Advanced Robotics

Kinematics of serial manipulators
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Serial manipulator kinematics

O — A0 A1 A2 A3 44 45
A6 = A1A2A3A4A5A6
6 transformations

7 coordinate systems
indices 0 ...6
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Denavit-Hartenberg convention - step by step

R. S. Hartenberg and J. Denavit, A kinematic notation for lower
pair mechanisms based on matrices, Journal of Applied Mechanics,
vol. 77, pp. 215221, June 1955.
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Axis of motion

Every motion in 3D [Chasles’ theorem]
1. has an axis of motion (a fixed line) a
2. is a composition of a rotation around a and translation along a
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juinv e

Jont: -1 my;

Jointi1 41

1. Find all motion axes my, ..., m;_1, my, M;41, ...
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juintui

Jointi1 -1 m;
Jointi1+1

2.1 Find the shortest transversals t; between m; and m;y ;.
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juintui

Jointi -1 m; Joint1 + 1

m;—1

2.2 If m; is parallel to m;4 1, then ¢; can be chosen arbitrarily,
but ...
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juintui

Jointi1 -1 m; Jointi1 41

m;—1

... the simplest is to make t; intersect ¢;_1.
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juinti

Joint: -1 my

\ 7 t; — point + direction

2.3 If m; intersects m,;4 1, the t; becomes the intersection point
and the direction perpendicular to m;, m;41.
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Joint 2

Joint 1 m
0 2 Joint 3

3.2 Og can, in principle, be placed anywhere on m1,
but ...
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Joint 1 mo

Joint 3

... the simplest choice is Og = H1.
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juintci

Joint: -1 my
Jointi1 41

3.3 Find origins O; = t; Am;y1 and points H; = m; A t;.
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juinti

Jointi1 -1 my

3.4 If m; intersects m;y, then O; = H;
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Jont N-1

J - m _
Joint N-2 N—-1 Jjomt N

my

Link N-1

|

3.5 Opn can, in principle, be placed anywhere,
but ...
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Serial manipulator kinematics in the Denavit-Hartenberg convention

J - m _
Joint N-2 N—-1 Jjomt N

my

Link N-1

... the simplest choice is Oy = Hy = Opn_1.

15
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Joint 2
Joint 1 mo

Joint 3

mi

Link 2

4.1 Choose axis zg along the motion axis my. There are two
choices of the orientation, which are equivalent and can
be chosen at will.
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Joint 1
mi
\
20
O = Hq

Link 1

Joint 2

ma

Joint 3

Link 2

|

4.2 Choose axis g along t1 in the direction from Og to O1. at

will.

17
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Joint 2
Joint 1 m
0 2 Joint 3
m1 Q
Link 1

Link 2

4.3 Choose axis yg to form a right-handed coordinate system.
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juintt

Jont: -1 my;

Jonti1+1

Li—1

4.4 Place z; axis alongh the m;4 ; axis, preferably to contain a
sharp angle with the z;_1.
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juintt

Jont: -1 my;

Jonti1+1

Li—1

4.5 Place ¥; axis along t; in the direction from H; to O;.
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juinti

Joint: -1 my

4.6 If m; intersects My 1, then place z; in the direction per-
pendicular to m;, M4, preferably to contain a sharp angle
with 53’,,;_1.
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juintt

Jont: -1 my;

Jonti1+1

Li—1

4.7 Choose axis y; to form a right-handed coordinate system.
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juinui

Joint: -1 my Jont s + 1

m;i_1 O Mg

“ \—\nk | S 1
Link ¢ @

4.8 Construct the intermediate coordinate system
(Hj, Zint = Tj, Yint = Zi—1 X T, Zint = Zj—1) and
define «; such that ¢; = cos(«;) ¥ine + Sin(oy) Zint
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juln e
Jont: -1 my;
Jonti1+1
m,; __
i—1 D mi41
O )

Lk
Linkt @

4.9 Define 6; such that Z;,; = cos(6;) ¥;_1 + sin(6;) y;_1
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juintci

Joint: -1
Jointi1 41

mi—1

5.1 Define a; such that O; = H; 4+ a; f’int
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juintci

Joint: -1 my
Jointi1 41

5.2 Define d; such that H; = 0,1+ d; Z;_1
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Joinute

Jonti -1
e Jonti1+1

Transformation in a joint is described by 4 parameters

o | a;|6;|d;

cosB: —sin@: 0 0 ] cosf; —sing;cosq; sin#;sina; a; CoSH;
Ml ' o i—1 sinf;, cosf;cosa; —Cosh;sinca; a;Sind;
Al = buz)g, cosfs O c(i) AT = 0 sin a; COS o d;
0 L ! 0 0 0 1
0 0 0 1 |
1 0 0 a; 1
A int 0 cosa; —sina; 0
* | 0 sina; cosa; 0
0 0 0 1
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Juinut

