Properties of knowledge

(in the Kripke’s semantics of possible worlds
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Can we ,describe” all formulas with modalitigs, .., K., that

are ever true?

Let us consider a struktur®l =(S, n, K,,...,K,)). and a formila
We define the following notions:

() Aisvalidv M (denoted a |=A), if Ais true in all the states of
M, ie. in any stats of M holds M, g |=A.

(i) A is satisfiablein M , if there Is a statein M such tha(M, t) |=A.

(i) A _isvalid (denoted a$= A ), if it is valid in all structures.

(iv) A _is satisfiable if there is some structuh such tha®A is
satisfiable inM.

(v) aformula B is alogical consequencefd, if B is valid in
any structuréM, whereAis valid (if M |= A, thenM |=B).

VZ 2009 @@



Observation. A formula A isvalid (is valid inM) if and only if
(abr.iff) the formula-A is notsatisfiable (is not satisfiable inM).

There are many valid formulas (all propositional tautologies, ...)

We search for some algorithm that would characterizgait
formulas andlogic consequencegsing purely syntactic means
(that apply transformations of formulas only)!

Is there a FORMAL SYSTEM, that could do it?

Some examples of a FORM. SYSTEM:
* A set of axioms + derivation rules for propositional logic.

* Resolution rule for theslorder logic.
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Let us identify some important valid formulas.

Our agents do know all the logical consequences of their knowledge
Suppose thagent lknows bothA andA implies B . This means that

* both formulasA and A - B are true in all the states the agent 1
considers possible,

B must be true in all the states the agent 1 considers possible - this
means that thagent 1IknowsB, too.

This can be written formally asf= (K,ACK,(A - B)) - K,B

This formula is referred to as tlestribution Axiom or Kripke’s
axiom (denoted as ) because it allows to distribute tHeoperator
over implication.
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Agents in the Kripke’s structures are very strong an
competent: Let us consider a structiteand a
formulaA valid in M. Each agentn M knows A

If A Is true in all states of the structuk& , thenA must be true Iin
all states of the structurl®! the agent considers possible. THUS:

There holds for any structutd ,if M kA, thenM [ K; A*

This observation confirms correctness of kmowledge
Generalization derivation rule, If Ais given, one can deriu€ A “.

This rule is sometimes depicted in the form

A
K. A
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Caution!
The Generalization Rule cannot be written in the féarm K. A

This formula claimsif A is true, then the agentknowsA “.
But this is NOT avalid formula!

An agent does not have to know all facts that are true in the
considered state:

In the case of muddy children a child with muddy forehead
does not know this fact first. This knowledge is acquired later!

Our agentsknow all valid formulas, but nothing morki
other words they know only those formulas thattare
necessarily

They do not knovlormulas that happen to be true in some
of the worlds onlyljy chancg
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Our agent does not have to know all facts that are true.
But if the agent knows something, then it holds

FKAS A
This property is often referred to as teowledge Axionor the
Truth Axiom (denoted a3 ).

Validity of this axiom is a consequence of reflexivity of the
admissibility relation describing what the agent considers possible:

If Ki Ais true in some world\{, ), A must hold in all states the
agenti consideres possible — this includés ©), of course.

{Philosophers use this axiom to highlight the
difference betweeknowledgeandbelief.}
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In the case we want to describeief of an agentot its
knowledge, it is necessary to replace the Truth Axiom

EKAS A

by a weaker requirement that ensures consisteni€yfalse

This is theConsistency Axiomoften refered to as.
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The next two properties describe what the agents
know about their knowledge thanks to

IntrospectionOur agents know, what they know
and what they do not know:

EKAS KKA
|:—IKiA — Ki—IKiA

The first property is calleBositive Introspection Axionfoften
denoted ag),

The second one is tidegative Introspection Axionfoften
denoted a$).

Both are valid in the Kripke structures where admissibily relations
are equivalencedry to prove it!
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) Fo'rmal (axiomatic) system K,

AXIOMS: A1l. All the propositional tautologies
A2. (Kia~rKi(a - B)) - Ki(h)
Derivation rules:

R1. Fromthe formulasx anda - f derivef (Modus Ponen$

R2. Fromthe formulaa deriveK; a (Knowledge Generalization Rulé

Proof of a formula ¢ in the formal system is a sequence of formudas
d,, ..., 0,such thad, is the formulap and for anyd, (1 <n+1) holds

eitherd, is an axionof the considered forad system

or there are numbeysndk smaller than such thad, is the
result of derivation rule application @nor ong, aregy .

The formulag is provable in the formal system(denoted ag+¢), if ¢

has a proof.
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) *roper ies of the formal system K_

Axioms: A1l. All the propositional tautologies

A2. (Kia~Ki(a - ) - Ki(8)
Derivation rules:
R1. From the formulas anda — g derivef (Modus Ponen3
R2. From the formulax deriveK; a (Knowledge Generalisatior)

What is theaelation between

» the formulasthat areprovable in thesystem and

» the formulasvalid in all the Kripke structures with agents ?

