
 Advanced  Robotics  

Lecture 10 



ideal 
xy2+7y+.. 

S	  O	  L	  V	  I	  N	  G	  	  	  A	  L	  G	  E	  B	  R	  A	  I	  C	  	  	  E	  Q	  U	  A	  T	  I	  O	  N	  S	  

!?	  

L	  O	  O	  K	  S	  	  	  A	  S	  	  	  “t	  h	  e	  	  M	  A	  T	  H	  E	  M	  A	  T	  I	  C	  S”	  !!!	  
L	  E	  T’	  S	  	  	  T	  A	  K	  E	  	  	  A	  N	  	  	  E	  N	  G	  I	  N	  E	  E	  R	  I	  N	  G	  	  	  A	  P	  P	  R	  O	  A	  C	  H	  



Mathema<cs	  
	  

1.  Cox	  et	  al.	  Ideal	  Varie<es	  and	  Algorithm.	  Springer	  2015.	  
(An	  Introduc<on	  to	  Algebraic	  Geometry	  …	  New	  edi<on!)	  	  

2.  Cox	  et	  al.	  Using	  Algebraic	  Geometry.	  Springer	  1998.	  
(More	  advanced	  Algebraic	  Geometry)	  	  

3.  F.	  Kubler,	  P.	  Renner,	  K.	  Schmedders.	  	  
Compu<ng	   All	   Solu<ons	   to	   Polynomial	   Equa<ons	   in	  
Economics	  	  
(Very	  lightweight	  intro	  to	  polynomial	  system	  solving).	  	  

	  
Minimal	  problem	  papers	  

	  

cmp.felk.cvut.cz/minimal	  

L	  I	  T	  E	  R	  A	  T	  U	  R	  E	  



S	  I	  N	  G	  L	  E	  	  	  U	  N	  K	  N	  O	  W	  N	  	  →	  	  E	  I	  G	  E	  N	  V	  A	  L	  U	  E	  S	  

1 equation, 1 variable 

... a simple rule 

→  companion matrix  →  eigenvalues 



Towards	  the	  	  M	  U	  L	  T	  I	  P	  L	  I	  C	  A	  T	  I	  O	  N	  	  	  M	  A	  T	  R	  I	  X	  

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2 “ fpx3q “ 0

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

a polynomial 

with roots 

i.e. 

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2



R	  E	  M	  A	  I	  N	  D	  E	  R	  S	  	  	  	  a	  r	  e	  	  	  a	  	  	  l	  i	  n	  e	  a	  r	  	  	  s	  p	  a	  c	  e	  	  	  	  

 …  remainder on division by  

•  remainders have low degrees 
 

•  can be represented by finite vectors 
 

e.g. for                                                 deg of              is smaller than 3: 

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

fpxq “ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

fpxq “ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq “ hpxqmod fpxq

fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq

“ qpxiq 0 ` rpxiq “ rpxiq

hpxiq “ rpxiq i “ 1, 2, 3

1

such that 



R	  E	  M	  A	  I	  N	  D	  E	  R	  S	  	  	  e	  v	  a	  l	  u	  a	  t	  e	  

Evaluate a general polynomial           on 
 
roots of         : 
 
using the the reminder   

Example 

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

fpxq “ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq

“ qpxiq 0 ` rpxiq “ rpxiq

hpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

fpxq “ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq

“ qpxiq 0 ` rpxiq “ rpxiq

hpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi
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Mx

»

–
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»

–
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»

–
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»

–
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»

–

xia0
xia1
xia2
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»

–
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Consider a mapping      of polynomials to polynomials 
 

generated by multiplication by  

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
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Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–
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M
Ñ

»

–
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b2
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fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 11x ` 6
»

–
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0
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»
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–
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–
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–
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»

–
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–
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»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

It generates a mapping on reminders on division by   

fpxq “ px ´ 1q px ´ 2q px ´ 3q
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–
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–
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–
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… can be seen as a mapping in the linear space of vectors of coefficients 

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q
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hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–
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»

–
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3
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»
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is  a  L I N E A R   M A P P I N G !   … can be represented  by a matrix   

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ “ x3mod fpxq “ 6x2 ´ 11x ` 6
»

–

1

0

0
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M
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0