-1
Joint ¢ Joint i1+ 1

Determining 6;

— —1
X' = Ny Xing

nt

O

sin 97,
O
O

28

(cos6;, —

O
Sin 9@
COSs 6;
O
O

éint §i7zt
181 2Bi_1

o= 0O O

Eint d;
%Bi-1 Xint
O
Xfmt
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Serial manipulator kinematics in the Denavit-Hartenberg convention

Joinute

Jonti -1
e Jonti1+1

Transformation in a joint is described by 4 parameters

o | a;|6;|d;

cosB: —sin@: 0 0 ] cosf; —sing;cosq; sin#;sina; a; CoSH;
Ml ' o i—1 sinf;, cosf;cosa; —Cosh;sinca; a;Sind;
Al = buz)g, cosfs O c(i) AT = 0 sin a; COS o d;
0 L ! 0 0 0 1
0 0 0 1 |
1 0 0 a; 1
A int 0 cosa; —sina; 0
* | 0 sina; cosa; 0
0 0 0 1
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Denavit-Hartenberg convention (for the joint 7)

1.

2.1

2.2

2.3

3.2

3.3

3.4
3.5

4.1

30

Find all motion axes mq, ...,

mi_|_1, .
Find the shortest transversals t; between m;
and m;y 1.

mi;—1, My,

If m; is parallel to m;, 1, then ¢; can be cho-
sen arbitrarily, but the simplest is to make t;
intersect t;_1.

If m; intersects m; 1, the t; becomes the
intersection point and the direction perpen-
dicular to m;, m;y1.

Op can, in principle, be placed anywhere on
m1, but the simplest choice is Og = H1.
Find origins O; = t; Am;41 and points H; =
m; N\ t;.

If m; intersects m;,, then O; = H;

Opn can, in principle, be placed anywhere,
but the simplest choiceis Oy = Hy = Opn_1.-
Choose axis zp along the motion axis mj.

There are two choices of the orientation,
which are equivalent and can be chosen at

warill

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

5.1
5.2

Choose axis g along t1 in the direction from
Og to O1. at will.

Choose axis yg to form a right-handed coor-
dinate system.

Place Z; axis alongh the m; ; axis, preferably
to contain a sharp angle with the z;_;.
Place Z; axis along t; in the direction from
H; to O;.

If m; intersects m;4, then place z; in the
direction perpendicular to m;, m;y1, prefer-
ably to contain a sharp angle with Z;_1.
Choose axis y; to form a right-handed coor-
dinate system.

Construct the intermediate coordinate sys-
tem (H;, Tint = T Gint = Zim1 X Ty Zint =
Z;_1) and define «; such that
¥; = €cos(a;) Yint + Sin(a;) Zing-
Define 6; such that z;,; =
sin(6;) ¥i—1

Define a; such that O; = H; + a; Tt
Define d; such that H; =0;_1 + d; z;_1

cos(0;) F;—1 +
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Kinematics of Mitsubishi RV-6S/6SC Robot
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RV-6S/6SC

32

|

Cosb;
sin 6;
0
0

Oz”(b”@”di

—Ssin#; cos q; sin 6;sin «; a; COS6;

COS#;CoOSa; —Cosé;sina; a;Sing;
Sin a; COS o d;
0 0 1

X;o1=ATTX;
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[ cosf;

sin 61

[ cosfq

sind1

[ cosfq

sin (91
0
0

—sinfq cosaq
C0S 7 COS aq
sin aq

—sinfy, cos—m/2

0

sinfqsinay a1 COSHq
—Ccosfisina; aj1sSinfy

COS g d1
0 1

sinfysin —m/2 aq COSH;

CosfiCOS—m/2 —cosfisin—m/2 aqSinf;
sin —m/2

0
0
-1
0

0

—sinfq1 a1 C0OSH;

Cos 64
0
0

a1 Sin 641
dq
1

CoS —7/2 dq
0] 1
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[ cos 6o

Sin 6>

[ cos >

sin 6,

[ cos b

sin 6>
0
0

ag‘ag‘gg‘dg
O‘CLQ‘QQ‘ 0

—sinf#, cos as Sinf#>sinas ap COS

C0SH,COSap — COSHrSiNan anSin
sin ao COS an
0] 0]