Formal system isorrect, if any provable formula is also valid (ie.
,For any formulaA there holds that i AthgmA *).

Formal system isomplete, if all valid formulas can be proven (ie.
,For any formulaA hold that if|= A tharo A")
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K,oK.(a.B) - K.a:

Formal proof:. [Clear explicit reasoning for the considered forambust providea
reference to one oK, axiomsor aprecise description of the derivation rukes it
IS appliedto the formulas appearing earlier in the proof]

1. (a A ) - a]Prop.tautology
2.K((an f) - a) [KG:1,ie. KG is applied to the formula from the rowj 1
. (Ki(@arp)sK ((arf) - a)) - KalK]
4. (Ki(@rp)nKi((@nf) - a)) - Kia)

- (Kil(@np) - a) - (Ki(arp) - Ka))

[Prop. tautology((p~ @) - 1) —-(q ~(p ~ 1)) ]

5.Ki((arfp) » a) - (Ki(anp) - Kja) [MP: 3,4
6.Ki(arp) - Kia [MP: 2,5
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" S | KabK(aaf) - (KaaKig)

1 K |-FK(arf) - K a [seethe former page]

> Ki|-FKi(arp) - K, g [This proof is a minor modification of that of ti@mula on the line 1]
3. (Ki(a~pB) - Kia) - (Ki(arp) - KB)-(K(arf) - (KiaKp))
[P~ ¢) - ((p-W) -(p- (9~y)) [propositional tautology]
v (Ki(aaB) - KB) -(K(arf) - (Kiar K g)) [MP: 1,3]
5 Ki(aap) - (KiaaK ) [MP: 2,4]

Claim 1:
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S Kol Kian Kl = Ki(a. )

a—- (f - (arp)) [vyrokova tautologie]

Kila - (B - (arp))) [KG:E]

Kiat — (Ki(@ > (B~ (@) ~ K (B — (@ p)) [A2]

Ki(l@a - (f - (@.f)) - (Ka - K (f - (ap))) [.prop.modification of* 8]
(Kia - Ki(B - (@a+p)) [MP:7,9]

(Kia - K (f - (@np)) - (K - (K@ - K (f - (a~f))) [Prop.tautology]
KiB — (Kia — K (S — (a~f))) [MP: 10,11]

(Kia K p) - Ki(f - (e~ p)) [.prop.modification of* 12]

(Kia K ) - (KK (p - (arp)) [.prop.modification of“13, see * ]
KiBAKi (B = (@ B) — Ki(ap) [A2]

Kia KB) > (KK (- (@rf) > Klarf))
> (((KiarKip) - KK (B - (arp) - ((KarKp) - Ki(arp))[Prop.taut.]

(KiB~K(f - (anrf) - Ki@af))-(KiaKB) - (KBK(f - (arf) - Ki(arp)) [Prtay]
(Kia KiB) - (KigrKi (B - (arf) - Ki(anp))) [MP: 15,17]
((KiarKB) - KK (B - (@arp) - ((KiarKp) - Ki(arf))[MP:18,16]

(Kia KiB) - Ki(arp)[MP: 14,19] * from the assumption (A&B) C one

can prove (A&B)- (C - (B -Q))




" J
Theorem (verified during the lab work).

For all structuredM with n agents where the admissibility
relations are interpreted by relations that are equivalences, there
holds for any formulasA , B:

(i) M |=(K/ACK;(A > B)) - KB
(i) je-h M|[|=A potom M=K A
(i) MEFK.A - A

(iv) M EK.A o KK A

(V) M == KiA—> Ki_l KIA
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Axioms of propositional modal logics

1. Propositional tautologies
2. Distribution Axiom (denoted a&) (K. ALK.(A - B)) - K.B

3. Knowledge Axiom)(denoted as) KiA - A

4. Positive Introspection Axiom(den.as?) KA - K KA

5. Negative Introspection Axiom(den.as) ™ KiA - K= K/A

6. Consistency Axiom(den.ad) - K, false

Modus Ponens;
Knowledge Generalizatior
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Proof of a formula ¢ in the formal systenunder assumption
a Is a sequence of formulag, o,, ... , ,such thad, is the
formula¢ and for anyd, (i <n+1) holds

eitherg, is an axionmof the considered forat system or
the assumption

or there are numbeysandk smaller than such tha®, is
the result of derivation rule application gror ong, are
O, .

