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Classical motion planning
Roadmap methods

• Given a point robot and a workspace described by polygons.

• Capture connectivity of Qfree by a graph or network of paths.

• Methods:
• Visibility graph
• Cell decomposition
• Voronoi diagrams



Roadmap methods - the algorithm

1. Build the roadmap.
• Nodes are points in Qfree (or its boundary).
• Two nodes are connected by an edge if there is a free path

between them.

2. Connect start and goal points to the road map at point q′ and
q′′, respectively.

3. Find a path on the roadmap between q′ and q′′.
• The result is a path in Qfree from start to goal.

Question: What is the hard part here?
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Visibility graph in action - part I

• First, draw lines of sight from the start and goal to all
“visible” vertices and corners of the world.

eij 6= ∅ ⇔ svi + (1− s)vj ∈ cl(Qfree) ∀s ∈ (0, 1)



Visibility graph in action - part II

• Second, draw lines of sight from every vertex of every obstacle
like before.

• Remember lines along edges are also lines of sight.

eij 6= ∅ ⇔ svi + (1− s)vj ∈ cl(Qfree) ∀s ∈ (0, 1)



Visibility graph in action - part III

• Second, draw lines of sight from every vertex of every obstacle
like before.

• Remember lines along edges are also lines of sight.



Visibility graph in action - part IV

• Second, draw lines of sight from every vertex of every obstacle
like before.

• Remember lines along edges are also lines of sight.



Visibility graph in action - (done)

• Repeat until you are done.

Since the map was in C-space, each line potentially represents part
of a path from the start to the goal.



Visibility graphs - good news

• Are conceptually simple.

• They produce shortest
paths.

• Efficient algorithms exist:
• Näıve O(n3)
• Lee O(n2 log n)
• Overmars & Welz O(n2)
• Ghost & Mount

O(n log n)

• We don’t need all edges of
VG.



Reduced visibility graph
• We don’t really need all the edges in the visibility graph (even

if we want shortest paths).
• Definition: Let L be the line passing through an edge (x , y)

in the visibility graph G . The segment (x , y) is a tangent
segment iff L is tangent to an obstacle at both x and y .

• Line segment is tangent if extending the line beyond each of
the end points would not intersect the obstacles.



Reduced visibility graph

• It turns out we need only keep
• Convex vertices of obstacles
• Non-obstacle edges that are tangent segments



Visibility graph drawbacks

• Visibility graphs do not preserve their optimality in higher
dimensions:

• In addition, the paths they find are “semi-free,” i.e. in contact
with obstacles.

• No clearance.

Bad news: Visibility graphs really only suitable for 2D.



Exact cell decomposition

• Idea: decompose C-free into a collection of non-overlapping
cells such that the union of all the cells exactly equals the free
C-space.

• Cell Characteristics:
• Geometry of cells should be simple so that it is easy to

compute a path between any two configurations in a cell
• It should be pretty easy to test the adjacency of two cells, i.e.,

whether they share a boundary.
• It should be pretty easy to find a path crossing the portion of

the boundary shared by two adjacent cells.

• Thus, cell boundaries correspond to ‘criticalities’ in C-space,
i.e., something changes when a cell boundary is crossed. No
such criticalities in C-space occur within a cell.



Trapezoidal decomposition

• Basic idea: at every vertex of C-obstacle, extend a vertical
line up and down in C-free until it touches a C-obstacle or the
boundary of C-free



Trapezoidal decomposition - the algorithm
Sweep line algorithm

• Add vertical lines as we sweep from
left to right.

• Events need to be handled
accordingly.

Trapezoidal decomposition can be built in O(n log n) time



Trapezoidal decomposition - usage

• Decompose the free space into trapezoidal & triangular cells.

• Build a connectivity graph representing the adjacency relation
between the cells.