1
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–
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rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0
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2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

fpxq “ px ´ 1q px ´ 2q px ´ 3q “ x3 ´ 6x2 ` 6x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1
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Putting it all together 

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

Evaluate reminder 

and its image 

Roots of          are eigenvalues of  

fpxq “ px ´ 1q px ´ 2q px ´ 3q

“ x3 ´ 6x2 ` 11x ´ 6

x1 “ 1, x2 “ 2, x3 “ 3

fpxq : fpx1q “ fpx2q “ fpx3q “ 0

rpxq . . . fpxq : hpxq “ qpxq fpxq ` rpxq

deg rpxq ă deg fpxq or rpxq “ 0

rpxq “ a2 x
2 ` a1 x ` a0 ”

»

–

a0
a1
a2

fi

fl P R
3

hpxiq “ qpxiq fpxiq ` rpxiq “ qpxiq 0 ` rpxiq “ rpxiq i “ 1, 2, 3

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ 0, Mp1q “ x, Mpxq “ x2, Mpx2q “ x3mod fpxq “ 6x2 ´ 6x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´6

6

fi

fl

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´6

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

1

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 1 6

0 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl “

»

–

b0
b1
b2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “ xi

»

–

a0
a1
a2

fi

fl

Mxa “ xia

2

For all generic 
roots → 
•  use monic  
•  use LA  



S	  O	  L	  V	  I	  N	  G	  	  	  A	  L	  G	  E	  B	  R	  A	  I	  C	  	  	  E	  Q	  U	  A	  T	  I	  O	  N	  S	  	  	  &	  	  	  GB	  

generalize	  remainder	  on	  division	  to	  	  
m	  equa<ons	  &	  n	  vars	  

→ Groebner	  basis	  …	  	  	  	  divisors	  for	  which	  remainder	  well	  defined	  	  
→  does	  not	  depend	  on	  the	  ordering	  of	  	  

divisors	  

→ 

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

2

For general                    reminder                    not well defined  
 

… depends on the ordering of divisors! 

divisors remainder 

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

fipx, y, ...q

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

fipx, y, ...q

2



S	  O	  L	  V	  I	  N	  G	  	  	  A	  L	  G	  E	  B	  R	  A	  I	  C	  	  	  E	  Q	  U	  A	  T	  I	  O	  N	  S	  	  	  &	  	  	  GB	  

Linear	  equa<ons	  are	  algebraic	  equa<ons	  

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

fipx, y, ...q

4x ` 8 y ` 7 z “ 0

6x ` 3 y ` 2 z “ 0

7x ` 7 y ` 1 z “ 0
»

–

4 8 7

6 3 2

7 7 1

fi

fl

»

–

x

y

z

fi

fl “ 0

»

–

4 8 7

0 36 34

0 0 ´167

fi

fl

»

–

x

y

z

fi

fl “ 0

4x ` 8 y ` 7 z “ 0

0x ` 36 y ` 34 z “ 0

0x ` 0 y ´ 167 z “ 0

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

fipx, y, ...q

4x ` 8 y ` 7 z “ 0

6x ` 3 y ` 2 z “ 0

7x ` 7 y ` 1 z “ 0
»

–

4 8 7

6 3 2

7 7 1

fi

fl

»

–

x

y

z

fi

fl “ 0

»

–

4 8 7

0 36 34

0 0 ´167

fi

fl

»

–

x

y

z

fi

fl “ 0

4x ` 8 y ` 7 z “ 0

0x ` 36 y ` 34 z “ 0

0x ` 0 y ´ 167 z “ 0

2

hpxq “ x3

hpxq “ 1 fpxq ` p6x2 ´ 11x ` 6q

rpxq “ 6x2 ´ 11x ` 6

hpxqmod fpxq
M

Ñ pxhpxqqmod fpxq

hpxq Ñ xhpxq
»

–

a0
a1
a2

fi

fl

M
Ñ

»

–

b0
b1
b2

fi

fl . . .

