessary
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Counterfactual Regret - Definition %é /\I

CENTER

: o1 -1
: e 00
: e 00
: ] -1

¢ 00
fm .2'2

Counterfactual value:  v{ (I, a) = Xp 2z, 72i(h) 19 (ha, 2)u;(2)

Counterfactual regret:  rt(I,a) = v/ t(I, a) — vy t(I)
Can be computed in one tree walk

27



Counterfactual Regret Minimization @/\i

CENTER

1) Walk the tree to compute conterfactual values in all ISs
2) Use RM, RM+, Hedge,... to compute next strategy for each IS
3) Goto 1

4) Return mean of all used strategies

28



Counterfactual Regret Minimization @/\i

CENTER

Theorem (Zinkevich et al. 2008): For a sequence of (mixed) strategies
of, et R iyum (I) = max Yieq 7781, @) then
a

qull z Rl imm

Proof: Let D(I) be the information sets reachable from I, Succ;(I, a) be the
possible next information sets, Succ;(I) = UgeaqySuce;(I, a).

leull (D = mélg( z (vi (Ut ‘D(I)_)U,J) - Ui(Ut,1)>

tel..T

v (1, @) = Y ez, 7% (W) w0 (ha, Dwy(2); 1t (1, a) = v¢ (I, a) — v¢ ()

R;Tlmm (I) — aIgAa()I() Zt€1..T (vi (O-tll—wu I) — Vi (Ut; I))
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Lemma: leull(l) = Rl me(l) + ZI "eSucc;(I) Rl full(ll)

RF. .. (I) = max max
Lfull a€A(l) o' €3 tet1.T

(vi(atll—m»l) vl(o- :I)
_l(I)
+ZI 'eSucc; (Ia)SuCCG(I |I a)(ﬂ )( (G |D(I)—>a"1 )—Ul(O' I )))

< t .
R purr (1) Jax max % (00l D - vl(a,l))

t N _ (At T
+ max max ¥ Sresucena (% (0 Ioy-an 1) = w10 1)

(D < (I) + max (I
qull l imm acA(l) ;s ESugc A a) lfull

— lem(l) + Z lfull (I )
1'eSucc;i(I)

The proof of the theorem is completed by induction, using the Lemma above.
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Average Strategy in CFR % AN
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t
teatf (Dot a)

Z=1 ”iat(l)

1 0 1 0 V2 Y2
1 1 1 1 1 1

o (I,a) =
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CFR+ Convergence Speed @ C/EN;!

Theorem (Tammelin et al. 2015): The mean strategies form
CFR+ in a game with payoff range A, A = max |A(I)|, after T

2(|11 |+ 12D AVA
T

iterations form an =Nash equilibrium.
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CFR Variants — MCCFR e VAX

Monte Carlo Counterfactural Regret Minimization (Lanctot et al. 2009)

Samples a subset of tree in each iteration

Importance sampling trick
Unbiased estimator of real CFV
Still need to weight by opp. probability

Domain specific sampling

v -value
g - probability
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MCCFR L FAX

Recall CFV: v/ (I) = Y (h2)eZ; n?;(h) n°(h, z)u;(2)

Let @ = {Q1,Q2, ..., Qjg(} blocks in Z such that UQ].EQ Q=2

MCCFR samples Q; € Q with probability g;. Let q(z) = Zj:ZEQj q;-
57U = nmreq;nz 7 (W) 0 (h Dy (2)

Sampling schemes:

outcome sampling

external sampling
Lemma: E;[77(I|)] = v ()
Proof: E;[7 7 (11))] = X; q; Z(hz)ernz,q(Z) nZ; (W) 7’ (h, 2)u;(2) = v{ (D)
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MCCFR Convergence Bound % / \I

Theorem (simplified): For any p € (0,1] and Q; € Q,

Z( z n“(h,z)nfi(h))z - 1
=2
I (h,Z)EQjﬂZI q(Z) 0

then with probability at least 1 — p, average overall regret

: VA1 I
qull—<1+ﬁ> Alzilﬁ
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MCCFR Convergence Bound %@ / \I

Proof sketch:

Markov’s inequality: P(x = a) < % (for non-negative random x)

E[x] = fooox f(x)dx :j

0

Corollary: P [lxl > \/%JE[xZ]] <p

Plx? = jE[x?]) < - => P|Ix| = E[¥?]) < -
R < Yiex, RI (D) = Tiex,RIH D) = R + RIT (D)
< e, R = RITUD| + e, R D)

\/i_\/ [(ZIEZ (RT+(I)— T+(I))) ]_l_Alit /14T
< (|1i|\/§+ I‘LI)%A\/W

VD

a

x f(x)dx + joox f(x)dx Zfooa f(x)dx =2a P(x = a)
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MCCFR - Average Strategy % AN

CENTER

We need to maintain the average strategy without visiting.

Correct method
Note the strategy does not change without visits
Store additional information for later updates
w(l,a) = Ztetlast,..,T 7Tit (I)Uit (/,a)
propagate down once sampled

Stochastically-weighted averaging:
Application of importance sampling
Boost the average strategy update by 1 / probability of sampling h
May have high variance

38



CFR Variants — O0OS % /\i

CENTER

Online Outcome Sampling (Lisy et al. 2015) Single

iteration
y-on policy
selection

Current

MCTS algorithm for imperfect information information
Incremental

Builds on MCCFR tree building

Incremental tree building Newly added C

Targets search to current IS information set Random

simulation

)

Guaranteed convergence to NE
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CFR Variants — CFR-BR % /\I

CENTER

Opponent always plays best response (Johanson et al. 2012)

No storage for the opponent’s strategy A
No need for average strategy

Opponent can play in a finer abstraction=

Infinite strategy space
Optimal abstract strategies

40



CFR Variants — CFR-BR e VAX

Theorem (Johanson et al. 2012):

After T iterations, the average strategy of CFR-BR converges
to

-Nash equilibrium

All;|/|A1]
T

Proof sketch:
CFR player: ¢?,a},...,a] - no regret sequence of strategies
BR player: BR(c}’), BR(c}), ..., BR(a])
Both players eventually have external regret < €
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CFR Variants — CFR-BR e VAX

Theorem (Johanson et al. 2012):

After T iteration with probability (1-p) the current strategy of
CFR-BR converges to

A“;'\/‘/F Nash equilibrium
Proof sketch
"leu”— maXZ 1u(a a_l)— _iu(al,af) <e
—ZT 1ul( t)> rréaXZT 1u(a Jt)—e>maxu(a al)—¢€

2vl—e,butu(l, ct;) < v}, therefore u;(af, )>v ——often
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Example CFR-BR + MCCFR e VAX

k-of-N robust optimization (Chen, Bowling 2012)
Optimal strategy for k worst samples from N

MDP with uncertainty in rewards/transition

Algorithm:
Sample a subgame (MCCFR)
Pick BR for player 2
Update player 1 using CFR

-10 +4 -7 +30
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