• Search the graph for a path (sequence of consecutive cells)

• Transform the sequence of cells into a free path (e.g.,
connecting the mid- points of the intersection of two
consecutive cells)
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Approximate cell decomposition

• Idea: decompose C-free into a collection of non-overlapping
cells such that the union of all the cells exactly equals the free
C-space.

• Each cell is: empty, full, or mixed.

• Mixed cells should be split into smaller pieces.

• Advantages: simple, uniform decomposition, easy
implementation, adaptive.

• Disadvantages: large storage requirement, lose completeness.

• Quadtree:



Voronoi diagrams for point sets

• Voronoi diagram is decomposition of a metric space
determined by distances to a discrete set of points (sites).

• Each site s has a Voronoi cell V (s) consisting of all points
closer to s than to any other site.

• The segments of the Voronoi diagram are all the points in the
plane that are equidistant to the two nearest sites.

• The Voronoi nodes are the points equidistant to three (or
more) sites.



Generalized Voronoi diagrams

• Locus of points is equidistant from the closest two or more
obstacle boundaries, including the workspace boundary.

• VD maximizes clearance between the obstacles.

• This generates very safe roadmap which avoids obstacles as
much as possible.



Search methods in motion planning

• Depth-first (not the shortest).

• Breadth-first / brushfire (shortest path, examines large part).

• Hill climbing / Best-first / Hypothesize and test (blind-alley
trap, long time).

• A∗ (minimum cost / shortest path, pruning).

• Bi-directional (combine with any algorithm, narrow channels).

• Dijkstra’s shortest-path for graphs (the most efficient).

• Random search / simulated annealing . . . (random, long
time).



Potential field method
Working principle

• The goal location generates an attractive potential – pulling
the robot towards the goal.

• The obstacles generate a repulsive potential – pushing the
robot far away from the obstacles.

• The negative gradient of the total potential is treated as an
artificial force applied to the robot.

• Let the sum of the forces control the robot.

Artificial potential

U(q) = Ugoal(q)︸ ︷︷ ︸
attractive potential

+
∑

Uobstacles(q)︸ ︷︷ ︸
repulsive potential

Artificial force field

F (q) = −∇U(q)negative gradient



Potential field method
Attractive force toward the goal

Attractive potential

Ugoal(q) =
1

2
ξ||q − qgoal ||2

• parabolic

• positive or null

• minimum at qgoal

Attractive force field

Fatt = −ξ(q − qgoal)

• Tends to zero when getting
closer to the goal.



Potential field method
Repulsive force away from obstacles

• Create a potential barrier around the C-obstacle region that
cannot be traversed by the robot’s configuration.

• It is usually desirable that the repulsive potential does not
affect the motion of the robot when it is sufficiently far away
from C-obstacles



Potential field method
Repulsive force away from obstacles

Repulsive potential

Urep(q) =

{
1
2η
(

1
ρ(q) −

1
ρ0

)2
if ρ(q) ≤ ρ0

0 otherwise

η – positive scaling factor

ρ(q) = minq′∈CB ||q − q′|| – distance to the obstacle

ρ0 positive constant (distance of influence)

Repulsive force field

Frep(q) =

{
η
(

1
ρ(q) −

1
ρ0

)
1

ρ2(q)
∇ρ(q) if ρ(q) ≤ ρ0

0 otherwise

• Tends to zero when getting closer to the goal.



Potential field method
Total potential function

U(q) = Uatt(q) + Urep(q)

F (q) = −∇U(q)

+ =



Potential field method

Pros:

• Spatial paths are not preplanned and can be generated in real
time.

• Planning and control are merged into one function.

• Smooth paths are generated.

• Planning can be coupled directly to a control algorithm.

Cons:

• Trapped in local minima in the potential field..

• Because of this limitation, commonly used for local path
planning.

• Use random walk, backtracking, etc to escape the local
minima.

• Random walks are not perfect...



Probabilistic methods

• Resort to sampling based methods.

• Avoid computing C-obstacles: too difficult to compute
efficiently.