—sinf#>cos0 Ssinf>sin0 ao>COSH>
C0Sf#>Cc0s0O —cosfh>sin0 assSinfy
sin O cosO0 0
0 0 1
—sinfy 0 ascCosés
cosfr 0O ansinés
01 0
00 1
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[ cosbsz

sin 93

[ cosfs

sin 93

[ cosfs

sin A3
0
0

(87

NI w

—sinf3 Ccosas

|a3 |63 |d3
laz[03] O

sin #3sin as

COSf3C0Sa3 — COSfH3Sinas
sin as COSas
0 0

—sSinf3cos —m/2

a3 COSf3
a3Sin 63
d3
1

sinfzsin —m/2 a3 COSf3

Cosf3cos—m/2 —cosfzsin—7/2 azSinfs

0
0
-1
0]

sin —m /2 COS —m/2 0

0 0 1
—sinf3 a3COS63
COSf3 a3Sinfs
0 0
0 1
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Sinfy
0
0

sin 94
0
0

[ cosf, O

sinfg O
01
00

[ cO0Sfs —Sinf4COSay

0

[ cosf, —sinfacosm/2

Sinf4SiNnag a4 COSH,
C0S04COSg — COSH4SiNay
Sin agy

COS vy
0

Sinfgsinm/2

COSfsCcOST/2 —COSfysSinm/2

sinm/2

0

sindg O
—cosfs O
0 dg

0 1

cosm/2
0

a4 SiN 604
dg
1
G4 COS Oy
a4 SiN G4
dg
1
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[ cosfs

sin 95
0
0

[ cosfs

sin 95
0]
0

[ cosfs

sin 95
0
0

|a

ds

M‘ﬂ &

5|05 |
005 |

0

—sinfg cosasg
COS 5 COS ag
sin a5

0

Sin s sin as ag COSasg

— Co0SfsSinas  asSin asg

—sSinfgcos —m/2
CosfgCcos—m/2 —cosfgsin—n/2 0sin—m/2

sin —m/2

0
0O —sinfs O
0O cosfs O
-1 00
0 01

COSasg d5
0 1

sinfssin —w/2 0cos—7/2

CoS —m/2 0
0 1
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[ cosfg —sinfgCosag sinfg sin ag ag COS g

A5 — Sinflg COSHgCOSag — COSHgSinag agSin ag
6 = 0 sin ag CoSs ag dg
0 0 0 1

C0Sfg —sSinfgcosO Ssinfgsin0 0cosO
Sinflg  C0SfgCOSO —cCosbgsin0 0sinO
0 sin 0 cosO0 dg
0 0 0 1
COSfg —sSinfg O
sinfg cosfg O O
0 01
0 00
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— A0 A1l A2 43 44 45
G = A9ALAZA3AEAD

cosf#; 0O —siné; ajcosh;

‘ a1 ‘ A0 Sin 64 0 cosf#i ayisinbq
‘a,l‘el’dl 1 0 -1 0 d]_
0O O 0 1
[ cosf, —sinfy 0 anCcosbr
2l ax] 0z do 4l | Sinf2 cosf O assinf
Ofax|62] O 27 0 01 0
0 0 O 1
[ cosfz 0 —sinf3 azCcosbs
a3‘ ‘ 3‘(13 A2 — Sin 63 0 cosfs3 aszsinfs
Zlasz|b3] 0 T3 0 -1 0 0
0 0 0 1
[ cosf, O sinfg 0]
a4 ‘ 94 ‘ dg A3 . sinf4 0 —cos 94 0
0|04 |da 4= 01 0 da
0 0 0 1|
[ cosfs O —sinfs O
as ‘ 95 ‘ ds A4 _ Sin 65 0 cosfs O
0[6s] O 5 0 -1 00
0 0 01
[ cosfg —sinfg O O
a6\96‘d6 A5 — Ssinflg cosfg O O
006 ds °~ 0 0 1 de
0 0 0 1
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Robot Description — Matlab Robotic Toolbox

700 -,

600 -

500+

400+

300~

200~

100~

MATLAB simulation in ROBOT toolbox:

mRV6S =

RV-6S (6 axis, RRRRRR) [Mitsubishi] <home = [0.000000 -1.047198 -0.523599 0.000000 0.785398 0.000000]>

alpha_i
-1.570796
0.000000
-1.570796
1.570796
-1.570796
0.000000

a_i
85.000
280.000
100.000
0.000
0.000
0.000

grav =[0.00 0.00 9.81]

theta_i

parameter
parameter
parameter
parameter
parameter
parameter

d i
350.000
0.000
0.000
315.000
0.000
85.000

R/P

A0 00400

standard D&H parameters
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Robot Description — Matlab Robotic Toolbox

700+,

600+

500

400+

300+

200~

100~
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2 joints with intersecting rotation axes

> Joint (osa)

“— Rotation axis
Link (rameno)

600

pajdla@cvut.cz



42

Robot Description — Drawings

Top view (narys)

0

200

400

Side view (bokorys) o 3D View i
| e .
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