Question 1.

Consider the network below and compute

a) the marginal probability P(X5 = 0) = P(-z3),
b) the conditional probability P(Xo =1| X5 =1) = P(a2 | x3).
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Answer:
We can save much work by selecting a “smart” marginalization order. Some nodes may get eliminated immediately since

they sum out to one (i.e., their value carries no information about the probability we are trying to compute). For the rest,
we can cache intermediate results in so-called “factors”.
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= ZP(X;—O‘XQ—LEQ)ZP(Xl—CLl)P(XQ—.L'Q‘Xl—xl)ZP<X4—14|X2—12)
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Gx,(Xo=0) = Z P(X, =2)P(Xa=0| X; =21) =0.6-0.5+0.4-0.2 = 0.38
x1=0
1
Gx,(X2=1)= Y P(X;=21)P(Xy =1]X; =21) =0.6-0.5+0.4-0.8 = 0.62
x1=0
1
Gx, x,(X3=0)= > P(Xs=0] Xz =) Gx,(z2) = 0.7-0.38+ 0.8 - 0.62 = 0.762
(L‘2:O
1
Gx, x,(Xs=1)= > P(Xs=1] Xy =) Gx,(12) =0.3-0.38+0.2-0.62 = 0.238

$2:0

After removing the node X4, we only needed 6 multiplications and 3 additions (8 multiplications and 4 additions if
the entire factor Gy, x, was computed). As opposed to that, when computing the same value naively, we needed 24
multiplications and 7 additions.



Note, that the factors do not have to sum up to one! For one, we have the factor Gx, (z2) which sums up to two. Also,
if we eliminated X5 before X4, we would obtain

1
xo=0
1

Gx,(X1=1)=> P(Xy=mz,| X1 =1)-P(X3=0] Xy =22) =0.2-0.7+0.8-0.8 = 0.78

.'L'QZO
b)
1
P(Xy=1,X3=1)= > > P(Xi=u21)-P(Xo=1|X1=21) - P(Xs=1|Xo=1)- P(Xy =24 | Xp = 1)
171:0 2174:0
Gx, (X2=1)
1 1
=P(X3=1[Xo=1) Y PXi=2)P(Xo=1|X;=121) Y P(Xy=u4|Xy=1)
x1=0 x4=0
1
=0.2-0.62=0.124
0.124
P(Xy=1|X3=1) = —— ~ 0.5210
Question 2.

Consider the same network as above.

Assume that the sequence {r;}?°; was generated at random uniformly from the interval (0;1). Use the sequence to

a) approximate P(x3) using a suitable sampling method,

b) approximate P(zy | 22, ~x3) using rejection sampling and likelihood weighting.

1 2 T3 T4 s T6 r7 s T9 10
0.2551 | 0.5060 | 0.6991 | 0.8909 | 0.9593 | 0.5472 | 0.1386 | 0.1493 | 0.1975 | 0.8407
11 T12 T13 T14 15 16 r17 T18 T19 20
0.0827 | 0.9060 | 0.7612 | 0.1423 | 0.5888 | 0.6330 | 0.5030 | 0.8003 | 0.0155 | 0.6917

Answer:

First, let us notice that when estimating either of the probabilities below, we can marginalize over X4. Thus, we will not be
sampling values for Xj.

Once we obtain samples from the distribution, we estimate the probability using the Monte Carlo method.
For all sampling methods below, we require a topological ordering of the nodes, i.e., the random variables. We will use

X < Xy < X3 < Xy

a) For this task, we can use the forward sampling algorithm.

X X9 X3
st P([Ll) >rp— 1 P(.L2|11) >7r9 — 1 P(.L3|L2) <rg—0
s2 | P(xy) <714 —0 | Plag|z1) <75 =0 | Plwz|-~2e) <73 —0
53 1 1 1
s 0 1 0
s° 0 1 0
5% 0 0 0




Gsh =1
Hence, we estimate P(X3 =1) = W =1

b) (1) Let us use rejection sampling first. Rejection sampling iteratively employs the forward sampling algorithm, reject-
ing all samples inconsistent with the evidence.

v
reject
reject
reject
reject

v
reject

v

Clbm %\I QIJ@ chﬂ CIJ“; Clbw CIJM 0‘:_.

ooo»—w—locw—n:j
— O~ OO~ oKk
O v O = Of X

Hence, we estimate P(X; =1| X =1,X3=0) = %
(2) Now, let us try likelihood weighting, which does not reject any samples. Instead, it computes a weight (likelihood)
for each sample.

In likelihood weighting, evidence remains fixed. Since we also summed out X4, we only need to determine the
value of X;. Hence, for each random number r;, we obtain a sample s’.

X1 X2 X3 w
st [ Ply)>r—1] 1 0 | Pz | 21)P(—23 | 22) =0.8-0.8=0.64
s2 | P(xy)<re—0 ] 1 0 | P(zg | —ay)P(—x3 | 22) =0.5-0.8=0.4
s 0 1|0 0.4
st 0 1] 0 0.4
5 0 1] o0 0.4
56 0 1] o0 0.4
s7 1 1|0 0.64
s8 1 L]0 0.64
s” 1 L]0 0.64
510 0 1] 0 0.4
stt 1 1] o0 0.64
512 0 1] o0 0.4
513 0 1] o0 0.4
st 1 1] o0 0.64
s1° 0 1] o0 0.4
516 0 1] o0 0.4
517 0 1] o0 0.4
518 0 1] 0 0.4
519 1 L]0 0.64
520 0 1] 0 0.4

We estimate P(X; = 1] Xy =1,X3 =0) = s5059507 = 565 ~ 0.4628.