• Idea: sacrifice completeness to gain simplicity and efficiency.

• Probabilistic methods:
• Graph based
• Tree based



Probabilistic Roadmap Method
Roadmap construction
(pre-preprocessing)

1. Randomly generate robot
configurations (nodes)

- discard nodes that are invalid

2. Connect pairs of nodes to form
roadmap

• Simple, deterministic local
planner (e.g. straight line)

• Discard paths that are invalid

Query processing

1. Connect start and goal to roadmap.

2. Find path in roadmap between
start and goal

• regenerate plans for edges in
roadmap



PRM - the algorithm



Probabilistic Roadmap Method (PRM)
Important sub-routines

• Generate random configurations

• Local planners

• Distance metrics

• Selecting k-nearest neighbors (becoming dominant in high
dimensional space)

• Collision detection (more than 80% computation)



PRMs: pros and cons

PRMs: the good news

• PRMs are probabilistic complete.

• PRMs apply easily to
high-dimensional C-space.

• PRMs support fast queries with
enough preprocessing. Manny
success stories where PRMs solve
previously unsolved problems.

PRMs: the bad news

• PRMs don’t work as well for some
problems:

- unlikely to sample nodes in
narrow passages

- hard to sample/connect nodes on
constraint surfaces



An Obstacle-based PRM (OBPRM)

• To navigate narrow passages we must sample in them (most
PRM nodes are where planning is easy - not needed).

PRM roadmap OBPRM roadmap

Idea: Can we sample nodes near C-obstacle surface?

• We cannot explicitly construct the C-obstacle...

• We have models of the (workspace) obstacles...



Finding point on C-obstacles

Basic idea (for workspace obstacle S)

1. Find a point in S’s C-obstacle
(robot placement colliding with S).

2. Select a random direction in
C-space.

3. Find a free point at that direction

4. Finad a boundary point between
them using binary search (collision
checks)



Gaussian sampling PRM

Basic idea (for workspace obstacle S)

1. Find a point in S’s C-obstacle
(robot placement colliding with S).

2. Find another point that is within
distance d to the first point, where
d is a random variable in a
Gaussian distribution.

3. Keep the second point if it is
collision free.

Note: None of these two methods does not guarantee that the
samples in the narrow passage will increase!



Rapidly Exploring Random Trees (RRT)

• Tree-based single shot planners.

• Compute representation of C-free
for single start and goal.

• Incrementally builds the roadmap
tree.

• The start configuration is tree root.

• Integrates the control inputs to
ensure that the kinodynamic
constraints are satisfied.



Näıve Random Tree

1. Pick a vertex at random.

2. Move in a random direction to generate a new vertex.

3. Repeat ...



Näıve Random Tree

1. Pick a vertex at random.

2. Move in a random direction to generate a new vertex.

3. Repeat ...



Path planning with RRT

BUILD RRT(qinit)

T .init(qinit)
for k = 1 to K do

qrand=
RANDOM CONFIG()
EXTEND(T ,qrand)

end for

EXTEND(T , qrand)

xnear =
NEAREST NEIGHBOR(xrand ,T)
u = SELECT INPUT(xrand ,xnear )
xnew = NEW STATE(xnear ,u,∆t)
T .add vertex(xnew )
T .add edge(xnear ,xnew ,u)



Path planning with RRT

BUILD RRT(qinit)

T .init(qinit)
for k = 1 to K do
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Voronoi interpretation

• Most likely chosen nodes are with the largest Voronoi regions.

• The largest VR belong to frontiers of the tree.

• The frontier nodes are favored for expansion.



Efficient nearest neighbour
How to find NN in high dimensional spaces

• KD trees - balanced binary search tree.

• Recursively choose a axis-aligned hyper-plane P that splits the
set evenly in a coordinate direction (median point).

• Hyper-plane orientations are cycled.

• Store P a the node.

• Apply to children set Sl and Sr .

• Requires O(dn) storage.



RRT - examples
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