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ALGEBRAIC

EQUATIONS
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2000-1600 BC:

Old Babylonian Mathematics was able
to solve quadratic equations

5132—|—ba::c

with positive ¢ using the formula

b b\ 2

and some simpler qubic equations, e.g.

342 =c
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The word algebra is derived from opera-
tions described in the treatise written by
the Persian mathematician Muhammad
ibn Musa al-Kwarizmi titled Al-Kitab al-
Jabr wa-I-Muqgabala (meaning “The Com-
pendious Book on Calculation by Com-
pletion and Balancing’ ) on the system-
atic solution of linear and quadratic equa-
tions.
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imadginary axiss,

>

real axiss,

™

>

1608, Petrus Roth:

“A polynomial equation of degree n (with
real coefficients) may have n solutions”

1806, Jean-Robert Argand:

A rigorous proof of the Fundamental
Theorem of Algebra:

Every complex polynomial p(z) in one
variable and of degree n > 1 has some
complex root.
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1799 Paolo Ruffini,
1824 Niels Henrik Abel,
1832 Evariste Galois:

“Abel—Rufini Impossibility Theorem”

The solution of fifth degree algebraic
equations cannot in all cases be expressed
by starting with the coefficients and us-
ing only finitely many of the operations
of addition, subtraction, multiplication,
division and root extraction.

An example: z°2 —z+1 =0
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1888, David Hilbert:

“Finitness theorem”

Every ideal has a finite generating set
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1964, Heisuke Hironaka: “Standard basis”
1965, Bruno Buchberger: “Grobner basis”

— an algorithm for solving systems polynomial equations

Almpidtor:

Do 353 pobpuesots dr KDxp xa]
Tnpwk o F o= (ay o fs) Owdpud - & brothwr brnS Gi= (g, \q,)
&:=F
LEPEAT
E G—lf:En 2
FoR ok F-ﬂ-a)b CP\"V)E %‘1]---553 \ p¥q9 DO
; &
5= (P
; IF s+0 THEN i &G = GUIST
3

UNTIL G = G—f
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One algebraic equation in one variable
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SOLVING 1 ALGEBRAIC EQUATION

1 equation, 1 variable — companion matrix — eigenvalues

fz)=234+42°+2-6 =—6+1zx+ 422+ 123

0
ng: ]_
0

... a simple rule

e = [—2 x1 =1, o = -2, x3 = —3
-3

It works when eig works, i.e. order 100 in Matlab is often OK.

10 pajdla@cmp.felk.cvut.cz-




11

SOLVING 1 ALGEBRAIC EQUATION

Linear maping M € RXn

Eigenvalues Mx = AX
Mx—Ax=0
Mx—AIx=20
M -AI)x=0
x*+=0 = {}
rank(M — A1) <n

det(tM — AI) =0

Mx

L

@,

>
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SOLVING 1 ALGEBRAIC EQUATION

algebraic equation

flz) =z%+azz3 4+ arz?+ayz+ag =det(-M+z1I)

—M4zzI =

f(z) = 2% + az 23 + apa? 4 a1 +ag

[ X

—1 x
—1

ao |
ai
i an

—1 =+ a3

pajdla@cmp.felk.cvut.cz-



17

pajdla@cmp.felk.cvut.cz-



D g ﬂ% Lerimn

*"'“0{’,/5;._,’ e k J Xﬂ; x" ¢ kfyr../x,,f_[mwwmu%

M
Mlﬂ)ézao ;

oled- .
4 X© dinidiy A x® TE A Z O Aty

A fo=ol
e b = Rl .
' A o

pajdla@cmp.felk.cvut.cz-



Difﬁ?ﬂd’l«ﬂ u,il Ia—o@ujnquAsJ/) frm ont Aol
MM comme g Ainolid A com  be l;&-qnmu
£y = feqyer

{Il

reo v degln) L cleg (3)
€ vonmed, { o Lx3~ X +3 %Ci\z X -4

_Fca, = z.x?’--l-f;c—l—’S = 2x1 (X - ’f)-f- Ix-4X+3

(7x2+x ) {x-1) = x4 = (2x742x-2) (x1 )41

“ » 5 e
9 -
ke, Hhod : chua(f) = dog (LTCF))

LT (%) datridsg LT ()& dea (IT(9)) £ Du,g,LLTGB) & M(%)i&rz‘?(—p

T (%) ditriddsg LT (F)E> olan (3D = deg(f)

pajdla@cmp.felk.cvut.cz-



20

. . ol
HD[W /J-‘&-LISWU

d k be 0 futld and g he a ponzornr futgumisd o kDX,

() waékﬁj%&wflﬁeﬁm
foqyen
wharl g - € kIxXT, drnd. AL

h=D ot aLU}{P*){ oug,(‘}/‘)

(L) W%qum h Mme,aru.L

pajdla@cmp.felk.cvut.cz-



21

Prook " Diviswow  alepriuc

OMTWJ*: C’IfIh

GVZ:O

- ::-F

wHILE 40 AND LT (%) olisroles LT () DO
¢ LT ()