Question 3.

Consider the Bayes net below:
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a) Compute the marginal probability distribution P(X7) using variable elimination with the elimination order

X17X87 X97X5a X67X27 X37X4~

b) Compute P(xg | ~x4) however you see fit.
Answer:

a) When eliminating X;, we first collect all factors containing X; and compute their product . Then, we compute
Gx, =D ., ¥ remove all the collected factors and add Gy, instead.

P(Xr=a71)=> ...> > > P(Xi=m) -P(Xo =2 | X1 = 1) P(Xs =23 | X1 = m1):

P(X4:LL'4\XQZIQ,X:a:lL‘:a)'P(XSZZEs\X4:1?4)'P(X<5ZIL‘(;|X4:ZL'4)'
P(X7:JIJ7‘X4:JZ4)'P(X8:.778‘X5:JIJ5)'P(X9:I9|X5:.T,5,X6:.’176)

(1) Eliminate Xj:

Gx, (v2,23) = Y P(X1=m1)-P(Xag =12 | X1 =21) - P(X3 = 23| X1 = 1)

Xo ‘ X3 ‘ Gx,

0 0 [06-0.8-03+0.4-0.5-0.9=0.324
0 1

1 0

1 1

04-05-0.14+0.6-0.8-0.7=0.356
04-05-09+0.6-0.2-0.3=0.216
04-05-01+06-0.2-0.7=0.104

(2) Eliminate Xg:



(3) Eliminate Xy:

1
GXQ(CEE,,.’K(;) = Z P(Xg = X9 ‘ X5 :$5,X6 = SU6) =1

$g=0

Now, the overall sum is given as
o111
P IPIPIPIY.

Xg =

\X=)

X4:LL'4|X2:$2,X3:$3)-P(X5:.’L‘5‘X4:$U4)~

" HM"

P( (X7 =7 | Xy =x4) - Gx,y(25,76) - Gxy(w5) -Gx, (T2, 23)
—_————— ——

1 1
(4) Eliminate Xs5:

1
Gx;(74) = Gxy, x5 (T4, 76) = Z P(Xs =5 | X4 =4)  Gx,y(24,76) = 1

s =0

(5) Eliminate Xg:

1
Gxs(24) = Gxy,x5,X,(74) Z P(Xe =6 | Xa=24)  Gx,(74) =1

116:0

(6) Eliminate Xo:

1
Gx,.x,(z3,24) = 3 P(Xy =14 | Xp =29, X3 = 13) - Gx, (22, 73)

T2 =0

X3 | X4 | Gx,.x,
0 0 0.8-0.324 +0.8-0.216 = 0.432
0
1
1

1 0.2-0.324 +0.2-0.216 = 0.108
0 | 0.7-0.356+0.3-0.104 = 0.2804
1 |0.3-0.356+0.7-0.104 = 0.1796

Now, the overall sum is given as

1 1
=Y P(Xp=u7| Xys=124) Y Gx,.x,(x3 24)

xy4=0 x3=0

(7) Eliminate X3:

Gx, x0,x5 (1) E Gx, x,(x3,24)

:1630

X, | Gx,,Xs,Xs
0 0.432 4+ 0.2804 = 0.7124
1 0.108 + 0.1796 = 0.2876

(8) Eliminate Xy:

1
H(z7) = Y P(X7 =7 | X4 =14) Gx, Xa.x,(74)

X7 | H
0 |0.2-0.7124+0.5-0.2876 = 0.28628

0.8-0.7124 + 0.5 - 0.2876 = 0.71372

Finally, we have P(X; = x7) = H(x7).



b) First, let us simplify the network using the conditional independence. It holds

Xg 1L {Xy, X0, X3, X¢, X7} | X4

All paths between X7, Xo, X3 and Xy are blocked by X4 (causal chain).
All paths between X7 and Xg are blocked by X, (common cause).
Path (X5, X5, X4, X¢) is blocked by observed X4 (common cause).
Path (Xs, X5, X9, Xg) is blocked by unobserved Xg (common effect).

Hence, we can simplify the network to

P(zs|X4) | X4 P(zg]|Xs) | Xs
0.5 1 0.2 1
0.8 0 0.3 0

P(x9]|X5,Xs) | X5 Xe¢
0.1

. 1 1
0.3 1 0
0.2 0 1
0.9 0 0

1
P(Xs =25 | X4=0) - P(Xg=1| X5 =u5) - P(Xg =29 | X5 = x5)
—o

M-

P(Xg=1|X4=0)=

s OIQ

1
P(Xs=u5| X4=0)- P(Xs=1| X5 =u5) > P(Xo =19 | X5 =u5)

$9:0
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=0.2-03+08-0.2=0.22