M : R3 Ñ R
3

Mp0q “ x 0 “ 0

Mp1q “ x 1 “ x

Mpxq “ xx “ x2

Mpx2q “ x3mod fpxq

“ 6x2 ´ 11x ` 6
»

–

1

0

0

fi

fl

M
Ñ

»

–

0

1

0

fi

fl ,

»

–

0

1

0

fi

fl

M
Ñ

»

–

0

0

1

fi

fl ,

»

–

0

0

1

fi

fl

M
Ñ

»

–

6

´11

6

fi

fl

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

1 0 0

0 1 0

0 0 1

fi

fl

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl

rpxiq “ a2x
2
i ` a1xi ` a0

xirpxiq “ b2x
2
i ` b1xi ` b0

rx rpxqspxiq “ rpx rpxqqmod fpxqspxiq

pxia2qx2i ` pxia1qxi ` pxia0q “ b2x
2
i ` b1xi ` b0

xi

»

–

a0
a1
a2

fi

fl “

»

–

xia0
xia1
xia2

fi

fl “

»

–

b0
b1
b2

fi

fl “ Mx

»

–

a0
a1
a2

fi

fl “

»

–

0 0 6

1 0 ´11

0 1 6

fi

fl

»

–

a0
a1
a2

fi

fl

Mxa “ xia

hpx, y, ...q “ q1px, y, . . .q f1px, y, ...q ` q2px, y, ...q f2px, y, ...q ` ¨ ¨ ¨ ` rpx, y, ...q

fipx, y, ...q

4x ` 8 y ` 7 z “ 0

6x ` 3 y ` 2 z “ 0

7x ` 7 y ` 1 z “ 0
»

–

4 8 7

6 3 2

7 7 1

fi

fl

»

–

x

y

z

fi

fl “ 0

»

–

4 8 7

0 36 34

0 0 ´167

fi

fl

»

–

x

y

z

fi

fl “ 0

4x ` 8 y ` 7 z “ 0

36 y ` 34 z “ 0

167 z “ 0

2

linear  
equations 
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Groebner basis 



S	  O	  L	  V	  I	  N	  G	  	  	  A	  L	  G	  E	  B	  R	  A	  I	  C	  	  	  E	  Q	  U	  A	  T	  I	  O	  N	  S	  	  	  &	  	  	  GB	  

m	  equa<ons,	  n	  variables	  (an	  example	  for	  m	  =	  2	  &	  n	  =	  2)	  	  	  

→ Groebner	  basis	  	  	  
	  (polynomials	  with	  the	  same	  solu<ons	  but	  easy	  to	  solve	  
lexicographical	  ordering	  of	  monomials)	  

←  how to get it ? 

…	  a	  polynomial	  combina<on	  of	  



M	  A	  T	  R	  I	  X	  	  	  F	  O	  R	  M	  	  	  	  O	  F	  	  	  	  P	  O	  L	  Y	  N	  O	  M	  I	  A	  L	  S	  
(F4	  -‐	  L	  i	  k	  e	  	  A	  p	  p	  r	  o	  a	  c	  h)	  



A	  D	  D	  I	  N	  G	  	  	  M	  U	  L	  T	  I	  P	  L	  E	  S	  



G	  A	  U	  S	  S	  I	  A	  N	  	  	  E	  L	  I	  M	  I	  N	  A	  T	  I	  O	  N	  

Gaussian	  elimina<on	  



S	  O	  L	  V	  I	  N	  G	  	  	  P	  O	  L	  Y	  N	  O	  M	  I	  A	  L	  	  	  E	  Q	  U	  A	  T	  I	  O	  N	  S	  	  	  
B	  Y	  	  	  C	  O	  N	  S	  T	  R	  U	  C	  T	  I	  N	  G	  	  	  G	  R	  O	  E	  B	  N	  E	  R	  	  	  B	  A	  S	  I	  S	  

A	  generaliza<on	  of	  the	  Gaussian	  elimina<on	  
	  
	  

mul<plica<on	  by	  	  scalars	  
↓	  

mul<plica<on	  by	  scalars	  &	  variables	  



P R A C T I C A L  C A S E S  –  (10 eqns, 10 vars, deg 3) 

m equations, n variables    

→  Groebner basis →  generalized  
 companion  
 matrix (multiplication in                          )  

(e.g. in grevlex ordering) 

. 

. 



S O L V I N G   A L G E B R A I C   E Q U A T I O N S 

→  Groebner basis 

m equations, n variables   

→  generalized 
 companion  
 matrix 

→   eigenvectors 