The formulag is provable in the formal systemnder
assumptiona (denoted ast ¢), if ¢ has a prootinder
assumptiona .
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Clam 1K, ,(¢ - WO K ¢ - Ky

(The formulaK; ¢ — K, is a consequence of the assumpfipn- ) in the
formal systenK ) : (¢ - ) [assumption]

Ki(d - ©) [KG ,,assumption®]
o Ko - (Ki(¢ - W) - K)  [K]

2 (Ko - (K¢ - ) - KW)) - (Ki(d - W) - (Ko - Ku))
[Prop-T1:p - (W - 1)) - (W - (¢ - T))]

2 Kid - g) - (Kg - Kp) [MP 2,3]
- (Kig - Ki) [MP 1,4]

-

Claim 2:
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Let us denote by (®) the set of all Kripke structures over
the set® of primitive propositions and a set nfagents.
Denote that no requirements are set on the relakoms

this case.

_et M S{(®) be the subset oM _(®) consisting of all the
Kripke structures fromwvhere all the admissibllity relations

nave the identified propertigst, namely they are:
reflexive
symetric
transitive.

(They areequivalences$.
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Theorem 1: The systenK  represents correct and complete syntactic
description of all formulas that are valid in the Ag{(®) of all
Kripke strukturesi, is an axiomatization w.r.tM_(®) ).

Theorem 2:

Let T be the axiomK. A . A . The systép¥ (K,+ axiomT) Is the
axiomatization w.r.tmM_"(®D) .

Let4 be the axiomK; A - K,K;A .. The systefp= (T, + axiom4) )
IS the axiomatization w.r.m_"(®) .

Let5 be the axiom K, A — K= K, A . The systéfy, = (S4,+ axiom
5) Is the axiomatization w.r.t. M_"S(®) .
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Some more valid statements

K2, T(Axiom 3) - K, false

K, false — false[A3]

- false - (= K; false) [prop.modification of 1]
- false [prop.tautology]

- K, false [MP: 3,2]

K2,T|:| _lKiaV_lKi_'Kia

K2, T K (ar~Ka)

Ki= K a - =K a (A3, Truth Axiom)

= K= K, a v =K, a (prop.modification of- in 1),vizal

= (Ki= K, a ~ K a) (prop.modification o in 2)

= K, (= K;a »a) (transitivity ofK; in the formula 3)yizaZ2
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Some more relations that can be proven
(K,+A6)O = (Kia s Ki—a)
(K,+A3) CAG
KiBKi=(p-Kp)EK (p,Kp)=(Kp-K (=Kp))
It is not possible to provi€, - (p - Kip) in (K,+ A3).
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Let G be a subsetof{1, 2, ..., n}E;A holdsiff
every agent fromG knows A. Thus

Axiom C1. ELA = &KA

10G
Intuitively, common knowledgespecifies something
,what is cristal clear to everyohdt should be no
surprise thatommon knowledge has the properties
that have been described in Distribution Axiom , in
the Knowledge Axiom, and in théPositiveand
Negative Introspection Axioms see the next page.

Common knowledge of two groups of agents:
If QUG then C,A - C,A
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It can be verified that the following formulas are
valid (they are true in all Kripke structures):

(i) (CoA&C.(A- B)) - C,B
(i) C.A- A
(i) C,A - C.C,A

(IV) = CGA — CG_I CGA

The assumptions on properties of the underlying
admissibility relations for aK; are the same as in the
case of reasoning about knowledge.
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Distributed knowledge

charakterize knowledge the agents can acquire wdaléof,them
share all their individual knowledge

Even this modal operator has simmilar properties (axioms) as
knowledge of a single agent. Let us point to some specific cases:

B Distributed knowledge in the group with a single agent is
that of the agennamelyi= D, A « KA

B The bigger the considered group the bigger their distributed
knowledge
If GOQthen|=DzA - D A

VZ 2009 Gerstner )



- ma Could the modality be defined

as a boolean function?(2 points)

Let us consider for simplicity only Kripke structures with a single
agent whose knowledge is described by the modal operator K.
We have verified the following propeties in all the correspon-
ding Kripke structures where K is interpreted by equivalence

there is valid the formula K a - a (Knowledge Axiom),
but the formulas a - K a and = K a are not valid.

Utilize these facts to show that such a behaviour of the modal
operator K cannot be encoded by a boolean function (ie.
Truth values defined by a table).

Hint: Suppose the truth value of K a can be calculated from

the truth value of a using a truth table for K e(in the same way
as 7 a is calculated form a). Consider all possible truth tables for
K and show that none of them grants the properties a) and b)
mentioned above.
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Task-MOL2b Ann and Bob (2 points)

Ann and Bob take part in a quizz. First, the organizer selects
from an urn a natural number n < 10, that he writes on the
forehead of one of the players and continues by writing the
neighboring number (either n+1 or n-1) on the forhead of
the second player. Neither Ann nor Bob knows her/his
number — each sees only the other’s forehead. They can
take turns in announcing nothing but ,,l do nof know my
number." or ,,| know my number." Suppose Ann starts and
she can see the symbol 6.

Draw the corresponding Kripke structure and describe af
least 3 steps of information exchange between A and B.

Can one of them be the first to identify her/his number?
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