Y T

LT (r)
r: = = - LJ_(%’) ca/

pajdla@cmp.felk.cvut.cz-



22

Obsrwe Ved  § =g +v frolols e

@ q=0%r=t = o.%’+\§={_

) bk i v b ameds Mk Feqpgrr

LT(¥;) - LT(nR)
dV’HA ‘3/1‘.},‘51'1 - (I:T’L-F LT{'?} ] %' T (k

| theu

1) -

& LT{gr)
PN =
Y e K+ 1
= ‘1/4'? + = ‘P

=20 L

LT (g ) oleea mat Aol LT (v) & D(L?(,,)

e 1

pajdla@cmp.felk.cvut.cz-



23

Lok ua WM%WW&W%

Accuns Tt Hit QL?M%MMM Verummede .’ﬂwu.,!
1T (q) devidoa LT(r) amd + £0O

LT ()
OWW‘ ForL k:hﬁu‘(?)? Sl s

L+1 L
pibhen, = O
e
(+4
wnd 2, Vi = a.nJ(M+ a.,,xm't e gy, mn% /Mm> L
4= bx" +p e o+ 4y, (L7Co) disidday L)

pajdla@cmp.felk.cvut.cz-



24

- N LT(""L) %’ ~ g_“xqum.KMﬂi )—%} }(m%(,&;xf}fﬁf){ﬂ_i )
(e ! i L.T(%’) W:_-—HHEMCAJ_ k___l_'.l____,._..-____.._./
= (e x™ ) - (% &, xTe )
[ -1 m-72
:(ﬂ.d—;qfﬂrd)){m +( 2—%,&3)J{ P

pajdla@cmp.felk.cvut.cz-




25

4 Z
X < X <L
X "ﬁu} g afuz,
m h = xmt inoley S
whao  mehe o & .{:L}X =

pajdla@cmp.felk.cvut.cz-



26

pajdla@cmp.felk.cvut.cz-



27

pajdla@cmp.felk.cvut.cz-



28

The ,m,mw@/mZ:‘ IS a MMM&W»?
{)&,u (s o vawnvj, ("““{f “}ﬁ%ﬁwfio{‘h-fl ﬂ('?ﬂgfsﬁn!:}n{?’;)

@y X~ok=0 > x> /b

di,7 € Z%, such that (o —@8)r=0and (B—7)m =0for k<i, m<j &

(#) i?&b/gf’@"hx)’- (o-’--f?:)é-ﬂi’ % (;@—yé.;a
(d-plg = 0 k=M mivluy) =1 doh=p

(L) =4 A>3, = P
(Dﬁ‘" . : 0 /w ] | 1

im0 >0 o (LG =4y = Ay >
= i:h,hx/}r

(<) L ® ¥ 3 L D either o« — 3 =0 or gf? P

Ji € Z>o ((a—B)i >0& (B — a); > 0)

pajdla@cmp.felk.cvut.cz-



29

The &bmwﬁ/{siwm&micwﬁ/

1 JI?L : (3 > ol
(L) ol ; /b dia/a 3L b
Coolefp 20 = ol=p on Jaere is %ﬁ:_ﬂ(sz- Aot - AR

eleusnid- € 1% Cra Hhin D(EE&G ) /@zqaa pttermn'Se

N e
(L) i,guﬁ B :}rézgn => n{+r"€7[k,ﬁ$=+y~

t+p - (A+yp) = oL -

(iy Y oL - o > 0

(x ~0); 20

pajdla@cmp.felk.cvut.cz-



30

ar men-Teres | o= Z""’,{xi@ k[:x.,”...]xm] % o meeennol srolowmes >

/m»%b{»’?m& of- f mw,%dr.?/(f)- ﬂﬂfﬂ-t/(ﬂféz'w, -—-#0)

Leadiway Aowme —> LT (£) = LC(F) - LH()

\
LC)= @y L) = X"

500"7»11&?_!/? ‘J:: L};{(a,zg +L1’EL-5K‘3+¥;;1111 | }«E&-

= l+ x(ﬁ.z.d‘:*_ L}-K(D‘o‘?"_. 5 x('&.ﬂ'*ﬂ}_‘- 7 x(lIDIZ]

mudbidea (£) = (2,0
c(§)=-b
LM(f) = %

LT ($) = -5%°

pajdla@cmp.felk.cvut.cz



Polynomial
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division
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with more
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divisors
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Ideal generated by polynomials
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Ideal generated by a variety

Theorem: Let V be an affine variety. Then

I(V)={f €klx1,...,zn] |f(z) =0,Vz € V}

IS an ideal.
£ =
Proof: ffi.:l ?,1.&1 % f+gel
Uiy fel % b« k[ %y, ] 2 Aot el
(i) O(x)=0
iy J@=0&g@ =0
= (f+9)(@) = f(z) +9(z) =04+0=0
iy f(z)=0

= (f-h)(z) = f(z) -h(z) =0-h(z) =0
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Ideal generated by polynomials and by the corresponding variety
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Example

g Xz\\azg —» v(i xz\‘_az 3)

l ’

T(E1) = T(V(1*y)

ISR

(0,0)
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> V(11 = 3(00)3
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T(EC) C I(5xy3)
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T he complete picture
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Groebner basis is a special basis of the Ideal

SRR klx,)- 1@\
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Reading the solution out from a Groebner basis
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There is often even more:

(G often consists of a set of polynomials
gn(zn)

In—1(Tn, Tpn—1)

In—2(Zn, Tp—1,Tp—2)

gl(mna m?’b—l: "L.‘n,—29 coee 751:1)
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Example: kDxgl | x5, 4 F= ()= (X2 2xg X2 x)
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Solving Algebraic Equations by Groebner Bases in Maple

10
X

IRO-2007-Solving-by-GB.mws

I

Click to start
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